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PREFACE TO FIRST EDITION, 

A N attempt lias been made in this volume to give a somewhat 
satisfactory account of many parts of Celestial Mechanics 
1 ather than an exhaustive treatment of any special part. The aim 
has been to present the work so as to attain logical sequence, to 
make it progressively more difficult, and to give the various subjects 
the relative prominence which their scientific and educational 
importance deserves. In short, the aim has been to piepaie such 
a book that one who has had the necessary mathematical tiairung 
may obtain from it in a relatively short time and by the easiest 
steps a sufficiently bioad and just viow of the whole subject to 
enable him to stop with much of real value m his possession, or to 
pursue to the best advantage any particular portion he may choose. 

In carrying out the plan of this work it has been necessary to give 
an intrpduction to the Problem of Three Bodies This is not only 
one of the justly celobrated problems of Celestial Mechanics, but it 
has bocome of special interest in recent times through the researches 
of Ilill, Poinoaid, and Darwin. The theory of absolute pertur- 
bations is the central subject in mathematical Astronomy, and 
such a work as this would be inexousably deficient if it did not 
give this theory a prominent place. A chapter has beon devoted 
to geometrical considerations on perturbations Although these 
methods are of almost no use in computing, yet they furnish in a 
simple mannor a clear insight into the nature of tho problem, and 
are of the highest value to begmnors. The fundamental principles 
of tho analytical methods have been given with considerable 
completeness, but many of tho details in dovoloping the formulas 
have been omitted in order that the size of tho book might not 
defeat the objoot for which it has been prepared. The theory of 
orbits has not been given the unduly prominent position which it 
has occupied in this country, doubtloss duo to the influence of 
Watson’s excellent treatise on this subjeot 

The method of treatment has been to state all problems m 
advance and, where tho transformations aro long, to give an 
outline of tho stops which are to be made, The expression “order 
of small quantities" has not been used oxcopt when applied to 
power series in oxplicit parameters, thus giving tho work all the 

v 
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VI 

definiteness and simplicity which are characteristic of operations 
with powei senes. This is exemplified particularly in. the chapter 
on perturbations Care has been taken to make note at all 
places where assumptions have been introduced or unjustified 
methods employed, for it is only by seeing where the points of 
possible weakness are that impiovcmcnts can be made ' The 
frequent references throughout the text and the bibliographies at 
the ends of the chapteis, though by no means exhaustive, are 
sufficient to direct one in fuither loading to important sources 
of information 

This volume is the outgiowth of a course of lectures given 
annually by the author at the University of Chicago during the 
last six years. These lectures have been open to senior college 
students and to graduate students who have not had the equivalent 
of this work. They have been taken by students of Astionomy, 
by many making Mathematics their major work, and by some who, 
though specializing in quite distinct lines, have closiied to get an 
idea of the processes by means of which astronomers interpret 
and predict celestial phenomena. Thus they have served to 
give many an idea of the methods of investigation and the results 
attained m Celestial Mechanics, and have prepared some for a 
detailed study extending mto the various branohos of modern 
investigations The object of the work, the subjects covered, and 
the methods of treatment seem to have been amply justified by 
this experience. 

Mr. A C Lunn, M A., has read tho entiro manuscript with great 
care and a thorough insight mto the subjects treated. His nu- 
merous corrections and suggestions have added greatly to the 
accuracy and the method of treatment in many places. Professor 
Ormond Stone has read the proofs of the first four chapters and 
the sixth. His experience as an investigator and as a teacher has 
made his criticisms and suggestions invaluable. Mr W. 0. Beal, 
M.A., has read the proofs of the whole book with great attention 
and he is responsible for many improvements. The author desires 
to express his sincerest thanks to all these gentlemen for the 
willingness and the effectiveness with whioh they have devoted so 
much of their time to this work. 

E\ R. Moulton. 

Chioacio, July, 1902, 



PREFACE TO SECOND EDITION. 


T HE necessity for a new edition of this work has given the 
opportunity of thoroughly revising it The geneial plan 
which has been followed is the same as that of the first edition, 
because it was found that it satisfies a real need not only in this 
country, for whoso students it was primarily written, but also in 
Euiope. In spite of all temptations its elementary character has 
been preserved, and it has not been greatly enlarged. Very 
many improvements have been made, partly on tho suggestion of 
numoious astronomers and mathematicians, and it is hoped that 
it will be found more worthy of the favor with which it has so far 
been received. 

The most important single change is in tho discussion of the 
methods of determining orbits. This subject logically follows the 
Problem of Two Bodies, and it is much moio elemental y m char- 
acter than tho Problem of Threo Bodies and tho Theory of Per- 
turbations For iheso reasons it was placed in chapter VI. Tho 
subject matter has also been voiy much changed. Tho methods 
of Laplace and Gauss, on which ail other methods of general applic- 
ability arc moro or less directly based, aro both given. The 
standard modes of presentation have not been followed because, 
however well they may be adapted to practico, thoy aro not noted 
for mathematical clarity. Besides, thero is no lack of excollont 
works giving details in the original forms and models of com- 
putation. Tho other changes and additions of importanoo are 
in the chapters on tho Problom of Two Bodies, tho Problem of 
Three Bodies, and in that on Geometiical Consideration of Per- 
turbations. 

It is a pleasure to make special acknowledgment of assistance 
to my colleague Professor W. D, MacMillan and to Mr. L. A. 
Hopkins who have read the entire proofs not only once but sovoral 
times, and who have mado important suggestions and have pointed 
out many defects that otherwise would have escaped notico. 
They aro largely responsible for whatevor excellence of form tho 
book may possess, 

F. R. Moulton. 

Chicago, January, 1014. 
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CHAPTER I. 

FUNDAMENTAL PRINCIPLES AND DEFINITIONS 

1. Elements and Laws. The problems of every science are 
expressible in certain terms which will be designated as elements, 
and depend upon certain principles and laws for their solution. 
The elements arise fiom the very nature of the subject considered, 
and are expressed or implied in the formulation of the problems 
tieated. The principles and laws are the relations which are 
known or are assumed to exist among the various elements. 
They are inductions from experiments, or deductions from previ- 
ously accepted principles ancl laws, or simply agreements. 

An explicit statement in the beginning of the typo of problems 
whioh will be treated, ancl an eiiumeraiion of the elements which 
they involve, and of the principles and laws which relate to them, 
will lead to clearness of exposition. In order to obtain a com- 
plete understanding of the character of the conclusions whioh are 
leached, it would be necessary to make a philosophical discussion 
of the reality of the elements, and of the origin and character of 
the principles and laws. These questions cannot be enteied into 
here because of the difficulty and complexity of metaphysical 
speculations. It is not to be understood that such investigations 
ate not of value; they forever lead back to simpler and more 
undeniable assumptions upon whioh to base all reasoning. 

The method of procedure in this work will necessarily bo to 
accept os truo certain fundamental elements and laws without 
ontoring in detail into the questions of their reality or validity. 
It will bo sufficient to consider whethor they are definitions or 
have been inferred from experience, and to point out that tlioy 
have beon abundantly verified in thoir applications. They will bo 
accopted with confidence, and their consequences will be derived, 
in the subjects treated, so far as the scope and limits of the work 
will allow. 
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2. Problems Treated, The motions of a material particle sub- 
ject to a central force of any soit whatever will be briefly con- 
sidered It will be shown from the conclusions reached m this dis- 
cussion, and from the observed motions of the planots and their 
satellites, that Newton’s law of gravitation holds true m the solar 
system. The character of the motion of the binary stars shows 
that tho probabilities are very great that it operates in them also, 
and that it may well be termed “the law of universal gravita- 
tion” This conclusion is confirmed by tho spcctioscope, which 
proves that the familiar chemical elements of our solar system 
exist in tho stars also 

In particular, the motions of two free homogeneous spheres 
subject only to their mutual attractions and stalling from arbi- 
trary initial conditions will be investigated, and then their motions 
will be discussed when they aic subject to disturbing influences of 
various sorts. The essential features of perturbations aiismg from 
the action of a third body will be developed, both from a geo- 
metrical and an analytical point of view. There aie two some- 
what different cases. One is that in which the motion of a satel- 
lite around a planet is pertuibed by the sun; and the second is 
that in which the motion of one planet around the sun is por- 
turbed by another planet. 

Another class of pioblems which arises is tho determination of 
tho orbits of unknown bodies from the observations of their direc- 
tions at different epochs, made from a body whoso motion is 
known. That is, the theories of the orbits of comets and plan- 
etoids will bo based upon observations of thoir apparent positions 
made from the earth. This incomplete outline of the questions 
to bo treated is sufficient for tho enumeration of tho dements 
employed. 

3. Enumeration of the Principal Elements, ‘ In the discussion 
of the problems considered in this work it will be necessary to 
employ tho following elements: 

(а) Real numbers , and complex numbers incidentally in the 
solution of certain problems. 

(б) Space of three dimensions, possessing tlio same properties in 
every direction. 

(c) Time of one dimension, which will be taken as tho inde- 
pendent variable. 

(d) Mass, having the ordinary properties of inertia, etc,, which 
are postulated in elementary Physics, 
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(e) Force, with the content that the same teim has in Physics. 

Positive numbers arise in Arithmetic, and positive, negative, 
and complex numbers, m Algebra Space appears first as an 
essential element m Geometry. Time appeals first as an essential 
element in Kinematics. Mass and force appear first and must be 
consideied as essential elements m physical piobloms. No defini- 
tions of those familial elements aio necessary here. 

4. Enumeration of the Principles and Laws. In representing 
the vanous physical magnitudes by numbers, ceitatn agreements 
must be made as to what shall bo considered positive, and what 
negative. The axioms of ordinal y Geometry will be considered 
as being tiuo. 

The fundamental principles upon which all work in Theoretical 
Mechanics may be made to depend are Newton’s three Axioms, or 
Laws of Motion The fhst two laws were known by Galileo and 
Iluyghens, although they weie for the first timo announced 
together in all their completeness by Newton in the Pnnapia, 
in 1886. These laws are as follows.* 

Law I. Eveiy body continues m its state of rest, or of uniform 
motion in a straight line, unless it is compelled to change that stale by 
a force impressed upon iL 

Law II The rale of change of motion is proportional to the force 
impressed, and takes place in the direction of the straight line m which 
the force acts 

Law III. To every action there is an equal and opposite reaction; 
or, the mutual actions of two bodies are always equal and oppositely 
directed . 

5, Nature of the Laws of Motion. Newton calls the Laws of 
Motion Axioms , and after giving each, makes a few romarks con- 
cerning its import. Later writors, among* whom are Thomson and 
Tait,f regard them as inferences from experience, but accept New- 
ton’s formulation of them as practically final, and adopt them 
in the precise form in which they were given in the Pnndpia, A 
number of Continental writers, among whom is Dr. Ernest Mach, 
have given profound thought to the fundamental principles of 

* Other fundamental laws may bo, and indeed havo been, employed, but 
they involve more difficult mathematical pimciplea at the very start They 
are such as d'Alembort’s principle, Hamilton's principle, and tho systems of 
KirchholT, Mach, Ilorts?, Boltzmann, etc 

f Natural Philosophy , vol. i., Art. 243 
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Mechanics, and have concluded that they aie not only inductions or 
simply conventions , but that Newton’s statement of them is some- 
what redundant, and lacks scientific dnectness and simplicity. 
There is no suggestion, however, that Newton s Laws of Motion 
are not in harmony with oidinary astionomioal expoucnce, or that 
they cannot be made the basis for Celestial Mechanics But in 
some branches of Physics, particularly m Electricity and Light, 
certain phenomena aie not fully consistent with the Newtonian 
principles, and they have recently led Einstein and others to the 
development of the so-called Principle of Relativity . The astro- 
nomical consequences of this modification of the principles of 
Mechanics are veiy slight unless the time under consideration 
is very long, and, whether they me true or not, they cannot be 
considered in an introduction to the subject. 

6. Remarks on the First Law of Motion. In the fiist law the 
statement that a body subject to no foices moves with umfom 
motion, may be regarded as a definition of time. For, otherwiso, 
it is implied that theie exists some method of measuring time in 
which motion is not involved Now it is a fact that in all the 
devices actually used for measuiing time this pail of the law is a 
fundamental assumption. For example, it is assumed that the 
earth rotates at a uniform late because there is no force acting 
upon it which changes the rotation sensibly.* 

The second part of the law, which affirms that the motion is in 
a straight line when the body is subject to no forces, may be taken 
as defining a straight line, if it is assumed that it is possible to 
determine when a body is subject to no forces; or, it may be taken 
as showing, together with the first part, whether or not forces 
are acting, if it is assumed that it is possible to give an independent 
definition of a straight line Either alternative leads to tiouble- 
some difficulties when an attempt is made to employ strict and 
consistent definitions. 

7. Remarks on the Second Law of Motion. In the second law 
the statement that the rate of change of motion is pioportional to 
the force impressed, may be regarded as a definition of the relation 
between force and matter by means of which the magnitude of a 
force, or the amount of matter in a body can be measuied, accord- 
ing as one or the other is supposed to be independently known. 
By rate of change of motion is meant the rate of change of velocity 

♦See memoir by R, S. Woodward, Astronomical Journal, vol. xxi, (1001). 
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multiplied by the mass of tho body moved This is usually called 
the rate of change of momentum , and the ideas of the second law 
may be expicsscd by saying, the iate of change of momentum is 
pi oportional to the foi ce irnpr essed and lakes place in the direction 
of the straight line in which the force acts Oi, the acceleration of 
motion of a body is directly proportional to the force to which it is 
subject, and inversely proportional to its mass , and takes place in 
the direction in which the force acts 

It may appear at fiist thought that foice can be measured 
without refeience to velooity generated, and it is true in a sense. 
For example, the force with which gravity diaws a body downwaid 
is frequently measured by tho stretching of a coiled spang, or the 
intensity of magnetic action can bo measuied by the toision of a 
fiber But it will be noticed in all cases of this kind that the 
law of reaction of the machine has been dctei mined in some other 
way This may not have been duectly by velocities geneiaiod, 
but it ultimately leads back to it. It is worthy of note in tills 
connection that all tho units of absolute foicc, as the dyne, contain 
explicitly m their definitions the idea of velocity generated. 

In tho statement of tho second law it is implied that the effect 
of a force is exactly the same in whatever condition of rest or of 
motion tho body may bo, and to whatovei othci foiees it may be 
subject, The change of motion of a body acted upon by a number 
of forces is the same at tho end of an inteival of timo as if each 
foicc acted separately for the same time Ilonco the implication 
in tho second law is, if any number of forces act simultaneously on 
a body, whether it is at rest or in motion , each force produces the same 
total change of momentum that it would produce if it alone acted on 
the body at rest . It is apparent that this principle leads to great 
simplifications of mechanical problems, for in accordance with it 
tho effects of the vaiious forces can be considered sepaiately. 

Newton derived tho parallelogram of forces fiom tho second 
law of motion.* lie reasoned that as forces aic measured by the 
accelerations which they produeo, tho resultant of, say, two forces 
should be measuied by the resultant of their accelerations Since 
an acceleration has magnitude, and direction it can be represented 
by a directed line, or vector , Tho resultant of two forces will 
then be represented by the diagonal of a parallelogram, of winch 
two adjacent sides represent tho two forces, 


* PHnapia , Cor, i, to the Laws of Motion 
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One of the most frequent applications of the paiallelogram of 
forces is in the subject of Statics, which, in itself, does not involve 
the ideas of motion and time In it the idea of mass can also be 
entirely eliminated. Newton’s proof of the parallelogram of 
forces has been, objected to on the ground that it requires the 
introduction of the fundamental conceptions of a much moie 
complicated science than the one in which it is employed. Among 
the demonstrations which avoid this objectionable feature is one 
due to Poisson,* which has foi its fundamental assumption the 
axiom that the resultant of two equal forces applied at a point is 
in the lme of the bisector of the anglo which they make with 
each other. Then the magnitude of the resultant is derived, and 
by simple processes the general law is obtained. 

8. Remarks on the Third Law of Motion, The first two of 
Newton’s laws are sufficient for tho determination of the motion 
of one body subjeot to any number of known foices; but another 
principle is needed when the investigation conceins the motion of 
a system of two or more bodies subject to their mutual interactions. 
The third law Qf motion expresses precisely this pnneiple. It is 
that if one body presses against another tho second resists tho 
action of the first with the same force. And also, though it is 
not so oasy to conceive of it, if one body acts upon another through 
any distance, the second reacts upon tho first with an equal and 
oppositely directed force. 

Suppose one oan exert a given force at will; then, by the second 
law of motion, the relative masses of bodies can be measured since 
they are inversely proportional to the accelerations which equal 
forces generate in them When their rolativo masses have been 
found the third law oan be tested by permitting tho various bodies 
to act upon one another and measuring their relative accelera- 
tions. Newton made several experiments to vorify the law, such 
as measuring the rebounds from tho impacts of clastic bodies, and 
observing the accelerations of magnets floating in basins of wator.f 
The chief difficulty in the experiments arises m eliminating forces 
external to the system under consideration, and evidently they 
cannot be completely removed. Newton also concluded from a 
certain course of reasoning that to deny the third law would be to 
contradict the first, f 

Mach points out that there is no accurate means of measuring 
* TrcnM do Mtcamque , vol x , p 46 c 1 seq, 
t Prmoipia, Scholium to tho Laws of Motion, 
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forces except by the acceleiations they produce in masses, and 
therefore that effectively the leasonmg m the preceding paragraph 
is m a circle Ho objects also to Newton’s definition that mass 
is proportional to the pioduct of the volume and the density of a 
body. lie prefeis to roly upon experience for the fact that two 
bodies which act upon each other produco oppositely directed 
accelerations, and to define the relative values of the masses as 
inveisely piopoitional to these accelerations. Experience pioves 
further that if the relative masses of two bodies aie determined 
by their mtei actions with a third, the ratio is the same whatever 
the thud mass may bo. In this way, when one body is taken ns 
the unit of mass, the masses of all other bodies can be uniquely 
determined These views have much to commend them 
In the Scholium appended to the Laws of Motion Newton made 
some remarks concerning an important feature of the third law 
This was first stated in a manner in which it could actually bo 
expressed m mathematical symbols by d’Alembeit in 1742, and 
has ever since been known by his name.* It is essentially this: 
When a body is subject to an acceleration, it may be regarded as 
exerting a force which is equal and opposite to the foice by which 
the acceleration is produced. This may bo considcied as being 
true whether the force aiises from another body forming a system 
with the ono under consideration, oi has its source exterior to tho 
system. In general, m a system of any number of bodies, tho 
resultants of all the applied forces are equal and opposite to tho 
reactions of the respootivo bodies. In other words, the impressed 
forces and tho icactions, or the expressed forces, form systems 
which are in equilibrium for oach body and for the whole systom. 
This makes the whole science of Dynamics, m form, one of Statics, 
and formulates tho conditions so that they are oxpressible in 
mathematical terms. This phrasing of the thud law of motion 
has been made the starting point for the elegant and very general 
Investigations of Lagrange in the subject of Dynamics.f 
The primary purpose of fundamental principles in a science is to 
coordinate tho various phenomena by stating in what respects 
their modes of occurring are common; the value of fundamental 
principles depends upon the completeness of tho coordination of 
the phenomena, and upon the readiness with which they lead to 
the discovery of unknown facts; the characteristics of funda* 

* See Appell's Micamque, vol n,, chap xxm. 

t Collected Works , vols, xr, and xu. , 
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mental principles should be that they are self-consistent, that 
they are consistent with every observed phenomenon, and that 
they are simple and not redundant 

Newton 3 s laws coordinate the phenomena of the mechanical 
sciences in a remarkable manner, while their value in making 
discoveries is witnessed by the brilliant achievements in the 
physical sciences in the last two centuries compared to the slow 
and uncertain advances of all the ancients. They have not beon 
found to be mutually conti adictory, and they are consistent with 
nearly all the phenomena which have been so fai observed; they 
are conspicuous for their simplicity, but it has been claimed by 
some that they are in certain respects redundant. One naturally 
wonders whether they are primary and fundamental laws of 
nature, even as modified by the puneiple of relativity. In view 
of the past evolution of scientific and philosophical ideas one 
should bo slow in affirming that any statement lepiesents ultimate 
and absolute truth. The fact that several other sots of funda- 
mental principles have been made the basoB of systems of me- 
chanics, points to the possibility that perhaps some time the 
Newtonian system, or the Newtonian system as modified by the 
principle of relativity, even though it may not bo found to be in 
error, will bo supplanted by a simpler one oven in elemontary 
books. 

Definitions and General Equations 

9. Rectilinear Motion, Speed, Velocity. A particle is in 
rectilinear motion when it always lies in the same straight lino, and 
when its distance from a point in that lino vanes with the timo. 
It moves with uniform speed if it passes over equal distances in 
equal intervals of time, whatever their longth. Tho speed is 
represented by a positive number, and is measured by the distance 
passed ovor in a unit of a timo. Tho velocity of a particle is tho 
directed speed with whiqh it moves, and is positivo or negative 
nccoidmg to the direction of the motion. Hence in uniform motion 
tho velocity is given by the equation 


Since s may be positive or negative, v may bo positivo or negative! 
and the speed is the numerical value of v, Tho same value of v is 
obtained whatever interval of time is takon so long as the corre- 
sponding value of s is usod. 
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The speed and velocity are variable when the particle does not 
describe equal distances m equal times, and it is necessary to define 
in this case what is meant by the speed and velocity at an in- 
stant Suppose a particle passes over the distance As m the time 
At, and suppose the interval of time A l approaches the limit zero in 
such a mannci that it always contains the instant t, Suppose, 
further, that for every A t the corresponding As is taken. Then 
the velocity at the instant t is defined as 



and the speed is the numerical value of . 

Uniform and variable velocity may be defined analytically m 
the following manner The distance s, counted from a fixed point, 
is considered as a function of the time, and may be written 

« = 0(0 

Then the velocity may be defined by the equation 

-I-*'®. 

where is the derivative of with respect to t. The velocity 
is said to be constant, or uniform, if ^'(t) does nob vary with t; 
or, in other words, if 0(0 involves t lineally in the form $(t) — at+b, 
where a and b are constants. It is said to be variable if the value 
of changes with i. 

Some agreement must be made to denote the direction of 
motion. An arbitrary point on the lino may be taken as the 
origin and the distances to the right counted as positive, and 
tho|e to the left, negative. With this convention, if the value of s 
determining the position of the body increases algebraically with 
the time the velocity well bo taken positive, if the value of s de- 
creases as the time increases the velocity will be taken negative, 
Thon, when v is given in magnitude and sign, the speed and direc- 
tion of motion are determined, 

*10. Acceleration in Rectilinear Motion, Acceleration is the 
rate of change of velocity, and may be constant or variable Since 
the case when it is variable includes that when it is constant, it 
will be sufficient to consider the former. The definition of acceler- 
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ation at an instant t is similar to that for velocity, and is, if the 
acceleration is denoted by a, 



By means of (2) and (3) it follows that * 


( 4 ) 



Theie must be an agreement regarding the sign of the accelera- 
tion. When the velocity increases algebraically as the time 
inci eases, the acceleration will be taken positive, when the velocity 
decreases algebraically as the time increases, the acceleration will 
be taken negative 


II. Speed and Velocities in Curvilinear Motion. The speed 
with which a particle moves is the rate at which it describes a 
curve. If v represents the speed m this case, and s the arc of the 
curve, then 


( 5 ) 


v = 


ds 
dt ' 


whci o 


ds 

dt 


represents the numerical value of 


ds 
dt ' 


As before, the 


velocity is the directed speed possessing the properties of vectors, 
and may bo represented by a vector * The vectoi can bo resolved 
uniquely into three components parallel to any threo eodrdmate 
axes; and conversely, the three components can bo compounded 
uniquely into the vector. In other woids, if tho velocity is given, 
the components parallel to any cobuhnate axes are defined, and 
tho components parallol to any non-coplanar coordinate axes define 
tho velocity It is generally simplest to uso rectangular axes and 
to employ the components of velocity parallol to thorn. Lot 
\ y, v represent the angles botwoen tho line of motion and the 
x, y, and 2 -axes respectively. Then 


( 6 ) 


cos X 


dx 
ds ’ 


cos y — 


d| / 
ds * 


COS V 8=5 -s~ 


dz 
da ’ 


Let v 9t v V) v, represent the components of velocity along the three 
axes. That is, 


* Consult Appeh'e Mimmque, vol l, p. 45 el aeq. 
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(7) 


V x - V cos \ 
- Vy — v COS H 

Vt ~ V COS V 


dsdv^dx 
dt ds~ dt* 

dsdy _dy 
dt ds~~ dt* 

dsdz^dz 
dt ds dt ' 


From these equations it follows that 

® • - <$FWRSJ- 


There must be an agreement as to a positive and a negative 
direction along each of the three cooidinato axes, 


12. Acceleration In Curvilinear Motion. As in the case of 
velocities, it is simplest to resolvo the acceleration into component 
accelerations parallel to the codidmato axes. On constructing a 
notation corresponding to that used in Art. 11, the following 
equations result: 


(9) 


d 2 x _d 2 y 

“* " dt 2 ' ai/ “ dt 2 ’ 



The numerical value of the whole acceleration is 


«> -V(§Hf)' + (f J- 

This is not, in general, equal to the component of acceleration 

d*s 

along the curve; that is, to ^ . For, from (8) it follows that 


ds I / dx \ 2 , ( dy \ 2 . ( dz \ 2 

v ~di~V[di) +{Ti) + [dt) i 


whence, by differentiation, 


(11) 


dt 2 


dx d 2 x . dy d?y dzefiz 
dt dt 2 + dt dt 2 + dt dt 2 


/^A 2 + (<MY 

v\dt) + \dt) *\dt) 

_ dx d z x . dy d 2 y , dz $z 
ds dt 2 ds dt 2 ds dt 2 * 


Thus, when the components of acceleration are known, the 
whole acceleration is given by (10), and the acceleration along 
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the ourve by (11). The fact that the two aie cliff went, m general, 
may cause some surprise at first thought But the matter becomes 
clear if a body moving m a circle with constant speed is con- 
sidered. The acceleiation along the cuive is zero because the 
speed is supposed not to change, but the acceleiation is not zero 
because the body does not movo in a stiaight lino 


13. The Components of Velocity Along and Perpendicular to 
the Radius Vector. Suppose the path of the particle is 'in the 
oiy-plano, and lot the polar coordinates bo ? and 0. Then 

( 12 ) x = v cos 6, y — r sin 0, 

The components of velocity are theiefore 


(13) 


f dx 

S~ v ‘ 


“ ~ rsiae m +Qw0 7t’ 


dy . .do .dr 

-jj- - v v = + r cos 0 37 + sm 0 


Idt 


dt 


dt * 


Lot QP be an arc of the cuive described by the moving particle. 
When the particle is at P, it is moving in the duoction PV, and 
the velocity may be lopresented by the vector PV. Let v r and v t 



represent the components of velocity along and perpendicular to 
the radius vector The resultant of the vectors v r and t»o is equal 

to the resultant of the vectois ^ and ~ , that is, to PV. The 

dt dt 

sum of the projections of v r and v& upon any line equals the sum 
of the projections of ^ and —• upon the same line. Therefore, 

projecting tv and v 0 upon the x and y- axes, it follows that 

dx 
dt 


( 14 ) 


L dt 


Vr COS 0 — Vt Sin Of 
v r sin 0 4 * vo cos 0 . 
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On comparing (13) and (14), the required components of velocity 
are found to be 


(16) 




dr 

dt’ 


The square of the speed is 


v r 2 -f- tv 2 — 



The components of velocity, v, and vo, can be found in terms 
of the components parallel to the x and y - axes by multiplying 
equations (14) by cos 0 and sin 0 lcspectively and adding, and 
then by — sin 8 and cos 0 and adding. The lesults are 


(16) 


* = + cos(, l+ sin •% 

-Bind | +co S j|. 


14. The Components of Acceleration. The derivatives of 
equations (13) are 


(17) 


a x 


r* 


djxjdjr^ JdO\n 

dt 2 L dl 2 r \dt) J 

djyj <P0 drdO] 
dt 2 Ydi^ dt dt\ 


C03 »_[ r « + 2*g 8m9( 

o° 3 9 + [g-r(|) J ] s i n 9. 


Let a, and ao represent the components of acceleration along 
and perpendicular to the radius vector. As in Art. 13, it follows 
from the composition and resolution of vectors that 


(18) 


/ a» = 
a,, — 


<x r cos 8 — 010 sin 8 , 
a v — ot r sin 8 -f* a $ cos 9 . 
On comparing (17) and (18), it is found that 


(19) 


Ci r 


«9 


/ dd\ 2 
\ dt / ' 


dV 
dt* 

dt 2 ^ dt dt 


r dt \ dt )' 

The components of acceleration along and perpendicular to the 
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radius vector in terras of the components parallel to the x and 
y - axes are found fiom (17) to be 


( 20 ) 


OLr ~ + COS 0 


d 2 x 
dt 2 


+ sin 0 


d?V 


^ at 


sin 0 


d?x 
dt 2 


+ cos 6 


&V 

dr 


By similar processes the components of velooity and acceleration 
parallel to any lines can be found. 

15. Application to a Particle Moving in a Circle with Uniform 
Speed. Suppose the particle moves with uniform speed in a circlo 
around the origin as center; it is required to determine the com- 



ponents of velocity and acceleration parallel to the x and y- axes, 
and parallel and perpendicular to the radius. Let R represent 
the radius of the circle; then 

x - R cos 0, y - R sin 0. 

Since the speed is uniform the angle 0 is proportional to the time, 
or 0 = ct y The cobrdinates become 

(21) x = R cos (ct), y » R sin ( ct ), 

Since ~ - c and = 0, the components of velocity parallel to 
the x and y - axes are found from (13) to be 

(22) v x = — Rc sm(ct), v y — Rc cos (ct). 

From (15) it is found that 

(23) v r = 0, v $ - Rc. 

The components of acceleration parallel to the x and y-axes,i 
which are given by (17), are ' i 
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| ct x - Rc? cos (d), 

' 1 <x u — — Rc z sm (ct). 

And from (19) it is found that 
(25) <x r ~ •— Rd 2 , ao — 0. 

It will be observed that, although the speed is uniform in this 
case, the velocity with respect to fixed axes is not constant, and 
the acceleiation is not zero If it is assumed that an exterior 
force is the only cause of the change of motion, or of acceleration 
of a particle, then it follows that a paiticle cannot move in a 
oirele with uniform speed unless it is subject to some force. It 
follows also from (25) and the second law of motion that the force 
continually acts m a line which passes through the confer of the 
circle. 

16. The Areal Velocity. The rate at which the radius vector 
from a fixed point to the moving particle describes a surface is 



called the areal velocity with respeot to the point. Suppose the 
particle moves in the xy-p\mo, Let A A represent tho area of the 
triangle OPQ swept over by the radius vector in the interval of 
time At, Then 

A A = ~^sin (Ad); 

whence 

/oa) A A _r f ‘ r sin (A 8) Ad 

At 2 ‘ A0 *A r 

As the angle Ad diminishes the ratio of the area of the triangle to 
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P 


that of the sector approaches unity as a limit The limit ' 
r ' is r, and the limit of is unity. Equation (26) gives, < 

passing to the limit Ai ~ 0 m both members, 


(27) 


dA _ 1 
dt " 2 r dt 


as the expression for the areal velocity. On changing to rec 
angular coordinates by the substitution 


r = VsMmA tan Q = \ , 

IV 

equation (27) becomes 



If the motion is not in the ay-plane the projections of the are 
velocity upon the three fundamental planes are used. They « 

respectively 

dv _ dx\ 
y dt)’ 


(29) 


f dAx\i 
dt 

dA vm 
dt 

dAzx 

dt 


-i(-r 

“3 ("5"**)’ 

1 / dx dz\ 
“2 \ Z dt~ X dt)' 


In certain mechanical pioblems the body considered moves 
that the areal velocity is constant if the origin is properly chose 
In this case it is said that the body obeys the law of areas wi 
respeot to the origin. That is, 

r 2 it « constant. 
dt 

It follows from this equation and (19) that in this case 

ae “ 0; 

that is, the acceleration perpondiculai to the radius vector is asc 

17. Application to Motion in an Ellipse, Suppose a parti 
moves in an ellipse whose semi-axes aro a and b in such a mam 
that it obeys the law of areas with respect to the center of i 
ellipse as origin; it is Required to find the components of acoel© 
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tion along and perpendicular to the radius vector. The equation 
of the ellipse may be written m the parametric form 

(30) ® = acos 0, y-bairuf}, 

for, if 0 is eliminated, the ordinary equation 


a 2 + b 2 " 1 

> 

is found. It follows from (30) that 


(31) 


dx 


d(f> 


di= - a * m +dt> 


dy 

dt 


b cos0 


d<f> 

dt 


On substituting (30) and (31) in the expression for the law of areas, 


it is found that 


dy dx 

x -dt~VTr c ’ 


dt ab ~ Cl 




The integral of this equation is 

0 = cd + ca; 

and if <f> = 0 when t = 0, then Ca » 0 and 0 = c x t. 

On substituting the final expression for 0 m (30), it is found that 

- C: 2 a cos 0 = - a% 

__ = sin 0 = - ci *y 


If these values of the derivatives are substituted in (20) the 
components of acceleration along and perpendioular to the radius 
vector are found to be 

f <Xr ~ - Ci 2 ?', 

1 = 0 . 


I. PROBLEMS, 

1. A particle moves with uniform speed along a helix traced on a circular 
cylinder whose radius is R, find the components of velocity and acceleration 
parallel to the x, y t and z-axes, The equations of the helix are 

t ~ R cos a, y = R sm w, z » hot. 
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f = — Rc sm (cl), v y — + Ro cos (cl), v, ~ he, 

AnS { ax « - Ec* cos (cl), a v — — Re? sm (cl), <x t - 0 

2 A particle moves in the ellipse whoso paiamotoi and cocon tncity are 
p and e with unifoim angular speed with lcspect to one of the fooi as ongm, 
find the components of velocity and acceleration along and pci pendiculai 
to the radius vector and parallel to tho % and y-axes in terms of the ladius 
vector and the time. 


Ans 


v r =— r 1 sm (cl), vg — ic, 

V 

CC v ' 

v x = - or sm (cl) + ^ • r 2 sm (2 ct), 

v v — cr cos (cl) + ~ i s sin 2 (cl), 

a r » — r 2 cos (cl) + i 4 sm 8 (cl) - c*r, 

P / 

«o = ~ r 1 sin (ct), 

a t - - c 2 r cos (cO + “■ r J — r 5 * * sm 5 (ct) 

Pi' 

em 1 (ct) cos (cl), 
V 


^ a v — — c 2 r sm cl + r 3 sin (2d) + ■— 5- f 4 Bin 3 ( c 0 

3 A particle moves in an ellipse in such a manner that it obeys the law 
of aioas with lcspect to one of tho foci as an ougin; it is required to find tho 
components of volocity and accoloratio \ along and porpondioular to tho radius 
vector and parallel to tho axes in toims of tho coordinates 


Am 


cA 

V 

cA 


sin 0 , vg « ~ } 


A sm 0 

- - 2 V m ' 25 “ ~~r ’ 

A' 1 _ n 

«r 1=3 - -p ' J a 9 U > 


cA , . . , A cos 6 
v u ® — sin 2 0 H- 1 — - — 
P r 


— • 
V 


A 2 cos 0 

j 2 ' 




A? , ?lll? 

p ’ r 2 


4. Tho acceloifttions along tho x and y-axos aro tho derivatives of tho 

velocities along those axes] why aro not tho accelerations along and per- 
pendicular to tho ladius vector gtvon by tho derivatives of the velocities in 

these lespcctivo directions? Find tho accelerations along axes routing with 

the angular volocity unity m terms of tho accelerations with respect to fixed 

axes 
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18. Center of Mass of n Equal Particles. The center of mass 
of a system of equal particles will be defined as that point whose 
distance from any plane is equal to the average distance of all 
of the particles from that plane This must be true then for the 
three reference planes. Let (asi, yi, Zi), (x 2} y 2) z 2 ), etc , repiesent 
the rectangular cohrdinates of the various particles, and x, y , I 
the rectangular cobrdinates of their center of mass: then by the 
definition 


(32) 


4* %2 4 • 

4- x n 

n 

n 


n 

Vi 4- 2/2 -f • 

* + Vn 


n 


n 

Zi + + • 

* * + Zn 

P' 


n n 


Suppose the mass of each particle is m, and let M represent the 
mass of the whole system, or M nm On multiplying the 
numerators and denominators by m, equations (32) become 


(33) 





'Tmxi 

<=l 

nm 

M 

n 

n 



nm 

M 

n 

n 




nm M 


It remains to show that the distaneo from the point (x, y, 2) 
to any other plane is also the average distance of the particles 
from tho plane. The oquation of any other plane is 

ax + by + cz + d = 0. 

The distance of the point (®, g } 2) from this plane is 

j L q# + -f & -1- d 
dsa Va 2 + & 2 4* c* ’ 


( 34 ) 
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and similarly, the distance of the point (x i} y t> z % ) fiom the same 
plane is 

( 36 ') n = aXt byi + cZr + d 

Va 2 + Z > 2 + c 2 * 


It follows from equations (32), (34), and (36) that 


d 


a + 6 ^ V* + c 2 , -f nd 
n -Vo 2 + 6 2 + c 2 


d % 


Therefore the point (x } ij, z) defined by (32) satisfies the definition 
of center of mass with respect to all planes. 

IP. Center of Mass of Unequal Particles. There are two 
cases, (a) that m which the mosses are commensurablo, and (b) 
that in which the masses are incommensurable 

(a) Select a unit m m terms of which all the n masses can be 
expressed mtegially Suppose the first mass is pm, the second 
pm, etc , and let pm = m h pm = m 2 , etc. The system may bo 
thought of as made up of p, + p a + . . . particles each of mass m, 
and consequently, by Art. 18, 


(36) 


$ = 




n 

M > 

» 

ft 

i=sl 

' 

M * 

n 

n 

Y.mpiZx 

n 



pn P , 

(b) Select an arbitrary unit m smaller than any one of the 
n masses. They will be expressible in terms of it plus certain 
remainders If the remainders are neglected equations (30) givo 
the center of mass. Take as a new unit any submultiplq of m 
and the remainders will remain the same, or be diminished, 
spending on ^eir magnitudes. The submultiple of m can be 
taken so small that every remainder is smaller than any assigned 
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quantity. Equations (36) continually hold wheie the m t are the 
masses of the bodies minus the remaindeis As the submultiples 
of m appioach zeio as a limit, the sum of the lemamdcis appioaohes 
zeio as a limit, and the expiessions (36) appioach as limits the 
expressions in which the m t aie the actual masses of the particles 
Thcioforo m all cases equations (36) give a point which satisfies 
the definition of center of mass. 

The fact that if the definition of center of mass is fulfilled for 
the thieo leference planes, it is also .fulfilled foi every other plane 
can easily be pioved without recouise to the general formula for 
the distance from any point to any plane. It is to be obseived 
that the j/z-plane, foi example, may be bi ought into any position 
whatever by a change of ongm and a succession of rotations of 
the coOidinate system aiound the various axes It will be neces- 
saiy to show, then, that equations (30) aie not changed in foim 
(I) by a change of origin, and (2) by a lotation around one of the 
axes. 

(1) Transfer the origin along the ir-axis through the distance a 
The substitution which accomplishes the transfer is x => -f a 
and the first equation of (30) becomes 


whence 


4 * a 


V ?a,(o!/ H- a) Vm.a,' 


M 


M 


n 



- 


tel 

M 


t 


which has the same form as beforo. 

(2) Rotate the a and y - axes around the z-axia through the 
angle 0. The substitution which accomplishes the rotation is 

f x « x* cos 0 - y f sin 0 , 

\y » x* sin 0 4- y 1 cos 0. 

Tlio first two equations of (36) become by this transformation 


S' 

k 


cos 9 — $ sin 0 ® cos 6 


sin 6 + & cos 6 « sin 0 



sm 0 
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On solving these equations it is found that 

« n n 

" Af~~’ = M 

Therefore the point (x, fj, z) satisfies the definition of center of 
mass with respect to every plane 

20. The Center of Gravity. Tho members of a system of 
particles which are neai together at the surface of tho earth are 
subject to forces downwaid which arc sensibly parallel and pro- 
portional to their respective masses. The iveight , or gravity, of n 
particle will be defined as tho intensity of the vertical force /> 



which is the product of the mass m of tho particlo and its nocolora- 
tion g t The center of gravity of tho system will bo defined aa the 
point such that, if tho members of the system woro rigidly con- 
nected and the sum of all the forces wero applied at this point j 
then the effect on the motion of the Bystom would bo tho same ft# , i 
that of the original forces for all orientations of tho system. 

It will now be shown that the centor of gravity coincides With 
the center of mass, Consider two parallol forces f\ and ft acting 
upon the rigid system M at the points P t and Pa Hosolvo them* ■ 1 
two forces into the components / and Q\ } and / and gt respectively, ■ , 1 
The components /, being equal and opposito, destroy oaoh otlKSF* 
Then the components g\ and gt may be regarded as acting at A r !' 1 
Resolve them again so that the oppositely directed component!!' ' ' 
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shall be equal and lie in a line parallel to PiP 2 ; then the other com- 
ponents will lio m the same line AB> which is parallel to the 
dnection of the onglnal forces f x ancl/ 2 , and will bo equal respec- 
tively to /i and /s Theiofoie the lesultant of /i and / 2 is equal to 
/i 4*/2 in magnitude and direction. It is found from similar 
tuangles that 

fi __ AB fz __ AB 

f P i B i f “ BzB > 

whence, by division, 

fi ___ PjB _ xz — £ 
fz PJi $ — 

The solution for $ gives 

V - ■ft' 8 * H - /a^a 
/»+/. * 

If the resultant of theso two foices bo united with a third force /s, 
the point whole their sum may bo applied with the same effects is 
found m a similar manner to bo given by 


1] = l l -A l ~h U x * h 'Ca 

fi + fi A' fa ’ 


and so on for any number of forces Similar equations are true 
for parallel forces acting in any othor direction. 

Suppose thero arc n particles m { subject Lo n parallel forces /< 
due to the attraction of the earth The coordinates of their 
contoi of gravity with respect to tho origin aro given by 


( 37 ) 


r 


2 





P 


h gmiXi 

~ • 

5 9, '“ 


n 
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The centor of gravity is thus seen to bo coincident with the center 
of mass; novortheloss this would not in genorai be true if the sys- 
tem were not in such a position that the accolorations to whioh 
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its various members are subject were both equal and parallel* 
Euler (1707-1783) proposed the designation of cent®' of inertia for 
the center of mass. 


21. Center of Mass of a Continuous Body, As the particles 
of a system become more and moie numerous and nearer together 
it approaches as a limit a continuous body. In the case of tho 
ordinary bodies of mechanics the particles are innumerable anti 
mdistinguishably close together; on this account such bodios aro 
treated as continuous masses. For continuous masses, therefore, 
the limits of expressions (37), as m, approaches zero, must bo 
taken At the limit m becomes dm and the sum becomes tho defi- 
nite integral. The equations which give the center of mass aro 
therefore 


(38) 


_ fxdm 
fdm 1 

* « fv dm 

fdm f 

- _ Jzdm 
fdm * 


where the integrals are to be extended throughout the whole body* 
When the body is homogeneous the density is tho quotiont of 
any portion of the mass divided by its volume. When tho body 
is not homogeneous the mean density is tho quotient of the whole 
mass divided by the whole volume. The density at any point t» 
the limit of the mean density of a volume including tho point In 
question when this volume approaches zero as a limit. If tho 
density is represented by a, the clement of mass is, when expressed 
in rectangular coordinates, 


dm = edxdydz. 
Then equations (38) become 


(39) 


- fffrt dx dy dz 
fffcdxdydz * 

, - ^ ffhydxdydz 
fffer dx dy dz * 

z - da? dy dz 
fffodxdydz ' 


The limits of the integrals depend upon the shape of the body, 
and O must be expressed as a function of tho coordinates. 
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In certain problems the integrations are performed more simply 
if polar codidinatcs are employed. The element of mass when 
expressed m polar coordinates is 


dm — it ab * bo cd 



It is soon from the figure that 


Therefore 


(40) 

and 


(41) 


ab — dr, 

' be *=» rd<f>, 

.cd ~r cos <j> d9 , 

dm — or 2 oos <f> d<p d$ dr, 

' x » t cos 0 eos 0, 

' y — r cos <j> sin 0, 

,z » r sin </>. 


Therefore equations (38) become 


( 42 ) 


///or 3 cos 2 <f> cos 6d<l>dddr 
^ ///or 2 cos c})d<j>d0dr ’ 

cos 2 4> sin Od<f>dddr 
” ~ ///or 2 cos <j>d<f)d0dr ' 

_ ///gr 3 sin 4> cos fydfydOdr 

^ SIS ^’ 2 cos <(> d<f> d$ dr 
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The density <r must be expressed as a function of the eooidinates, 
and the limits must be so taken that the whole body is included. 
If the body is a line or a surface the equations admit of important 
simplifications 

22. Planes and Axes of Symmetry. If a homogeneous body 
is symmetrical with respect to any plane, the center of mass is m 
that plane, because each element of mass on one side of the piano 
can be paned with a cone&pondmg element of mass on the other 
side, and the whole body can be divided up mto such paired ele- 
ments. This plane is called a plane oj symmeti y. If a homo* 
geneous body is symmelnca! with lespeet to two planes, the center 
of mass is in the lino of their mtei section. Tins line is called an 
axis of symmeti y If a homogeneous body is symmeti leal with 
respect to tlnee planes, intersecting m a point, the center of mass 
is at their point of mtei section Fiom the consideiation of the 
planes and axes of symmeti y the conteis of moss of many of the 
simple figures can be mfened without employing the methods of 
integration. 

23. Application to a Non-Homogeneous Cube. Suppose the 
density varies directly as the squaio of the distance fiom ono of tho 
faces of the cube. Take the ongm at one of tho comers and lot 
tho yz-plnno be tho face of zero density Then a ~ kx % , whom 
k is the density at unit distance Suppose tho edgo of tho cubo 
equals a, then equations (39) become 
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If polar cooidinatcs were used in this problem the upper limits 
of the integrals would be much more complicated than they are 
with rectangular coordinates, and the integration would be 
correspondingly moie difficult 

24. Application to the Octant of a Sphere. Suppose the sphere 
is homogeneous and that the density equals unity. It is preferable 
to use polar coordinates in this example, although it is by no 
means necessary. Either (39) oi (42) can be used m any problem, 
and the choice should bo detei mined by the foim that the limits 
take in the two cases. It is desirable to have them all constants 
when they can be made so. If tho origin is taken at the center 
of the sphere, and if the radius is a, equations (42) become 


& = 


n tt 

C* \ \ ? ’ 3 C0S2 ^ C0S ^ ^ ^ ^ V 

J(\ Jo Jo 


A 

i ft 


? 2 cos (j}d(f)dOdr 


r 3 cos 2 0 sin 0 d<f) do dr 


2 C'l 


■s. A 

2 (i 


V = 

n-r* r*n. 

i 2 cos 4)d<t>d0dr 
r 3 sin 0 cos 0 d<f) dO dr 

Ia JU Ja 

r 2 cos 0 d(f) dO dr 

Since tho mass of a homogeneous sphere with radius a and density 
unity is $ 7 ra 3 , each of tho denominators of these expressions equals 
•J-Tra 3 . This oan bo verified at onco by integration. On integrating 
tho numerators with respect to 0 and substituting tho limits, the 
equations become 




7T ri r* 

4 Jo Jo 


r 3 cos 0 do dr 


-a 8 

0 a 


h C a 

_ 2 Jo Jo" 


ff - 


r 3 dO dr 


7 n r r 3 sin 0 dO dr 
4 


T , 

a 3 
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On integrating with respect to 0, these equations give 


TT f a 

J, 


rHr 


7 r r a 
4 Jo 


7 3 d? 


rr.3 



and, finally, the integration with lespect to r gives 

x ~ y — z — gft 

The octant of a sphere has thiee planes of symmetry, viz , tho 
planes defined by the centei of the sphere, tho voitioos of the 
bounding sphencal triangle, and the centers of then respective 
opposite sides. Since these three planes inteiseet not only m a 
point but also in a line, they do not fully determine the center of 
mass. 

As nearly all the masses occurring in astronomical problems arc 
spheres or oblate spheroids with thiee planes of symmoliy which 
intersect in a point but not in a lme, the applications of the for- 
mulas just given are extremely simple, and no moie oxamplcs 
need be solved. 


H. PROBLEMS. 

1 Find tho centor of mass of a fine sliaighl who of longih R whoso density 
vanes dueotly ns tho nth powei of tho distnnco ftom one end. 


ft 1 

Am R fiom tho ond of zoio density 

2 Find tho coordinates of tho cenlor of mass of a fine wiro of uniform 
density bent into a quadrant of a oirclo of ladius R, 


Aub, 


x = y — 


2 R 

7T 1 


whoio the origin ib at tho contor of tho eirolo. 


3 Find tho coordinates of tho centci of mass of a thin plate of uniform 
density, having tho form of a quadrant of au ellipse whoso eomi-axos aro 
a and b 


Ana, 


x =■ 


ia 

3t' 


[ V ~ 


4b 
3jt * 
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4 Find the cobidmates of the center of mass of a thin plate of unifonn 
density, having the foim of a complete loop of the lemniscate whose equation 
is r 4 = a 4 cos 20 

{ — it a 

X=a 2i > 

y - 0 

5 Find the coordinates of the center of mass of an octant of an ellipsoid 
of unifoim density whoso semi-axes are a, b, a 


Am 


x 


3a 
8 ' 


A 


V = 


86 
8 » 



0 Fmd the cofiidmatcs of tho center of mass of an octant of a spheic of 
radius R whoso density vanes dnectly as tho nth powoi of tho distance fioir 
the center 


Am 


x - y ~ z = 


n -h 3 
n + 4 


B 
2 ‘ 


7 Find tho coOichnates of tho ccnlci of moss of a paiaboloid of revolution 
cut off by a piano pcipondicular to its axis 


Am 


f* = 

Iff “ 2 " 0, 


whoro h is tho distance from tho voitox of tho paraboloid to tho plaiio, 

8 Find tho cohi diwilcs of tho contoi of mass of a light oucular cone whose 
height is h and whoso ladius is R 

0 Find I ho codidinatea of tho center of mass of a doublo convox lens of 
homogoncoiiB glass whoso suifacos mo spheres having the iadii i\ and j j «= 2rt 

and whoso thickness at tho contor is - ~ ^ 

4 

10 In a concftvc-convox lens tho indius of ourvaiuio of tho convex and can- 
cavo surfaces arc rt and ij > ri Dolounine the thickness and dimnotor of tho 
lens so that tho contor of mass shall bo In the concave surface. 


Historical Sketch from Ancient Times to Newton. 

25. The Two Divisions of the History. The history of tho 
development of Celestial Mechanics is natuially divided into two 
distinct parts. The one is coneerncd with the pi ogress of knowl- 
edge about' tho puroly formal aspect of tho universe, the natural 
divisions of timo, the configurations of the constellations, and 
tho determination of tho paths and periods of the planets in their 
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motions; the other treats of the effoits at, and the success in, attain- 
ing correct ideas legaiding the physical aspects of natural phe- 
nomena, the fundamental pioperties of foice, maltei, space, and 
tune, and, m particular, the way m which they aie related It is 
true that these two lines in the development of asticnomical 
science have not always been kept distinct by those who liavo 
cultivated them; on the conti ary, they have often been so 
intimately associated that the speculations m the lattei liavo 
influenced unduly the conclusions in the fonnei While it is 
clear that the two lands of investigation should be kept distinct 
m the mind of the mvestigatoi , it is equally cleai that they should 
be constantly employed as cheeks upon each other. The object 
of the next two articles will be to tiaco, in as few woids as possible, 
the development of these two lines of progress of the science of 
Celestial Mechanics from the times of the oaily Greek Philosophers 
to the time when Newton applied his tianscondcnt genius to the 
analysis of the elements involved, and to thou synthesis into one 
of the sublimcst pioducts of the human mind 

26. Formal Astronomy. The first division is concerned with 
phenomena attogethei apai t fipm their cause's, and will be termod 
Foi rnal Astionomy The day, the month, and tho year aro such 
obvious natural divisions of time that they must have been 
noticed by the most primitive peoples But the determination of 
the lelations among those pciiocls requited something of tho sci- 
entific spirit necessary for careful observations; yet, in the very 
dawn of Chaldean and Egyptian history they appeal to have been 
known with a considerable degice of accuiacy. The lecords loft 
by these peoples of their earlier civilizations are so meagor that 
little is known with certainty legal dmg their scientific achieve- 
ments The authentic history of Astionomy actually begins with 
the Greeks, who, deriving thcii fust knowledge and inspiration 
from tho Egyptians, pui sued tho subject with tho enthusiasm 
and acuteness which was clmracleustic of tho Greek iaco 

Thales (640-546 me.), of Miletus, went to Egypt for instruc- 
tion, and on his roturn founded the Ionian School of Astionomy 
and Philosophy. Some idea of the advancement made by tho 
Egyptians can be gathcied from tho fact that ho taught the 
sphericity of the earth, the obliquity of tho ecliptic, the causes of 
eclipses, and, according to Herodotus, piechcted the eclipso of tho 
sun of 585 n.o. According to Laertius lie was the first to deter- 
mine the longth of tho year. It is fair to assume that he borrowed 
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much of his information fiom Egypt, though the basis for pre- 
dicting eclipses icsts on the penocl of 6585 clays, known as the 
saros, discovered by tho Chaldaoans Aftci the lapse of this 
period eclipses .of tho sun and moon recut under almost identical 
cncumstances except that they rlo displaced about 120° westward 
on the eaith. 

Anaximander (611-545 n c ), a fnend and probably a pupil of 
Thales, constiuoted geogiaphical maps, and is credited with 
having mvonted the gnomon. 

Pythagoras (about 569-470 n.c.) travelled widely in Egypt and 
Chaldea, ponetratmg Asia oven to the banks of the Ganges. On 
his return he went to Sicily and founded a School of Astronomy 
and Philosophy. Ho taught that the earth both lotates and 
revolves, and that the cornets as well as tho planets move in orbits 
aiound the sun He is ci edited with being tho first to maintain 
that tho same planet, Venus, is both evening and morning stai at 
differ ont times. 

Meton (about 465-385 li.o ) brought to the notice of tho 
learned men of Ilellas tho cyclo of 19 years, nearly equalling 235 
synodic months, which has since been known as the Motomc cycle. 
After the lapse of this period the phases of the moon lecui on the 
same days of the yeai, and almost at the samo time of day Tho 
still moio accurate Callipic cycle consists of four Motonic cycles, 
less one day 

Anstotlo (384—322 n o.) maintained the thooiy of tho globular 
form of tho earth and supported it with many of tho arguments 
which avo used at the present timo, 

Anstaichus (310-260 n.c.) wioto an important work entitled 
Magnitudes and Distances, In it ho calculated from the time at 
which tho earth is m quadrature ns scon from the moon that the 
latter is about ono-nmotconth ns distant from the earth as the sun. 
The time m question is determined by observing when the moon 
is at tho first quaitor. Tho piactical difficulty of determining 
exactly when tho moon lias any particular phase is the only thing 
that pi events the method, which is theoretically sound, from 
boing entirely successful. 

Eratosthenes (275-194 n.c.) made a catalogue of 476 of the 
brightest stars, and is famous for having dotoi mined tho size of 
tho earth from the measurement of tho difference in latitude and 
the distance apart of Syenc, in Upper Egypt, and Alexandra. 

Hipparchus (about 190-120 n.c.), a native of Bithyma, who 
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observed at Rhodes and possibly at Alexandria, was the greatest 
astronomer of antiquity He added to zeal and skill os an ob- 
server the accomplishments of the mathematician Following 
Euclid (about 330-275 b.c) at Alexandria, he developed tho 
important science of Spherical Trigonometry, lie located places 
on the earth by their Longitudes and Latitudes, and the stars by 
their Right Ascensions and Declinations. lie was led by tho 
appearance of a temporary star to make a catalogue of 1080 fixed 
stars. He measuied the length of the tropical year, the length 
of the month ftom eclipses, the motion of the moon’s nodes and 
that of her apogee; he was the author of the first solar tables; ho 
discovered tho precession of the equinoxes, and made extensive 
observations of the planets. The works of Hipparchus are known 
only indireotly, his own writings having been lost at tho time of 
the destruction of the great Alexandrian libiary by tho Saracens 
under Omar, in 640 a.d. 

Ptolemy (100-170 a,t>.) carried forward tho work of Hipparchus 
faithfully and loft the Almagest as the monument of his labors. 
Fortunately it lias come down to modern times intact and contains 
much information of great value Ptolemy's greatest discovery 
is the eveotion of the moon's motion, which ho detected by fol- 
lowing the moon during the whole month, instead of confining his 
attention to certain phases as previous observers had done. Ho 
discovered refraction, but is particularly famous foi the systom of 
eccentrics and epicycles which ho developed to explain tho apparent 
motions of tho planets. 

A stationary period followed Ptolemy during which science was 
not cultivated by any peoplo except tho Aiabs, who were imitators 
and commentators rathor moie than original investigators. In 
the Ninth Century tho gieatcst Arabian astronomer, Aibategniua 
(850-929), flourished, and a more accurate measurement of tho 
arc of a meridian than had before that time been executed woa 
carried out by him in tho plain of Singiar, in Mesopotamia. In 
tho Tenth Century Al-Sufi made a catalogue of stars based on his 
own observations. Another catalogue was mado by tho direction 
of Ulugh Boigh (1393-1449), at Samarkand, in 1433. At this 
time Arabian astionomy practically coased to exist. 

Astionomy began to rovtvo in Europe towaicl tho end of tho 
Fifteenth Century m tho labors of Pourbaeh (1423-1461), 
Walthorus (1430-1504), and Regiomontanus (1436-1476). It 
was given a great impetus by the eelobrated Gorman astronomer 
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Copernicus (1473-1543), and has been pursued with increasing 
zeal to the piescnt time Copernicus published his masterpiece, 
De Revolutiombus Orbiwn Coeleshum, m 1543, in which he gave to 
the world the heliocentuc theory of the solar system The 
system of Copernicus was lojectcd by Tycho Brahe (1546-1601), 
who advanced a theoiy of his own, because he could not observe 
any parallax in the fixed stais. Tycho was of Norwegian birth, 
but did much of Ins astronomical work in Denmaik under the 
patronage of King Frederick After the death of Frederick he 
moved to Pi ague where he- was suppoited the remainder of his 
life by a libel al pension from Rudolph II. Ho was an indefatigable 
and most painstaking observer, and made very important contri- 
butions to' Astronomy. In his later years Tycho Brahe had 
Kepler (1571-1630) for his disciple and assistant, and it was by 
discussing the obseivations of Tycho Brahe that Kepler was en- 
abled, m less than twenty yeais after the death of his piecoptor, 
to announce the tlnee laws of planetary motion. It was from 
these laws that Newton (1642-1727) deiived tho law of gravitation. 

Galileo (1584-1642), an Italian astionomer, a contcmpoiary of 
Koplci , and a man of greater genius and greater fame, fiist applied 
the telescope to celestial objects. lie discovoied foui satellites 
revolving mound Jupiter, tho nngs of Saturn, and spots on the 
sun. lie, like ICopler, was an ardont supportor of the heliocentric 
theory. 

27. Dynamical Astronomy. By Dynamical Astronomy will be 
meant tho connecting of mechanical and physical causos with 
obseivcd phenomena. Formal Astionomy is so ancient that it is 
not possible to go back to its origin, Dynamical Astronomy, on 
tho othei hand, dicl not begin until aftci the time of Aristotle, and 
thon ical advances weio made at only very rare intervals. 

Archimedes (287-212 do), of Syracuse, is the authoi of the 
first sound ideas regarding mechanical laws. lie stated conoctly 
the principles of the level and tho meaning of the center of giavity 
of a body. The form and generality of his treatment wore im- 
proved by Leonardo da Vinci (1462-1519) in his investigations 
of statical moments. The wholo subject of Statics of a rigid body 
involves only the application of tho pioper mathematics to these 
principles. 

It is a remarkablo fact that no single impoitant advance was 
mado in the discovery of mechanical laws for nearly two thousand 
years after Archimedes, or until the time of Stevinus (1548-1820), 
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Who was the first, m 1586, to investigate the mechanics of tho 
inclined plane, and of Galileo (1564-1642), who made the fust 
important advance m Kinetics. Thus, the mechanical principles 
involved in the motions of bodies were not discoveied until icla- 
tively modern times. The fundamental enoi m tho speculations 
of most of the investigators was that they supposed that it requited 
a continually acting force to keep a body in motion They thought 
it was natural for a body to have a position iflthcr than a state of 
motion This is the opposite of tho law of inertia (Newton’s first 
law). This law was discovered by Galileo quite incidentally m 
the study of the motion of bodies sliding down an inclined piano 
and out on a horizontal surface Galileo took as his fundamental 
principle that the change of velocity, oi acceleration, is detoi- 
mrned by the foices which act upon the body This Contains 
nearly all of Newton’s first two laws. Galileo applied his principles 
with complete success to the discovery of tho laws of falling bodies, 
and of the motion of projectiles The value of his discoveries is 
such that he is justly considered to be the founder of Dynamics. 
He was the first to employ the pendulum foi the measurement of 

time , 

Huyghens (1629-1695), a Dutch mathematician and sciontiat, 

published his Horologium Osdllalonum m 1675, containing tho 
theory of the determination of the intensity of the eai ill’s gravity 
fiom pendulum experiments, tho thooiy of the center of oscil- 
lation, the theory of evolutes, and tho Iheoiy of tho cycloidal 


pendulum.' ’* 1 

Newton (1642-1727) completed the foimulation of the funda- 
mental principles of Mechanics, and applied them with unparalleled 
success in the solution of mechanical and nalionomical problems. 
He employed Geometry with such skill that his work lias scarcely 
been added to by the uso of his methods to the present day, 

After Newton’s tnno, mathematicians soon turned to the moro 
general and powerful methods of analysis 4 ho subject of An- 
alytical Mechanics was founded by Eulor (1707-1783) in lus work, 
Mechamca me Motus Scientia (Petersburg, 1730); it was improved 
by Maclauiin (1698-1740) in his woik, A Complete System of 
Fluxions (Edinbuigh, 1742), and was highly perfected by Lagrange 
(1736-1813) in his Mtcanique Amlyhque (Palis, 1788) Tho 
Mtcanique Celeste of Laplaco (1749-1827) put Celestial Mechanics 
on a correspondingly high plane, 
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CHAPTER II. 

RECTILINEAR MOTION. 

28. A great part of the work in Celestial Mechanics consists of 
the solution of differential equations which, in most problems, arc 
very complicated on account of the numbei of dependent variables 
involved The ordinal y Calculus is dovoted, m a huge part, to 
the treatment of equations m which thoio is but one independent 
variable and one dependent vanable, and tho stop to simultaneous 
equations in several variables, lequuing interpretation m con- 
nection with physical problems and mechanical principles, is 
one which is usually made not' without some difficulty. The 
present chapter will be dovoted to tho formulation and to the 
solution of certain classes of problems in which the mathematical 
processes are closely related to those which aie expounded m tho 
mathematical text-books It will form the bridge leading from 
the methods winch aie familial in woiks on Calculus and ele- 
mentary Differential Equations to thoso which are chamolcriaUc 
of mechanical and astronomical probloms. 

The 4 examples chosen to lllustrato the principles are taken 
largely from astionomical probloms They are of sufficient 
interest to justify their mscition, even though they wore not 
needed as aprepaiation foi the more complicated discussions wlijch 
will follow. They embrace the theoiy of falling bodies, the velocity 
of escape, parabolic motion, and tho moteoric and contraction 
theories of the sun's heat 

r 

The Motion op Falling Particles. 

29, The Differential Equation of Motion, Suppose tho mass 
of the particle is m and let s lepresent the lmo in which it falls. 
Take the origin 0 at the surface of the earth and lot the positive 
end of the line be directed upward. By tho second law of motion 
the rate of change of momentum, or tho pioduct of tho mass and 
the acceleration, is proportional to the foieo. Lot 7c 2 represent tho 
factor of proportionality, the numerical value of which will depend 

so 
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upon the units employed Then, if / represents the foiee, the dif- 
feiential equation of motion is 


( 1 ) 


d 2 s . 

" dfi - ~ w 


This is also the differential equation of motion for any case in 
which the lesultanl of ail the forces is constantly in the same 
stiaight line ancl in which the body is not initially piojecled fiom 
that line A moie general ticatment will theicfoie be given than 
would be lequiiod if / weie simply the force arising fiom the 
eai th’s atti action for the pailiclo m 
The foice/ will depend m geneial upon various things, such as 
.the position of m, the time t, and the velocity v This may be 
indicated by writing equation (i) in the form 


( 2 ) 


W2o 

L > v) > 


in which / (s, t, v ) simply means that the force may depend upon 
the quantities contained in the parenthesis. In order to solve 
this equation two integrations must be performed, and the char- 
acter of tho integrals will depend upon the manner in which / 
depends upon s, t , and v. It is necessary to discuss the different 
cases separately. 

» 

30. Case of Constant Force. This simplest case is nearly 
realized when particles fall through small distances near the earth's 
surface under the influence of gravity If the second is taken 
as tho unit of time and tho foot as tho unit of length then 7c 2 / = mg, 
whero g is tho acceleration of gravity at tho surface of the earth. 
Its numerical 4 value, which varies somowhat with' the latitude, 
is a little greater than 32. Then equation (1) becomes 


( 3 ) 


(Ps_ 

dl % 


“ “ 0> 


This equation givep after one integration 

ds_ 
dt 


gt + oi, 


where ct is tho constant of integration. Lot tho velocity of tho 
particle at the time < « 0 bo v v 0 , Then the last equation 
becomes at t — 0 

Vo “ Ci ; 
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whence 


- gt 4 vq> 


The integral of this equation is 
_ 


-f- Vo t 4 C2. 


Suppose the particle is started at the distance So from tho origin 
at the tune t =* 0; then this equation gives 


So — ^2> 

whence 2 

( 4 ) s “ -°j + Vot J r s 0 . 

When the initial conditions are given this equation determine* tin* 
position of the particle at any time; or, it deteimines tho time id 
which the body has any position by tho solution of the quadrat ir 

equation mi* . , . . . . 

If the acceleration were any other positive or negative conHinul 

than - mg, tho equation for the space described would differ from 

(4) only in the coefficient of J 2 . , , 

It is also possible to obtain an important relation between lie- 
speed and the position of the particle. Multiply both 

of equation (3) by 2§. Then, sinee tho derivative of ) >*. 

n ds d®S .1 „ nf f.lin nmm+inn IS 


'dt dl 2 


the integral of the equation is 

W 12 * 


(dsy 

\dt) 


2 gs + Cb. 


It follows from the initial conditions that ( 

Cs = Vo 2 4 2(/soJ 

whence , , v 0 ,,i 5 

<*) (!)-(*). 

31. Attractive Force Varying Directly as the Distance. Am ‘tliwr 
simple case is that in which tlio force vanes directly as the din\m««t 
from the origin. Suppose it is always attractive to waul tm* 
origin. This has been found by experiment to be very nearly th* 
law of tension of an elastic string within certain limits of BtrnU I mm- 
Thon tho velocity will deoreaso when the particle is on the pomm** 
jhde of the origin; therefore for these positions of tho particle \U# 
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acceleration must be taken with the negative sign, and the differ- 
ential equation foi positive values of s is 


( 0 ) 


m 7l¥ ~-Vs 


For positions of the particle m the negative direction from the 
ongin the velocity inei eases with the time, and therefore the 
acceloi ation is positive. The right mombei of equation (6) must 
bo taken with such a sign that it will be positive Since s is 
negative in the legion under consideration the negative sign must 
be prefixed, and the equation lemains as before Equation (6) is 
thoioforo, the general differential equation of motion foi a body 
subject to an attractive force varying directly as the distance. 

Multiply both mcmbcis of equation (6) by 2 ~ and integrate; 
the result is Li 

d "(I)’- -**+«•• 

If s — So and ^ = 0, at the time t = 0, then this equation 
becomes 

fdsV k\ , 

{it) “m (So s)> 

which may bo written, as is customary in separating the variables, 


els 


Vso 2 — 


= ds 


Ut 

4tri 


Tho integral of this equation is 


Sill -1 ~ 5=3 =*= -)- C 2 

So V»» 

It is found from the initial conditions that c 2 ~ | ; whence 

„ . S kt , 7T 

Sin ” 1 - = q- - 

So -\jfti 2 

On taking the sine of both members, this equation becomes 

It \ 


(7) 


s = $ o sm 


(*l; + l)“ s “ 003 ( 


Vm/ 


From this oquation it is seen that the motion is oscillatory and 
symmetrical with respect to the origin, with a period of — f 
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Tor this reason it is called the equation for haimonic motion* 

Obviously ~ vanishes at some time during the motion for all 
dt 

initial conditions, and there was no real restnotion of the gener- 
ality of the problem in supposing that it was zeio at t - 0. 

Equation (6) is in form the differential equation for many physi- 
cal problems When the initial conditions aic assigned, it clofmes 
the motion of the simple pendulum, the oscillations of the tuning 
fork and most musical instruments, the vibrations of a ladmtmg 
body, the small variations in the position of the earth's axis, etc. 
Eor this reason the method of finding its solution and tho deter- 
mination of the constants of integration should be thoroughly 
mastered. 


nr. PROBLEMS. 

1. A particle is started with an initial velocity of 20 motors per boo. and 
is subject to an acceleration of 20 meters per sec What will bo its velocity 
at tho end of 4 secs , and how far will it have moved? 

f v = 100 motors per see. 
l a — 240 meters 

2 A particle starting with an initial velocity of 10 motors per sec. and 
moving with a oonstant acceleration describes 2060 motors in 6 socb. What 
is the acceleration? 

Aim a = 160 meters per see 

3 A particle is moving with an acceleration of 6 motors per sec. Through 
what space must it move m order that iIb velocity shall bo increased from 
10 meters per sec to 20 motors por see ? 

, A ns 30 meters, 

4. A particle starting with a positive initial velocity of 10 meters por hoc 
and moving under a positive acceleration of 20 motors per see described a 
space of 420 meters. What time was required? 

Am t = C secB 

6 Show that, if a parfciole starting from rest moves subject to an attractive 
force varying directly as tho initial distance, tho time of falling from any 
point to' tho origin is independent of the distance of tho particle 

6. Suppose a particle moves subject to an attractivo forco varying dirootly 
os the distance, and that the acceleration at a distance of 1 motoi is 1 motor 
a see, If the particle starts from rest how long will it take it to fall from ft 
distance of 20 meters to 10 meters? 

An s 1 0472 secs. 

7 Suppose a particle moves subject to a forco which is ropulsivo from 
the origin and which vanes directly as the distance, show that if v ** 0 and 
s = st when l - 0, then 
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K 

whence, lotting — - IC, 
yin 

s = ~ (e K( -{- <r») ~ so cosh Kt 
Obsoivo that equation (7) may be written m the similar form 


a ~ — (e^~ m -f c-^-iKt) ~ g 0 ( os Kt 

8 Tho surface gmvity of tho sun is 28 times that of the earth If a solar 
prominence 100,000 miles high was pioduccd by an explosion, what must havo 
been the velocity of tho malenal when it loft tho surface of the sun? 

Ana 184 miles pci see 

32. Solution of Linear Equations by Exponentials. The differ- 
ential equation (6) and tho conosponding one foi a lopulsive foice 
are linear m s with constant coefficients Theie is a general 
thcoiy which shows that all linear equations having constant 
coefficients can be solved in teims of exponentials, or, m ccitain 
special cases, in teims of exponentials multiplied by powers of the 
independent vaiiable l. This method has not only tho advantage 
of generality, but is also very simple, and it will be illustrated by 
solving (5) Consider the two forms 

dp + h s - °> 

(8) J M 

(l 2 S is n 

dt 2 & S 

Assume s = e xt and substitute in the differential equations; 
whence 

| XV' -j- ¥e Kt — 0, 

1 XV' — ¥e u = 0. 


Sineo these equations must be satisfied by all values of t in order 
that c xt shall be a solution, it follow's that 


(9) 


' X 2 + ¥ « 0, 
X 2 - ¥ = 0. 


Lot tho roots of the first equation be Xi and X 2 , then the first 
equation of (8) is vorified by both of tho particular solutions 
e ht and c Xii , The general solution is the sum of those two particu- 
lar solutions, each multiplied by an arbitrary constant. Precisely 
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similai results hold foi the second equation of (8). On putting 
in the value of the roots, the respective geneial solutions aro 


( 10 ) 


a = cie^ lkl + c i e-' 3 ~ lkl , 
s = c/e 11 + 


where Ci, Ca, Ci 7 , and ca 7 are the constants of integration. 


ds 

Suppose s — So, and = so 7 when t — 0, therefore 


dt 


So = Cl + C2/ 
So = Cl + C2 ; « 


The derivatives of (10) are 


~ = ci V— lke 4 ~ iu - CaAPUe-*'" 1 * 4 , 


dt 

ds 

Idl 


= c\ke Kt — Cike~ kl , 
ds 


On substituting t = 0 and ~ - s 0 7 , it follows that 


Therefore 


Ci V— 1 k — Ci V—l k = So 7 , 

Ci'fc — Ca'fc = s 0 7 . 


Cl 


" 2( So + fcVT^i) , 

-H 


fc-PI/ 

So 7 \ 

So 


Cl ' ” 2 ( So ^ T ) 1 

Ci ' = i{ s> ~ j) ■ 


Then the general solutions become 

So z' f— : 


(ii) 


s = t° («*< + <r«) + |£ (c“ - e-“). 
Or these expressions can be written in the form 
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s = So cos Id + y- sin Jd, 

s t 

s = &o cosh kt 4 * ~r sink kt, 
/c 


Tins method of treatment shows the close 1 elation between the two 
problems much moie clearly than the other methods of obtaining 
the solutions. 


33. Attractive Force Varying Inversely as the Square of the 
Distance. For positions in the positivo dncction from the oiigm 
the velocity cloci oases algobi aically as the time mci eases whether 
the motion is towaid 01 fiom the oiigm, therofoio in this region 
the acceleiation is negative Similarly, on the negative sido of 

k z 

the oiigm the acceleiation is positive Since -j is always positive 

u 

the light mcmboi has different signs in e two cases For 
simplicity suppose the mass of tho attracted particle is unity. 
Then tho differential equation of motion for all positions of the 
particle in tho positive dncction from the origin is 


. ( 12 ) 


d 2 s = _ ]£ 
dt 2 s 2 


4 (US 

On multiplying both mombeis of this equation by 2^ and inte- 


grating, it is found that 
(13) 


(dsV__ 

\dt) 


2A. 2 


4 Cj. 


Suppose v - «o and s - so when t == 0; tlion 


Cl 


Vo 2 


W 
4 So 


On substituting this expiession for ci in (13), it is found that 



If t > 0 2 <0 there will be some Finite distance Si at which 

so 


ds 

dt 


will vanish, if tho direction of motion of the paiticle is such that 
it readies that point it will turn there and movo in the opposite 
2 A , 2 ds 

diieetion. If t > 0 2 — — = 0, -77 will vanish at s = ; and if the 

So (ll 

paiticle moves out from the origin toward infinity its distance will 
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become indefinitely great as the velocity appioaches zeio. If 
2*2 

*>o 2 ~ V > 0> dt nevcl vanisllcs > ancl lf the paitiolo moves out 

from the origin towaid infinity its distance will become indefi- 
nitely gicat and its velocity will not approach zeio. 

Suppose vtf 
equation ( 13 ) gives 


— - < 0 and that ^7 = 0 when s 
so dt 


Si, Then 


(14) 


ds 

dt 


*1 


The positive or negative sign is to bo taken aceoidmg as tho 
paiticle is receding from, 01 appioaching towaid, the oxigm 
This equation can be written in the form 

sds (2 

and the integral is therefoic 

“ + | a , n -. - * ^lu + c . 

Since s ~ So when t - 0 , it follows that 

C2 — ~ Vsiso — So 2 4 77 sin- 1 ^ — 


2s 0 — Si 


whence 


(15) 


■) -sm-( 2s » 

4- Vsiso 


81 

Si 


)• 


Si 

S 0 a — -iTsis 


)] 


*>S U ‘ 


This equation determines the timo at which tho particle has any 
position at the right of the ongin whose distance fiom it is less 
than Sj, For values of § greatei than St, and foi all negative values 
of a, the second tenn becomes imaginary. That means that the 
equation does not hold foi these values of the vmiables; this was 
indeed ceitain because the differential equations ( 13 ) and ( 14 ) 
wei e valid only for 

* 0 < s <£ 81. 

Suppose the particle is approaching the ongin; then tho negative 
sign must be used m the right member of ( 15 ). The timo at 
which the particle was at rest is obtained by putting s ~ 81 in 
( 15 ), and is 
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The tune lequned foi the pailiclc to fall from So to the origin 
is obtained by putting s = 0 m (15), and is 



The time lequned for the paitiele to fall fiom lost at s = Si to 
the oi lgin is 


(16) T = T, - Tt = 


34, The Height of Projection. When the constant Ci has been 
detoi mined by the initial conditions, equation (13) becomes 



It follows from this equation that the speed depends only on the 
distance of the particlo from the centci of force and not on the 
direction of its motion. The gi eatest distance to which the particle 
recedes from the origin, or the height of projection from the origin, 
is obtained by putting v = 0, which gives 

1=1 

Si So 2/i, 2 * 

But if the height of projection is measured from the point of 
piojcction so, as would bo natural in considering tho projection of 
a body away from the suifaco of tho earth, tho foimula becomes 


S2 *=* Si — So 


t>oW 

2/C 2 — Vq z Sq * 


35. The Velocity from Infinity. When the particle starts 
from s 0 with zero velocity, equation (13) becomes 

(i7 > (f) ! = 2 KH> 

If the particlo falls from an infinite distance, so is infinite and the 
equation reduces to 

«> ( I )’-?- 

Prom tho investigations of Ait, 34 it follows that, if the par- 
ticle is projected from any point s in tho positive direction with 
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the velocity defined by (18), it will recede to infinity. The law 
of attraction in deriving (18) is Newton’s law of gravitation; 
therefore this equation can be used for the computation of tho 
velocity which a particle starting fiom infinity would acquire m 
falling to the sui faces of the vauous planets, satellites, and tho 
sun Then, if the particle were projected fiom the surfaces of 
the various membeis of tho solar system with these lespectivo 
velocities, it would recede to an infinite distance if it were not 
acted on by other forces. But if its velocity were only enough 
to take it away from a satellite or a planet, it would still be subject 
to the attraction of the remaining members of the solai system, 
chief of which is of course the sun, and it would not in general 
recede to infinity and be entuely lost to the system. 

36. Application to the Escape of Atmospheres. The kinetic 
theory of gases is that the volumes and pressures of gases arc 
maintained by the mutual impacts of the individual molecules, 
whioh are, on the average, in a state of voiy rapid motion The 
rarity of the eaith's atmosphere and the fact that the pressuro is 
about fifteen pounds to the square inch, serve to give somo idea 
of the high speed with which tho molecules move and of tho great 
frequency of their impacts. The different molecules do not all 
move with the same speed in any given gas under fixed conditions; 
but the number of those which have a rato of motion diffoicnt from 
the mean of the squares becomes less veiy rapidly as tho differ- 
ences increase. Theoretically, in all gases tho rango of tho values 
of the velocities is from zero to infinity, although the extreme 
cases occur at infinitely rare intervals compared to tho others. 
Under constant pressure the velocities are directly proportional 
to the square root of the absolute temperature, and mvorsoly pro- 
portional to the square loot of tho molcoular weight. 

Since in all gases all velocities exist, somo of the molecules of 
the gaseous envelopes of tho hcavonly bodies must bo moving 
with velocities greater than tho velocity from infinity, as defined in 
Art. 35 If the molecules aro near tho upper limits of tho atmos- 
phere, and start away from the body to which they belong, thoy 
may miss collisions with other molecules and oscapo nevor to 
return* Smco the kinetic theory of gases is supported by vory 
strong observational ovidence, and since if it is truo it is probable 
that some molecules move with velocities greater than tho velocity 

* ThiB theory is due to Johnstone Stonoy, Trana Royal Dublin Soc , 1892, 
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from infinity, it is probable that the atmospheres of all celestial 
bodies are being depleted by this piocess, but in most oases it is 
an excessively slow one, and is compensated, to some extent at 
least, by the accretion of meteoric matter and atmospheric mole- 
cules fiom other bodies In the uppei regions of the gaseous 
envelopes, from which alone tho molecules escape, the temperatures 
arc low, at least for planetary bodies like tho earth, and high 
velocities are of rare occimoncc. If the mean squaie velocity 
were as great as, or exceeded, tho volocily from infinity the deple- 
tion would be a relatively lapid piocess In any case tho elements 
and compounds with low molecular woighls would bo lost most 
rapidly, and thus certain ones might ficoly escape and otheis be 
largely ictained 

The manner in which the velocity fiom infinity with respect 
to the surface of an attiaeting sphcio varies with its mass and 
radius will now bo investigated. The mass of a body is propor- 
tional to tho product of its density and cube of its radius Then 
which is tho atti action at unit distance, vaiies dnoctly as tho 
mass, and theioforo directly as the product of the density and 
the cube of tho ladius. Ileneo it follows fiom (18) that tho 
velocity from infinity at the suifaeo of a body varies as tho product 
of its radius and tho square loot of its density. Tho densities 
and tho ladii of tho membois of tho solai sysfcom arc usually ex- 
pressed in terms of the density and tho radius of the oaith; honco 
tho volocity from infinity can bo easily computed for each of thorn 
aftoi it has been dotermined for tho earth. 

Lot R represent the radius of tho oaith, and g tho acceleration 
of gravitation at its surface Thon it follows that 


On substituting the valuo of h 2 determined from this equation 
ipto (18), the expression for tho square of tho velocity becomes 



(1 O 

Let V » ^ when s - R; whence 



P « 2gR. 

Lot a second bo taken as the unit of time, and a meter as the unit 
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of length Then R = 6,371,000, and g - 9 8094*. On substi- 
tuting in the last equation and carrying out the computation, it 
is found that V = 11,180 meters, or about C 95 miles, per sec. 
On taking the values of the relative densities and ladn of the 
planets as given m Chaptei XI of Moulton’s Introduction to 
Astionomy, the following results are found. 


Body Velocity of Escape 

Earth 11,180 motois, or 0 05 miles, per see 


Moon 

2,396 

44 

ti 

149 

4t 

44 

44 

Sun 

618,200 

If 

u 

384 30 

44 

44 

4 4 

Mercury 

3,196 

a 

tt 

1 GO 

44 

it 

it 

Venus 

10,475 

it 

a 

6 61 

(l 

It 

(4 

Mars 

6,180 

tt 

44 

325 

(4 

44 

41 

Jupiter 

61,120 

44 

44 

38,01 

(4 

44 

44 

Saturn 

37,850 

it 

44 

23 53 

44 

it 

44 

Uranus 

23,160 

a 

4( 

14,40 

44 

44 

(4 

Neptune 

20,830 

tt 

44 

12 05 

44 

it 

44 


The velocity from infinity decreases as tho distanco from tho 
center of a planet increases, and tho necessary velocity of pro- 
jection in order that a molecule may escape decreases corre- 
spondingly, and the centrifugal acceleiationof tho planet’s rotation 
adds to the velocities of certain molecules 

The question arises whether, unclor tho conditions prevailing 
at the surfaces of the various bodies enumerated, tho average 
molecular velocities of the atmospheric elemonts do not equal or 
suipass the corresponding velocity from infinity. 

It is possible to find experimentally the pressure oxorted by ft 
gas having a given density and tomporature upon a unit surface, 
from which the mean square volocity can be computed. It la 
shown in the kinetic theory of gases that tho square root of tho 
mean square velocity of hydrogen molecules at the temperature 
0° Centigrade under atmospheric pressure is about 1,700 metois par 
second Under the same conditions tho velocities of oxygen anti 
nitrogen molecules arc about onc-foiuth as groat. 

The surface tcmporatuies of the mfoiior planets are certainly 
much greater than zero degrees Conligiado in tho paits whoro 
they leceivc the rays of the sun most dncclly, evon if all tho hoal 
which may ever have been received from thou interiors is neglected . 
It Bcems piobable fiom the geological evidences of igneous action 

* Annuave du Bureau des Long g is given, for tho lot of Paris, 48° 50'. 
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upon the eailh that m the i emote past they were at a much higher 
temperature, and the superior planets have not yet cooled down 
to the solid stato There is ovidence that the most lefractoiy 
substances have been in a molten state at some time, which implies 
that they have had a temperature of 3000 or 4000 degrees Centi- 
giade Theioforo the squaio root of the mean square velocity 
may have been much greater than the appiovimate mile a second 
for hydrogen given above, and it probably continued much greater 
foi a long period of time. On comparing those losults with the 
tablo of velocities fiom infinity, it is soon that the moon and 
infeiior planots, according to this theory, could not possibly have 
retained free hydrogen and other elements of very small molecular 
weights, such as holium, in their envelopes, in tho case of the 
moon, Mercury, and Mars, tho escape of hoavior molecules as 
nitrogen and oxygen must have been frequent. This is especially 
probable if tho heated atmospheres extended out to groat dis- 
tances. Tho superior planets, and especially tho sun, could havo 
retained all of the familiar tonestiial elements, and from this theory 
it should bo expected that these bodies would bo surrounded with 
extensive gaseous envelopes. 

Tho observed facts are that the moon has no appreciable 
atmosphoro whatever; Mercury an extremely rare ono, if any at 
all; Mars, one much loss denso than that of the earth, Venus, one 
perhaps somewhat more dense than that of tho earth; on the 
other hand tho superior planets are surrounded by extensive 
gaseous envelopes. 

37. The Force Proportional to the Velocity. When a partielo 
moves in a resisting medium the forces to which it is subjeot 
depend upon its velocity. Experiments have shown that in the 
eat th's atmosphoro whon the velocity is loss than 3 motors per 
second tho resistance varies nearly as the first power of the velooity ; 
for velocities from 3 to 300 motors per second it varies nearly as 
tho soeond power of the velocity; and for velocities about 400 
motors per second, nearly as the third power of tho velocity. 

(a) Consider first tho caso .where tho resistance varios as the 
first power of the velocity, and suppose the motion is on tho 
eai Ill's surface m a horizontal direction with no force acting except 
that arming from tho resistance. Then the differential equation 
of motion is 

< 20 > ‘!+4r 0 ’ 


6 
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where k* is a positive constant which depends upon the units 
employed, the nature of the body, and the character of the resisting 
medium Equation (20) is linear in the dependent variable s, tint! 
the general method of solving linear equations can bo applied. 

Assume the pai ticular solution 

s = e Kl 


Substitute in (20) and divide by e Ki , tlion 
X 2 + /v 2 \ = 0. 

The roots of this equation aie 

| Xi - 0, 
l Xa « “ fe», 

and the general solution is 


( 21 ) 


s = ci -f Cie~ kH , 


Suppose ~~ = Vo and s = s 0 when t = 0. Then ilio constant*! 

ci and c z can be determined in terms of Vq and s®, and tho solution 
becomes 


( 22 ) 


s 


So 




(b) Consider the case whcie tho resistanco varies as the flrsst 
power of the velocity and suppose the motion is in tho voi lical linn. 
Take the positive end of the axis upward When tho motion h? 
upward the velocity is positivo and the resistanco cluninishca tho 
velocity. Therefore when tho motion is upward tho resistance 
produces a negative acceleration, and tho differential equation of 
motion is 


(23) 


d 2 s h ds 

+ « 2 — = - g. 


dt 2 


dt 


When the motion, is downwaid the resistanco algebraically In- 
creases the velocity; therofoio in this case tho resistanco producer 
a positive acceleration. But since tho volocity is opposite in 
sign m the two cases, equation (28) holds whether tho pnrtiolo in 
ascending or descending 

Equation (23) is linear, but not homogeneous, and it can cattily 
e solved by the method known as the Vernation of Parameter#, 
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This method is so important m astionomical problems that it 
will bo introduced m the present simple connection, though it is 
not at all neccssaiy m order to obtain the solution of (23) In 
order to apply the method consider first the equation 


(24) 


~ = 0 
dP ^ c dt~ 


which is obtained from (23) simply by omitting the teim which 
does not involvo s The goneial solution of this equation is 
the fust of (21). The method of the vanation of parameters, or 
constants, consists in so detoi mining a and c 2 as functions of t 
that the diffeiential equation shall be satisfied when the light 
mombei is included This imposes only one condition upon the 
two quantities Ci and e 2) and anothei can therefoie be added 
If the coefficients c t and c 2 are legal ded as functions of t, it 
is found on differentiating the first of (21) that 

As the supplementary condition on Ci and c 2 these quantities will 
be made subject to the relation 


(25) 


dt r G dt 


. ds 

which simplifies the expression for T . 

Clb 


(26) 


dh 


dP dt 


Then it is found that 
dc2 


and equation (23) gives 
(27) - - * 


It follows fiom this equation and (25) that 


(28) 


[!?£!= _1 = Lm 

dt l ill l* ’ 

' c < = — j^t + Ci, c 2 = ~ e 1 ’ 1 + ct 1 , 


whoro Ci and c% are now constants of integration When these 
values of Ci and c 2 aie substituted in (21), it is found that 


s =» ci 4* ci'cr kil - -j- 


*• 


(29) 


FORCE PROPORTIONAL TO TIIE VELOCITY. 


Since Ci' is arbitral y it can of coui so bo supposed to include the 
constant j~. 

The expiession (29) is the geneinl solution of (23) because it 
contains two aibitraiy constants, c/ and Ci } and when substituted 
in (23) satisfies it identically m t It will bo obseived that the 
pait of the solution depending on C\ and c 2 ' has the same fonn 
as the solution of (20) It is dear that the general solution could 
have been found by the same method if the right member of (23) 
had been a known function of l , instead of the constant ~ g, 

The velocity of the particle is found fiom (29) to bo given by 
the equation 

(30) ~ = 


Suppose s = s o> J t " y o at t = 0. On putting these values in 
equations (29) and (30), it is found that 

f so “ Ci' + c/ -|- j~, 


whence 


V 0 ~ — /c%' 


c I - So + 


Consequently, when the constants are determined by tho initial 
conditions, the general solution (29) becomes 


S = So + T5 T 




(h+o\ 
\/c a 1 w) 


The particle reaches its highest point when ^ is zero. Let T 

repiesent the time it roaches this point and 8 - « 0 tlio height of 
this point ; then it is found from equations (31) that 

e K * T » ] jl ¥ v ° 

(I 

.q _?o 17 L , k*v o\ 


fi loi? (] 
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38. The Force Proportional to the Square of the Velocity. At 
the velocity of a stiong wind, oi of a body falling any considerable 
distance, oi of a ball thrown, the resistance vanes veiy nearly as 
tho squat o of the velocity An investigation will now be made 
of the charactoi of the motion of a paiticlc when projected upward 
against giaviiy, and subject to a insistence from the atmospheie 
vaiymg as tho squaio of tho velocity Foi simplicity m wntmg, 
the acceleiation due to lesistance at unit velocity will be taken as 
A - 2 f/. Then the differential equation of motion foi a unit particle is 


(32) 

This equation may bo wntten m the foim 

/ , ds\ 
dt\ dt) 

of which the integral is 

(33) tan ~ l (^) = - M + <>i* 
ds 

If -T- = Vo and so ~ 0 when l — 0, then 
Ci « tan” 1 (/too). 


On substituting in (33) and taking tho tangent of both mombois, 
it is found that 


(34) 


ds 1 vpk — tan (Igl) 
dt hi + Vole tan {Igl) 


This equation expresses tho velocity in toims of tho time. On 
multiplying both numoralor and denominator of tho right member 
of (34) by cos ( hgl ), tho numerator becomes the derivative of the 
denominator with respect to tho time. Then integrating, tho 
final solution becomes 


(35) s = ^log |Vc sin (kgt) + cos (hgl)] + c 3 . 

It follows from the initial conditions that c 2 = 0. This equation 
expresses tho distance passed over m terms of tho time. 

Tho equations can bo so tieatcd that tho velocity will be ex- 
pressed in terms of the distance. Equation (32) can bo written 
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£ 

dt 


1 + A 2 

of which the integral is 

l0g { 1 + i ' I (§) ! } == + 

From the initial conditions it follows that 

The. ef ore = ‘° g (1 + iW > 

s^r^nTfS^tte 18 “ When Ul ° V ° l00lty bM0 “ 
„ 1 

6 = 2^-2% (1 + hh o 2 ) 

The time of reaching the highest point, which is found by putting 
equal to zero in (34), is given by 

T “ tan- 1 (v 0 k) 

When the particle falls the resistance acts in the onDosito 
direction and the sign of the last toim in (32) is changed.^This 
may be accomplished by writing A V - 1 instead of k, and if this 
cl ango is made throughout the solution the results will be valid. 
Of course the results should be wiitten in the exponential form 
instead of the trigonometric as they were m (34) and (35), in atdw 
o avoid the appearance of imaginary expressions. If the initial 

worf °' ~ ° and the G ^ uatlons corresponding to (34), 

(35), and (36) are repectively ' 


ds 

dt 


1 e k ° l — e~*g< 
k e Kal - J- Q-kui > 


~ 0 kh _ ekot + er kat 
2 


Y = i (1 

1 \dlj l’- {L 


(p okW) < 


( 37 ) 
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1 Show that 


IV PROBLEMS. 


(Ps 

dt 2 


-k 2 


a 

Vs 0 ’ 


whero the positive squaro loot of s 8 is always taken, holds for the problem of 
Ait 33 whiohovor side of tho origin tho paiticlo may bo Integrate this 
equation 

0 


s' ~ in equation (23), inlogiato dnectly and show that the 
A/ 


2 Let s 

icsult is the same ns that found by tho vauation of paiamolers 

3 Find equations (37) by direct mtogiation of tho diffeiential equations 

4, Suppose a paiticlo stmts fiom lest and moves subject to a repulsivo 
foico varying inversely ns tho squmo of tho distance, find tho velocity and 
timo elapsed in tenns of tlio space desenbed 


Ana 


2k 3 


(H). 


V8o 


L ~ Vs 3 " 


sos + w log 


Vs 3 


, So' 

SqS -j- 8 — 7j 


5 What is tho velocity fiom infinity with inspect to the sun at tho oai til’s 
distance fiom the sun? 

Ans 42,220 meters, oi 2Q 2 miles, pci sec 


6 Suppoao a partiolo moves subject to an attiactivo foico vaiymg dnectly 
os tho distance, and to a resistance which is piopoitional to tho speed, solve 
tho diffoiontial equation by tho genet al method foi lincai equations 

Ana Let l 2 bo the faotoi of proportionality for tho velocity and l z for the 
distanco Then tho solutions mo 

— CiC*d 4* C*C A **, 

- 1 2 -M/„‘ - 4P 
“ 2 ’ 

_ - k 2 ~ V/T^IT 2 

2 

Discuss moio in detail tho form of tho solution and its physical moaning 
when (a) fc 4 — 4 1 2 < 0, ( b ) h* — 4 1 2 = 0, (e) A, 4 — 4 1 2 > 0 

7 Supposo that in addition to tho foiccs of pioblom 0 thoio is a forco nc vt , 
douvo the solution by tho method of tho vauation of paramotors and discuss 
tho motion of tlio paiticlo. 

8 Develop tho method of tho variation of paramotors for a lineal differ- 
ential equation of the thud oidei 

0. If k 2 » 0 equation (23) becomes that which defines tho motion of a 
freely falling body, Show that tho limit of tho solution (32) as k 2 appioachcs 

xeio is , , „ 

a =» So -f tfo f — \gr 


whoio 
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39. Parabolic Motion. There is a class of pioblems involving 
for their solution mathematical processes which are similai to 
those employed thus fai in this chapter, although the motion is 
not in a stiaight line On account of the similarity in the analysis 
a short discussion of these pioblems will be inserted heie 
Suppose the particle is subject to a constant acceleiation down- 
ward, the pioblem is to find the character of the cuive desenbed 
when the paiticle is piojected in any manner The orbit will be 
m a plane which will be taken as the T^-plane Let the y-axis bo 
vertical with the positive end dnected upward. Then the differ- 
ential equations of motion are 


(38) 


f d l x 

d 2 y 

~dt 2 


dt 2 


Since these equations are independent of each other, they can 
be integrated separately, and give 


X — d\t -j- 0,2) 

V ~ ~ 2 “ bit + 


Suppose x — y = 0, = Vq cos a, ~~ — Vo sin a when t — 0, 

where a is the angle between the line of initial projection and tho 
plane of the horizon, and vq is the speed of the projection Then 



the constants of integration are found to be 
ai «= vo cos a, a 2 ~ 0, 

hi « Vo sin a, 6 8 » 0; 


and therefore 
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X — Vo cos a t, 


(39) 


V 


__ _g£. 


+ sin a ♦ £. 


The equation of the ourve described, which is found by elimi- 
nating t between these two equations, is 

(40) y = x tan a — x 2 

This is the equation of a parabola whose axis is vertical with its 
veitex upward. It can be written in the form 

/ V{? , V 2t>o 2 / t»o 2 sin 2 a \ 

\ 0 I 9 sec 2 « \ 2(7 ) 

The equation of a parabola with its vertex at the ongin has the 
form 

a 2 “ “ 

where 2 p is the parameter. On comparing this equation with the 
equation of the curve described by the particle, the coordinates 
of the vertex, or highest point, are seen to be 

- wo 2 

$ = — sm a cos a, 

9 

# = ~ sin 2 a. 

2 g 

The distance of tho directrix from the vortex is one-fourth of 
the parameter; therefore the equation of the direotnx is 

„ , 7) t>o 2 sin 2 « . Vo 2 cos 2 a v<? 

v = v+2=-^-+^r = w 

Tho square of the velocity is found to bo 

-(SMI )’-'- *■ 

To find tho place where tho particle will strike the horizontal 
plane put y = 0 in (40). The solutions for x are x = 0 and 


2y 0 2 

x ~ — sm a cos a 
9 


iV 


sin 2 a, 


Fiom this it follows that the rango is greatest for a given initial 
velocity if a « 45°. From (39) the horizontal velocity is seen to 
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be i; 0 cos a, hence the time of flight 




2vo 

9 


Sill a. 


Tliorefoie, if the 


other initial conditions aie kept fixed, tho whole time of flight 
vanes dnoctly as the sine of the angle of elevation. 

The angle of elevation to attain a given range is found by 
solving 


v<f 

x — a ~ — sm 
9 


2 a 


^i.2 2 

for a If a > — there is no solution If a < — there aie two 

0 g 

solutions difteimg from the value for maximum range (a = 45°) by 
equal amounts 

If the vanation in giavity at different heights above the eai th’s 
surface, the eurvatuie of the earth, and the lesistancc of tho air 
are neglected, the investigation above applies to piojeetiles near the 
earth’s surface Foi bodies of gicat density the lesults given by 
this thcoiy aie toleiably accuiate foi shoit langes When tho 
acceleration is taken towaid the centeL of tho earth, and giavity 
is supposed to vary inversely as the square of the distance, the 
path described by the particle is an ellipse with tho centoi of the 
earth as one of the foci. This will be proved in tho next chapter, 


V. PROBLEMS 

1 Provo that, if tho accelerations parallel to tho x and y-axes aro any 
constant quantities, tho path described by the paiticlo is a parabola for 
gonoral initial conditions 

2 Find tho direction of the major axis, obtained m pioblom 1, in torms of 
tho constant components of acceleration. 

3 Under the assumptions of Art 39 find tho range on a lino making an 
angle /3 with tho a-axis 


4 Show that tho direction of projection for the gioalest lango on a given 
lino passing llnough the point of projection is in a lino bisecting tho anglo 
between tho given lino and tho y-axis 


5 Show that tho locus of tho highest points of tho paiabolaa as a takes 

all values is an ellipse whoso major axis is — , and minor axis, zr 

0 2y 


0 Provo that tho velocity at any point equals that which tho partiolo 
yould have at the point if it fell from tho directrix of tho parabola 
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40. Work and Energy. When a force moves a particle against 
any resistance it is said to clo wor k The amount of the work is 
piopoitional to the product of the resistance and the distance 
tlnough which the pai tide is moved In the case of a free particle 
the lesistanco comes ontnely fiom the mcrtia of the mass, if there 
is friction this is also resistance 

Energy is the powei of doing woilc If a given amount of work 
is done upon a paitiele fiec to move, the paiticle acquncs a motion 
that will enable it to do exactly the same amount of work The 
eneigy of motion is called kinetic energy, If the particle is retaided 
by friction pail of the original woik expended will be used in over- 
coming the fnction, and the paiticle will be capable of doing only 
as much work as has been done in giving it motion Until about 
1850 it was generally supposed that work done in overcoming fac- 
tion is partly, or perhaps ontiioly, lost In other words, it»was be- 
lieved that the total amount of energy in an isolated system might 
continually decicase. It was observed, howevci, that friction 
generates heat, sound, light, and electricity, depending upon tho 
circumstances, and that these manifestations of energy are of 
tho same nature as tho original, but m a different form. It was 
then proved that these modified forms of energy aie in every 
caso quantitatively equivalent to the waste of that originally 
considcied. Tho brilliant expoiiments of Joule and others, made 
in the middle of the nineteenth contuiy, have established with 
gicat certainty the fact that tho total amount of energy remains 
tho same whatever changes it may undeigo. This principle, 
known as the conservation of energy, when stated as holding 
throughout the universe, is one of the most fai -reaching general- 
izations that has been made m the natural sciences in a hundred 
years.* 


41. Computation of Work. Tho amount of work done by a 
Newtonian force in moving a free particle any distance will now be 
computed Let m equal the mass of the particle moved, and k 2 
a constant depending upon the mass of tho attracting body and 
the units employed. Then 


( 41 ) 


d 2 s khn 

Tn dt 2 ~ a 2 * 


* Herbert Spencer regards the pnnciplo as being axiomatic, and states his 
views in regard to it in his First Principles, pat fc n , chap vi 
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The light membci is the foiee to which the paiticle is subject 
By Newton’s third law it is numerically equal to the reaction, 01 
the resistance due to inertia. Then the woilc done in moving 
the particle through the element of distance ds is 

d 2 s , l 2 m , 7Trr 

m dP ds = ~ ~T ds = dW 

The woik clone m moving the paiticle tlnough the interval from 
So to Si is found by taking the definite integral of this expiession 
between the limits s 0 and si On pcifoimmg the integrations and 
substituting the limits, it is found that 

Suppose the initial veloeitj' is zero, then the kinetic energy equals 
the woik W done upon the particle, and 

( 42 ) ' )*-«.(! -I) 

By hypothesis, the particle has no kinetic energy on the start, 
and theiefore the power of doing work equals the product of one 
half the mass and the square of the velocity. If the particle falls 
from infinity, sq is infinite, and the formula for the kinetic energy 
becomes 

(43) m /dsA 2 _ l 2 m 
2 \ dt ) ~ si 

If the particle is stopped by striking a body when it reaches tho 
point Si, its kinetic energy is changed into some other form of 
eneigy such as heat It has been found by experiment that a 
body weighing one kilogram falling 425 meters* m the vicinity of 
the earth’s surface, under the influence of the earth’s attraction, 
generates enough heat to raise the temperature of one kilogram 
of water one degree Centigrade. This quantity of heat is called 
the calory f The amount of heat generated is pi oportional to tho 
product of the square of the velocity and the mass of the moving 
particle. Then, letting Q represent tho number of calories, it 
follows that 

(^4) Q — Cmv 2 , 

* Joule found 423 6, Rowland 427,8 For results of experiments and 
references see Preston’s Theory of Heat, p 694 

t One-thousandth of this unit, definod in using tho gram instead of the kilo- 
gram, is also called a calory 
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Lot m be expressed m kilograms and v in meters pei second 
In older to detoimme the constant C, take Q and m each equal to 
unity, then the velocity is that aequned by the body falling 
through 425 meters. It was shown in Ait 30 that, if the bodj 
falls fiom lest, 

[ s = ~ \Ql\ 

[ v = ~gt 

On eliminating t between these equations, it is found that 

y 2 — 20S 

In the units employed g — 9 8094, and since s — 425 and 
rt = 8338, it follows fiom (44) that 

° 8338 ’ 

Then the general formula (44) becomes 

, , „ mv 1 

(45) Q - 8338 * 

whore Q is expressed in calories if the kilogram, meter, and second 
are taken os the units of mass, distance, and time 

42. The Temperature of Meteors. The increase of temperature 
of a body, when the proper units are employed, is equal to the 
numbor of calonos of heat aequned divided by the product of the 
mass and tho specific heat of the substance. Suppose a meteor 
wlioso spocifio heat is unity (in foot it would probably be much 
less than unity) should stake the earth with any given velocity, it 
is requii ed to compute its increase of tempei ature if it took up all 
the heat geneiatcd. The specific heat has been taken so that the 
meroase of tompemtuio is numerically equal to the numbei of 
calories gonoratod per unit mass. Meteois usually strike the earth 
with a velocity of about 25 miles, or 40,233 meters, per second. 
On substituting 40,233 for v and unity for m in (45), it is found 
that T ~ Q ~ 194,134, the number of calories generated per unit 
mass, or tho number of degrees through whioh the temperatuie of 
the meteor would be raised. As a matter of fact a large part of 
tho heat would be imparted to the atmosphere; but the quantity 
of heat geneiatcd is so enormous that it could not be expected that 
any but tho largest meteors would last long enough to reach the 

earth’s surface , - . , , 

A moteor falling into the sun from an infinite distance would 
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stnke its suiface, aa has been seen in Art 36, with a velocity of 
about 384 miles per second The heat goneiated would be theie- 
foie (4^) 2 , or 236, times as great as that piodueed in stalking tho 
eaith Thus it follows that a kilogram would genei ale, in fall mo: 
mto the sun, 45,815,624 calories. 

43. The Meteoric Theory of the Sun’s Heat. When it is 
remembeied what an enoimous numbei of meteois (estimated by 
H A Newton* as being as many as 8,000,000 daily) strike tho 
earth, it is easily conceivable that enough stnke the sun to main- 
tain its temperature Indeed, this has been advanced as a theory 
to account for the replenishment of tho vast amount of heat which 
tie sun i achates Theie can be no question of its qualitative 
correctness, and it only lemains to examine it quantitatively. 

Let it be assumed that the sun indiates heat equally m evciv 
direction, and that meteors fall upon it in equal numbei s fiom 
every direction Under this assumption, the amount of heat radi- 
ated by any portion of the surface will equal that generated by tho 
impact of meteors upon that portion The amount of heat 
received by the earth will be to tho whole amount radiated fiom 
the sun as the surface which the earth subtends as seen fiom tho 
sun is to the surface of the whole spheio whoso radius is tho 
distance from the earth to the sun. The portion of the sun's 
suiface which is within the cone whose base is the earth and vertex 
the center of the sun, is to the whole surface of the sun as the 
surface subtended by the eaith is to the surface of the whole 
sphere whose ladius is the distance to the sun Therefore the 
eaith leceives as much heat as is radiated by, and consequently 
generated upon, the surface cut out by this cone But tho earth 
ould intercept precisely as many meteois as would fail upon this 
.mail aiea, and would, thereto, receive heat from the unXt of a 
certain number of meteors upon itself, and as much heat fiom tho 

upon thHun Ben6rated ^ * he ,mpaC ‘ ° f “ e( l ual "umber 

heat “ by the earth from the two sources would bo as 

a “un ft Vel0C ‘ t,eS W ‘‘ h Whl0h “ho 

Therefore Tthi 1 T ^ m Art 42 that number is ^ 
t T r° 3 7° th03IS ° f the maintonanoo of tho 

r„ m the * " Tof Ur" 1 S f h ° Uld r00 ° ,Ve * “ mueh heat 
om the impact of meteors os from tho sun. Tins is certainly 

*Mem Nat Acad ofSa,vo 1 i 
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millions of times moie heat than the earth receives from meteors, 
and consequently the theoiy that the sun's heat is maintained by 
the impact of meteois is not tenable. 

44. Helmholtz’s Contraction Theory. The amount of work 
done upon a pai tide is pioportional to the product of the lesistance 
oveicome by the distance moved Theie is nothing whatever said 
about how long the motion shall take, and if the work is converted 
into heat the total amount is the same whether the paiticle falls 
the entne distance at once, or eoveis the same distance by a suc- 
cession of any numbei of shoiter falls When a body contracts 
it is equivalent to a succession of very shoit movements of all its 
particles in stiaight lines toward the center, and it is evident that, 
knowing the law of density, the amount of heat which will be 
generated can be computed 

In 1854 Helmholtz applied this idea to the computation of the 
heat of the bun m an attempt to explain its souicc of supply He 
made the supposition that the sun contracts in such a mannci that 
it always remains homogeneous While this assumption is 
ceilainly ineorieot, nevertheless the results obtained are of gieat 
value and give a good idea of what doubtless actually takes place 
undei contraction. The mathematical pait of the theory is given 
in the Philosophical Magazine for 1856, p 516 

Gonsidei a homogeneous gaseous sphoie whose radius is Rq and 
density cr. Let Mo represent its mass Let clM lepiesont an 
element of mass taken any whoie m the mteiioi 01 at the surface 
of the sphere Let R be the distance of dM from the centei of 
the sphere, and let M repiesent the mass of the sphere whose radius 
is R. The element of mass in polai cooidmates is (Art. 21) 

(46) dM - alt 2 cos <bd<t>dOdR. 

Tho element is subject to the attraction of the whole sphere 
within it. As will bo shown in Chapter IV, tho attraction of the 
spherical shell outside of it balances m opposite dnoctions so that 
it need not be considered in discussing the forces acting upon dM. 
Evoiy elomont in tho infinitesimal shell whose ladius is R is 
attracted toward the center by a force equal to that acting on dM; 
therefore the whole shell can bo treated at once. Let dM, repie- 
sent the mass of the elemental y shell whose radius is R. It is 
found by integrating (46) with respect to 0 and </>. Thus 

(47) dM, « (rRHttlj'^ | p cos j dO = 4t raR 2 dR 
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The force to which dM, is subject is — — , The element 
of work done m moving dM t through the element of distance dR is 

dW , = - dM t -~-dR, 

R l 


The work done in moving the shell bom the distance CR to R is 
the integral of this expression between the limits CR and R, or 

*•- - **■**£§ =™(^) 

But M = Itt aR s t hence, substituting the value of dM a from (47) 
and lepresenting the work done on the elemontary shell by 
W t — dW t it follows that 


aw = 

The integral of this expression from 0 to R 0 gives tho total amount 
of work done in the contraction of the homogeneous sphere from 
radius CRo to Rq, That is, 


w _ jf “ «(^i) 

which may be written 

- 1 \ Mq 2 

C ) R 0 * 

If C equals infinity, then 
(49) W - 

It o 

If the second is taken as the unit of time, the kilogram as tho 
unit of mass, and the meter as the unit of distance, and if fc 2 ia 
computed from the value of g for the earth, then, after dividing 
W b y the result will be numerically equal to tho amount of 
heat in calories that will be generated if the work is all trans- 
formed into this kind of energy, The temperaturo to which tho 
body will be raised, which is this quantity divided by the product 
of the mass and the specific heat, is 



(50) 


»?Afo 8338^0 ’ 


where y is the specific heat of the substance. 
(48) in (50), it is found that 


Or, substituting 
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(51) 


3A 2 (7 — 1 Mp 2 
B V ’ C 11 o 8338* 


By doflnifcion } k 2 is the attraction of the unit of mass at unit 
distance, tlieiofore, if in is the mass of the eaith and r its radius, 


it follows that 



On solving for & 2 and substituting in (51), the expression for 1 
becomes 

3(C-l) y 

( 62 > 1 - Bo m 8338 


If the body contracted from infinity (C = 00 ), the amount of 
heat gcneiated would bo sufficient to raise its temperatuio T 
degrees Centigrado, whoro T is given by the equation 


(53) 


3 1 il Mi 2 ff 

5 * y Ro ' m ' 8338 * 


Suppose the specific heat is takon as unity, which is that of water.* 
The value of g is 9.8094 and 


£= 116,366, 

— 1 = 332,000 
l m 


On substituting those numbers in (53) and reducing, it is found that 
T = 27,268,000° Centigrade. 

Therefore, the am contracting from infinity m such a way as to 
always remain homogeneous would generate enough heat to raise the 
temperature of an equal mass of water more than twenty-seven millions 
of degrees Centigrade, 

If it is supposed that the sun has contracted only from Neptune’s 
orbit equation (62) can be used, which will givo a value of T 
about insVc less. In any case it is not intended to imply that it 
did over contract from such groat dimensions in the particular 
manner assumed; the results given are nevertheless significant 
and throw much light on the question of evolution of the solar 
system from a vastly extended nebula. If the contraction of the 

* No other ordinary terrestrial substanco has a specific heat so groat as 
unity except hydrogen gas, whoBo specific heat is 3 400 But the lighter gases 
of the Bolar atmosphero may also, have high values. 

6 
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sun weie the only source of its energy, this discussion would give a 
lather definite idea as to the uppei limit of the age of the eaith. 
But the limit is so small that it is not compatible with the con- 
clusions reached by seveial lines of reasoning fiom geological 
evidence, and it is utterly at variance with the age of ceitam 
uranium oies computed from the peicentago of lead which they 
contain Tho recent discovery of enormous sub-atomic enoigics 
which become manifest m the clisintegiation of radium and seveial 
other substances piove the existence of sources of energy not 
heietoforo considered, and suggest that the sun’s heat may bo 
supplied paitly, if not largely, fiom these sources It is certainly 
unsafe at piesent to put any limits on the age of the sun 

The expei iments of Abbott have shown that, undei tho assump- 
tion that the sun radiates heat equally m every direction, the 
amount of heat emitted yearly would laise the tempeiatuio of a 
mass of water equal to that of the sun 1.44 degrees Centigr ado In 
order to find how gieat a shrinkage m the piosont radius would 
be required to generate enough heat to maintain the present ladi- 
ation 10,000 years, substitute 14,400 for T m (52) and solve for C. 
On carrying out the computation, it is found that 

C - 1.000528 

Therefoie, the sun would generate enough heal in shrinking about 
one foui -thousandth of its 'present diametei to maintain its present 
i adiation 10,000 years 

The sun’s mean apparent diameter is 1924", so a contraction of 
its diameter of .000528 would make an appaient change of only 
1 "0, a quantity fai too small to be observed on such an object by 
the methods now in use On l educing the shrinkage to otlior 
units, it is found that a contraction of the sun's radius of 36 8 
meters annually would account for all the heat that is being i adi- 
ated at present. 

VI. PROBLEMS 

1 According to the recent work of Abbott, of the Smithsonian Institution, 
a square meter exposed perpendicularly to the sun’s rays at tho eiuth’s distance 
would receive 19 5 calories poi minute The average amount icceived per 
square meter on the earth's Binfaco is to this quantity as tho area of a enolo 
is to the surface of a sphere of the same mdius, or 1 to 4 The earth's surface 
receives, therefore, on the average 5 calories per equal o metei pei minute 
How many kilograms of meteoric matter would have to strike the eaith 
with a velocity of 25 miles (40,233 meters) per see to generate this amount 
of heat? 


Ans 000,000,1116 kilograms 
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2 How many pounds would have to fall poi day on every square mile on 
the aveiage? Tons on the whole caifch? 

, (017 pounds 

(00,300,000 tons 

3 Fmd the amount of woik done in the contiaction of any fiaction of 

the ladius of a sphcie when the law of density 18 = ^ 

A ns W - lfluWP ( ) R = W ( ) ^> ov % of the w0lk 

done when the spheie is homogeneous 

4 Laplace assumed that Iho xesistance of a fluid against compicssion is 
directly pioporlional lo its density, and on the basis of this assumption ho 
found that tho law of density of a sphcneal body would bo 

= !i 

a 

whoie G and n aro constants depending on the inalonal of which tho body is 
composed, and wheie ft is the ladius of the sphere Tins law of density is in 
harmony, when applied to tho eaith, with a numboi of phenomena, suoli as 
tho piecession of tho equinoxes Find tho amount of heat goneiatcd by 
contraction fiom infinite dimensions lo ladius Ao of a body having thoLapla- 
clan law of density 

5 Find how much the heat gonorated by tho contiaction of tho earth 
from the density of moteoiitos, 3 5, to the picsont density of G 0 would iaiso 
tho temporatuio of tho whole caitli, assuming that tho speoifio heat is 0 2 

Ans. T = 0520.5 degrees Contigrade, 


f 


HISTORICAL SKETCH AND BIBLIOGRAPHY. 

Tho laws of falling bodies under constant acceloiation were investigated 
by Galileo and Stovinus, and for many cases of vaiinblc acccleiation by 
Newton Such problems aie comparatively simple when treated by tho 
analytical pioeesses wlnoli lmvo come mlo use since tho time of Newton 
Parabolic motion was discussed by Galileo and Newton 

The kinetic Ihooiy of gnsos seems to have been fust suggested by J Bor- 
nouilli about tho middle of tho 18lb conlury, but it was fust developed mathe- 
matically by Clausius Maxwell, Boltzmann, and 0 E Meyor havo made 
important contributions to Iho subject, and mote lecontly Buibuiy, Jeans, 
and Hilbcit Some of the principal books on tho subject aio Ristcen’s 
Molecules and the Molecular Theory (descriptive work), L Boltzmann’s 
Gaslhcoric, II W Watson’s Kinetic Theoi y of Oases, O It Mcyoi s Die Kmc- 
hsche Theono da Gase, S II Burbury’s Kinetic Theory of Gases; J. II Jean’s 
Kinetic Theory of Gases 
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The meteoric theory of the sun's heat was fust suggested by It Mayor 
The contraction theoiy was fiist announced in a pubho lecture by Ilclmholl? 
at Konigsbeig Feb 7, 1854, and was published later in Phil Mag 1850 
An impoitant papei by J Homei Lane appeared m tho Am Joui of Sci 
July, 1870 The amount of heat gonoiated depends upon tho law of density 
of the gaseous spheie Investigations coveung this point are 10 papers by 
Ritter m Wiedemann's Annalen, vol \ , 1878, to vol xx , 1883, by G W IIilI, 
Annals of Math , vol iv , 1888, and by G II Darwm, Phil Trans , 1888 The 
original papers must be read for an exposition of tho subject of the boat ol 
the sun Sub-atomic energies are discussed in ‘E Rutherford’s Radioactzvt 
Substances and then Radiations 

For evidences of the great age of the earth consult Chamberlin and Snhfl 
buiy’s Geology, vol n , and vol in , p 413 et seq , for a goneral disoussion oi 
the age of the earth see Arthur Holmes’ The Age of the Earth 



CHAPTER III. 

CENTRAL FORCES 

45. Central Force. This chapter will be devoted io the dis- 
cussion of the motion of a matenal paiticlc when subject to an 
attractive 01 repelling force whoso line of action always passes 
through a fixed point. This fixed point is called the cento of force 
It is not implied that the foico emanates from the center or that 
there is but one force, but simply that the resultant of all the forces 
acting on the paiticlc always passes through this point The 
force may be directed toward tho point or from it, or part of the 
time toward and part of the time fiom it. It may be zero at any 
time, but if tho pai tide passes through a point where the forco to 
which it is bubjeot becomes infinite, a special investigation, which 
cannot bo taken up here, is required to follow it farther. Since 
attractive forces arc of most ficquont occurrence in astronomical 
and physical problems, the formulas developed will be for this case, 
a chango of sign of tho coefficient of intensity of the forco for unit 
distance will make the formulas valid for the case of repulsion 

Tho ongm of coordinates will be taken at the center of force, 
and the line "from the oiigm to the moving particle is called tho 
radius vector, Tho path described by tho particle is called the 
orbit The orbits of this chapter aio piano curves The planes 
are defined by tho position of the center of foico and tho line of 
initial projection. Tho rcy-plano will bo taken as the plane of the 
orbit. 

46. The Law of Areas. Tho first problem will bo to derive tho 
general properties of motion which hold for all central forces. Tho 
first of theso, which is of great importance, is tho law of areas , and 
constitutes tho fust Proposition of Newton's Pnndpia, It is, 

%f a particle is subject to a central for cc, the areas which are swept 
over by the radvus vector are proportional to the intervals of time in 
which they are described . The following is Newton's demonstration 
of it. 

Let 0 bo tho center of foiee, and lot the particle bo projected , 
from A in tho diioction of B with the velocity AB, Then, by the 
first law of motion, it would pass to C' m tho first two units of 

69 
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tune if tlieie weie no external foices acting upon it But suppose 
that when it arrives at B an instantaneous force acts upon it m 
the diiection of the origin with such intensity that it would move 



to 6 in a unit of time if it had no previous motion. Then, by the 
second law of motion, it will move along the diagonal of the 
parallelogram BbCC' to C. If no other force were applied it 
would move with uniform velocity to D ' m the next unit of time. 
But suppose that when it arrives at C another instantaneous force 
acts upon it in the direction of the oiigm with such intensity 
that it would move to c in a unit of time if it had no picvious 
motion 'Ihon, as before, it will move along the diagonal of the 
parallelogram and arrive at D at the end of the unit of time. This 
piocess can be lepeated indefinitely. 

The following equalities among the areas of the triangles in- 
volved hold, since they have sequentially equal bases and altitudes : 

OAB = OBC' = OBC = OCD' = OCD = etc. 

Therefore, it follows that OAB = OBC = OCD - ODE, etc. 
That is, the areas of the triangles swept over in the succeeding 
units of time are equal, and, therefore, the sums of the areas of the 
triangles described in any intervals of time are propoilional to 
the intervals 

The reasoning is true without any changes however small tho 
intervals of time may be Let the path be considered for some 
fixed finite period of time Let the intervals into which it is divided 
be taken shorter and shorter, the impulses will become closer and 
closer togethei Suppose the ratio of the magnitudes of the impulses 
to the values of the intervals between them remains finite, then tho 
broken line will become more and more nearly a smooth curve 
Suppose the intervals of time approach zero as a limit, the suc- 
cession of impulses will approach a continuous force as a limit, and 
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the broken line will approach a smooth cuiveasahmit. The areas 
swept ovoi by the i Echos voetoi 111 any finite uiteivals of time aie 
propoi tional to those mlcivals cluiing the whole limiting process. 
Therefore, the piopoitionahty of areas holds at the limit, and the 
them cm is true foi a continuous ccntial foice 
It will be observed that it is not nccossaiy that the cential force 
shall vary continuously. It may be atti active and instantaneously 
change to repulsion, 01 become zcio, and the law will still hold, 
but it is nccossaiy to exclude the case wheie it becomes infinite 
unless a special investigation is made. 

The linear velocity vanes inveisely as the perpondiculai from 
the ongm upon the tangent to the cuive at the point of the moving 
particle, foi, tho area described m a unit of tune is equal to the 
pioduct of tho velocity and the perpendicular upon the tangent 
Since tho aiea desenbed in a unit of time is always the same, it 
follows that the linear velocity of tho paiticlo vanes inversely as 
the peipendicular fiom the origin to tho tangent of its orbit 
47. Analytical Demonstration of the Law of Areas. Although 
the language of Geometiy was employed in tho demonstration 
of Att 40, yet the essential elements of tho methods of tho 
Diffoiontial and Integral Calculus wore used Thus, in passing 
to tho limit, the piocess was essentially that of expressing tho 
pioblom m diffoiontial equations, and, m insisting upon com- 
paring mteivals of finite size when tho units of mcasuicment were 
indefinitely decreased, tho process of integration was loally em- 
ployed. It will bo found that in the treatment of all problems 
involving variable forces and motions tho methods are in essence 
those of tho Calculus, oven though the demonstiations be couched 
m geometrical language. It is porhaps casiei to follow tho reason- 
ing in geometrical foim when ono encounters it for the first time) 
but the processes aie all special and involve fundamental difficulties 
which arc often troublosomo On the other hand, the develop- 
ment of tho Calculus is of the precise form to adapt it to the 
treatment of these problems, and after its piinoiplos have been 
once mastered, the application of it is characloiized by comparative 
simplicity and groat generality. A few problems will bo treated 
by both methods to show their essential sameness, and to illustrate 
the advantages of analysis. 

Let / represent the acceleration to which the particle is subject. 
By hypothesis, the lino of foice always passes through a fixed 
point, which will be takon as tho origin of cobrdmates. 
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Let 0 be the center of force, and P any position of t!« g •-* * 
whose rectangular coordinates are x and y, and wlti** I 
coordinates are r and 6, Then the components of nvnl* *** 



along the x and y - axes are respectively =*= / cos 0 and 
and the differential equations of motion are 


( 1 ) 


d 2 x . x 

=*/cos<> = 

d?y 


L di 2 


=*= f sin 6 = =f . 


/ * 


The negative sign must be taken before the right members * « *f $ 
equations if the force is attractive, and the positivo if it i# r^j***^* 
Multiply the first equation of (1) by — y and the m <.*■*-# *1 
by •+• x and add. The result is 


dt 2 


d 2 x n 

v d? = 0 


On integrating this expression by parts, it is found that 


( 2 ) 


dy dx , 
x di- y it- h ’ 


where h is the constant of integration. 

The integrals of differential equations generally lend 
portant theorems even though the whole problom ban 1 

solved, and in what follows they will be discussed >u< the** 
obtained 

On rofernng to Art. 16, it is seen that (2) may bo wrilt^ra 



dx „ dO n dA 

v dt~ r di’ =2 it 


= K 


where A is the area swept over by the radius vector. Tim \ t * % 
of this equation is 

A — \Jit -j- c, 
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which shows that the aiea is directly pioportional to the time, 
This is the theoiom which was to be pioved. 

48. Converse of the Theorem of Areas. By hypothesis 


A = cit + c 2 . 


On taking the derivative with respect to t, it is found that 


dA 

dt 


« Ci. 


This equation becomes in polar coordinates 



« 2ci, 


and m rectangular coordinates 


3-V--2c,. 

X dt V dt ' 


The derivative of this expression with respect to t is 


d?V 
dt 2 


d 2 x 

v w = Q, 


or 


d 2 x t d?y 
dt P : dt 2 


x : y . 


That is, the components of acceleration are proportional to the 
coordinates) therefore, if tho law of areas is true with respect to a 
point, the resultant of the accelerations passes through that point. 

Or, since 1=3 2ci, it> follows 'fclia'fc ^ — 0. Hence, by 

(19), Art. 14, the acceleration porpendieular to the radius vector is 
zero) that is, the acceleration is m tho lmo passing through the 
origin 

49. The Laws of Angular and Linear Velocity. From tho 
expression for tho law of areas in polar coordinates, it follows that 


( 3 ) 


dM _ h_, 

dt 


therefore, the angular velocity is inversely proportional to the square 
of the radius vector 
% The lraoar velocity is 
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ds _ ds ^ 

dt dO dt dO ) 2 


Let p repiosent the perpendicular from the oiigm upon the tangent; 
then it is known from Diffeiential Calculus that 


ds _ 
dd p * 


Hence the expression for the lmeai velocity becomes 


(4) 


ds J 
dt p ’ 


therefore, the lined i velocity is inversely proportional to the per~ 
pendicular from the origin upon the tangent, 


Simultaneous Differential Equations 

50. The Order of a System of Simultaneous Differential 
Equations. One integral, equation (2) , of the diff ei ential equations 
(1) has been found which the motion of the particle must fulfill 
The question is how many more integrals must be found m order 
to have the complete solution of the problem 
The number of integrals which must be found to completely 
solve a system of diffeiential equations is called the order of the 
system Thus, the equation 



is of the nth order, because it must be integrated n times to bo 
reduced to an integral form Similarly, the general equation 


(0) 


. d n x , , d n ~ l x 


+ A^ + A = °, 


where /«, • , / 0 are functions of x and t } must be integrated 

n times in older to expiess z as a function of t, and is of the nth 
order. » 

An equation of the nth order can be reduced to an equivalent system 
of n simultaneous equations each of the first order. Thus, to reduce 
(6) to a simultaneous system, let 


dx dx i 

dt' Xi ~ dt ’ 


*»-i = 


dx n ~ 2 
dt ’ 


Xx 

whence 
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dVn-l /n— 1 , _/l„ „ /o 

dt fn Jn Jn 

Therefore, these n simultaneous equations, each of the first older, 
constitute a system of the nth older An equation, 01 a system 
of equations, 1 educed to the foim (7) is said to be 1 educed to the 
no) mat form, and the system is called a noi mal system . 

Two simultaneous equations of older m and n can bo reduced 
to a normal system of older m + n. Consider the equations 

r, £2+ .. 4. A- +/o - 0, 

(8) ■ , 

{*"W + + + *» = °’ 

whero the /, and the 0, are functions of as, V , and t By a sub- 
stitution similar to that used m reducing (Q), it follows that they 
are equivalent to the normal system 


7 “ 


*L„«. 

dt V ’ 

dy»-\ _ _ 0n - 1 


1/n-l ” 


/la, _£ 

/ «*1 j> ) 

Jm Jm 


01 

0n 


which is of the ordor m + n. Evidently a similar reduction is 
possible when each equation contains derivatives with respect to 
both of the variables, either separately or as products. 

Conversely, a normal system of order n can m generate Irans- 
fwmed into a single equation of aider n with one dependent variable. 
To fix the ideas, consider the system of the second order 
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reduced after each integral is found. In mechanical and physical 
problems the intuitions are impoitant in suggesting methods of 
treatment, so it is generally advantageous to use such variables 
that then geometrical and physical meanings shall bo easily 
perceived. For this reason, it is generally simpler not to reduce 
the order of the problem after each integral is found. 


VII. PROBLEMS. 

1. Prove the converse of the law of areas by the geometrical method, and 
show that the steps agi ee with the analysis of Ai t 48 

2 Prove the law of angular velocity by the geomotncal method. 

3 Wily cannot equations (1) be integrated sepaialely? 

4 Derive the law of areas directly from equation (2) without passing 
to polar coordinates 

5 Show in detail that a normal system of order foui can bo i educed to 
a single equation of older four, and the converse 

0 Reduce the system of equations (12) to ono of the third order by moans 
of the integral of areas. 


52. The Vis Viva Integral. Suppose the accelei ation is toward 
the origin, then the negative sign must be taken before the right 

rlv 

members of equations (1) Multiply the first of (1) by 2 , 

Qb 

the second by 2 ~ , and add The result is 


2^ j. o&y in __ 

dt 2 dt " r dt 2 dt 
It follows from r 2 = x 2 + y 2 that 


3f 

r 




therefore 


dx . 

x di + v 


dy 
dt ” 


dr t 
dt } 


dfo dr dhj dy dr 

dt 2 dt + dt 2 dt ~ 2f dt‘ 


Suppose f depends upon r alone, as it does in most astronomical 
and physical problems Then / = cj>(r) } and 


o Hi in = 

dt 2 dt ^ dt 2 dt 


- 2 0(r) 


dr 
dt * 


The integral of this equation is 


{ft) + if) = - 2 JVm* + c. 


(15) 
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When the form of the function 0(0 is given the integral on the 
right can bo found. Suppose the mtcgial is $(r), then 

( 16 ) - - 2<f»(r) + c. 

If <I>(r) is a single-valued function of as it is in physical prob- 
lems, it follows fiom (10) that, if the central force is a function of 
the distance alone, the speed is the same at all points equally 
distant fi om the oi lgin. Its magnitude at any point depends upon 
the initial distance and speed, and not upon the path doscnbcd 
Since the ioice of giavitation vanes mveiaoly as the equate of the 
distance betwoon the attracting bodies, it follows that a body, foi 
example a comet, has the same speed at a given distance from the 
sun whether it is approaching or locecling. 


Examples where / is a Function of the Coordinates alone 
53. Force Varying Directly as the Distance. In older to find 
integials of equations (1) other than that of aieas, the value of 
f in terms of the cohid mates must bo known In the case in winch 
the mtonsity of the foice varies dncctly as the distance the inte- 
gration becomes particulaily simple. Let 7c 2 repioscnt the acceler- 
ation at unit distance. Then / - ¥r f and, in case the force is 
attractive, equations (1) become 


( 17 ) 


d 2 x 

dt z 


— Je% 


m 

Id? 


— 7c 2 y. 


An important pioperty of those equations is that each is inde- 
pendent of the other, as the first one contains the dependent 
variable x alone and the second one y alono. It is observed, more- 
over, that they are linear and the solution can be found by "the 

method given in Art. 32. If $ » .To, = *</> V - Vo> ^ “ 17° 
t — 0, then the solutions expressed m tho trigonometrical form are 

x r 

x » + xo cos Jet 4- -jr Bin kl, 

^ » — hxo sin Jet + xq cos U , 
at f 

y*=+ Vo cos Jet + y Bin Jet , 

§ = - hy* sin Jet + yj cos Jet. 


( 18 ) 



80 


DIFFERENTIAL EQUATION OF THE ORBIT. 


[54 


The equation of the orbit is obtained by eliminating t between the 
first and third equations of (18). On multiplying by the appro- 
priate factors and adding, it is found that 


(19) 


{: 


(#o Vo' — yoXv) sin hi — h(x oV — Vox), 

.(xoVo — yoXo) cosiU — i/o'x — x 0 'y 
The result of squaring and adding these equations is 

(20) ^° Z + V °'^ X2 + + Xo>iS)y * ~ *+• x Q %')xy 


- (xoyo — 2/0 «V) 2 . 

This is the equation of an ellipse with the origin at the center 
unless XqUo — y 0 xa ~ 0, when the orbit degenerates to two straight 
lines which must be coincident; for, then 


from which 


~7 - ^7 = constant *» c; 
®o Vo 

So = cxo', Vq *» Cl/o'* 


In this case equation (20) becomes 


( 21 ) (& 2 c 2 + 1)(vqX - xo'y) 6 « 0, 

and the motion is rectilinear and oscillatory. In every case both 
the coordinates and the components of velocity are periodic with 

the period -j - , whatever the initial conditions may be. 


54. Differential Equation of the Orbit. The curve described 
by the moving particle, independently of tho manner in which it 
may move along this curve, is of much interest. A general method 
of finding the orbit is to integrate the differential equations and then 
to eliminate the time This is often a complicated process, and tho 
question arises whether the time cannot be eliminated before the 
integration is performed, so that the integration will lead directly 
to the orbit. It will be shown that this is tho case when the force - 
does not depend upon the time 
The differential equations of motion are [Art. 47] 



.dt 2 3 r 


Since f does not involve the time f enters only in the derivatives. 
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But a second differential quotient cannot be sepaiateci as though 
it were an oidmaiy fraction, therefoie, the older of the denvatives 
must be reduced bofoio tho dnect elimination of t can be made 
In order to do this most conveniently polai coordinates will be 
employed Equations (22) become in these variables 

f d 2 r ( dO \ 2 __ 

dt 2 r U/ 


(23) 


/> 


d 2 0 . 0 dr dO _ n 

r dtF +2 ItTt -° ’ 


The integral of the second of these equations is 

.dO h 

T jt = h 

On eliminating j ( from tho first of (23) by moans of this equation, 

the result is found to be 
(24) 


d?r 
dt 2 


h 2 


/• 


Now lot T = — J therefore 

'll 


f dr 
dt 

d 2 r 


Jl_ du 
u 2 dt 


1 du dO 


du 


u 2 dO dt ^ dO ' 


- - h- 


d 2 u dO » 2 2 du 

h wir *“ dp' 


d ( dw\ 
l dt 2 ~ A dt\dOj 

When this value of tho second derivative of r is equated to tho 
one given in (24), it is found that 


(25) 


/ = m 


i . dH \ 

\ u ' v do 2 } 


This differential equation is of the socond order, but one integral 
has been used m dotei mining it, therefoio the problem of finding 
the path of the body is of tho thud ordor. The complete problem 
was of the fourth order, tho fourth integral expresses the relation 
botween the coordinates and tho time, or defines the position of 

the paiticlo in its orbit. , . , , 

Since the integral of (25) expresses u, and therefore r, m terms 

of 0, tho equation 

*dd , 
r dt = hi 

when integrated, gives the relation between 0 and t, 
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Conversely, equation. (25) can be used to find the law of cent ml 
foice which will cause a particle to doscnbo a given curve. It jn 
onfy necessary to wnto the equation of the euive m polai cooidi** 
nates and to compute the right member of (25). This is gonnnll> 
a simplex piocess than the leverse one of finding the oibil when 
the law of force is given 

55. Newton’s Law of Gravitation. In the early part of the 
seventeenth century Koplei announced three laws of planet arv 
motion, which he had derived fiom a most laborious diHcunmim 
of a long senes of obseivations of the planets, especially of Mur**. 
They are the following . 

Law I The radius vector of each planet with respect to the nun 
as ike origin sweeps over equal areas in equal times. 

Law II. The oibit of each planet is an ellipse with the sun <it one 
of its foci 

Law III The squares of the penods of the planets arc to each 
other as the cubes of the major semi-axes of their respective mints 

It was on these laws that Newton based his demonstration that 
the planets move subject to forces directed toward the sun, ami 
varying inversely as the squares of then distances from the mm. 
The Newtonian law will be derived here by employing the analyti- 
cal method instead of the geometrical methods of tho Pnnnpui.* 

From the converse of the theorem of areas and ICoplor’s fust law, 
it follows that the planets move subject to central foiccs dnvi , lt < i| 
toward the sun The curves described are given by tho kocoiuI 
law, and equation (25) can, theieforo, be used to find tho expmwiun 
for the acceleration m terms of the cooidmatos. Let a roprcwiil 
the major semi-axis of the ellipse, and e its eccentricity; then ilw 
equation in polar coordinates with origin at a focus is 

r _ «a - a , 

1 + e cos 0 * 

Therefore 

. dhjt, _ 1 

U + dO 2 “ a(l - e 2 ) * 

On substituting this expression in (25), it is found that the equation 
for the acceleration is 

, = h* 1 
J a(l - e 2 ) * r 2 r 2 * 


* Book i. } Proposition xi 
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55 ] 


Therefore, the acceleration to which any planet is subject vanes 
inversely as the square of its distance from the sun 

If the distance r is eliminated by the polai equation of the conic 
the expression for / has the form 

/ * /n 2 (l + c cos 0) 2 , 

which depends only upon the dnoction of the attracted body and 
not upon its distance. Now for points on the ellipse the two 
expressions for / give the same value, but elsowheie they give 
diffeient values. It is clear that many other laws of force, all 
agieeing in giving the same numerical values of / for points on the 
ellipse, can be obtained by making other uses of the equation of 
the conic to ehminato r. For example, since it follows from the 
polar equation of the ellipso for points on its circumference that 

(1 4- o cos 0)r _ 1 
a(l - c 2 ) " ' 


one such law is 


/« 


7c 2 (l + e cos 0) s r 
a{ 1 - c 2 ) * 


and this valuo of /, which depends both upon the direction and 
distance of the attracted body, differs from both of the preceding 
for points not on tho ellipse. All of these laws are equally con- 
sistent with tho motion of tho planet in question as expressed by 
Kepler’s laws. But the laws of Keplor hold for each of the eight 
planets and the twenty-six known satellites of tho solar system, 
besides for moro than seven hundred small planets which have so 
far been discovered. It is natuial to impose tho condition, if pos- 
sible, that tho force shall vaiy according to tho same law for each 
body. Since tho occcnti icitics and longitudes of the peiihcha of 
their orbits aro all different, the law of force is the same for all 
these bodies only whon it has the form 



Another reason for adopting this expression for / is that in case of 
all tho others the attraction would depend upon the direction of 
tho attracted body, and this seems impiobable This conclusion 
is further supported by tho fact that tho forces to which comets 
are subject when they move through the entire system of planets 
vary according to this law. And finally, as will be shown m rt. 
89, tho accelerations to which the vaiious planets are subject vary 
from one to another aoeoichng to this law. 
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From the consideration of Kepler’s laws, the gravity at fcho 
earth’s surface, and the motion of the moon aiound the eaith, 
Newton was led to the enunciation of the Law of Universal 
Gravitation, which is, every two particles of mallei m the universe 
attract each other with a force which acts in the line joining them, and 
whose intensity vai m as the pi oduct of their masses and inversely as 
the squares of then distance apart 

It will be observed that the law of gravitation involves con- 
siderably moic than can be derived fiom ICeploi’s laws of planetary 
motion, and it was by a master stioko of genius that Newton 
grasped it m its immense generality, and stated it so exactly that 
it has stood without change foi moio than 200 years When 
contemplated in its entirety it is one of the grandest conceptions 
in the physical sciences. 

56. Examples of Finding the Law of Force, (a) If a particle 
describes a circle passing through the oiigin, tho law of force 
(depending on the distance alone) under which it moves is a very 
simple expression Let a represent the radius; then the polar 
equation of the circle is 


r = 2a cos 6, 


u 


Therefore 


2a cos 0 ’ 


dhi . D , 
M» + u = 80 “ 


On substituting this expression m (26), it is found that 


8 aW l* 


(h) Suppose the particle describes an ellipso with tho origin at 
the center. The polar equation of an ellipse with tho center as 
origin is 

r , _ ft 2 

1 — e 2 cos 2 0 ' 

From this it follows that 

•Vl — e 2 cos 2 0, 

e 2 cos 2 d — e 2 sin 2 0 __ e 4 sin 2 6 cos 2 0 
Vl - e 2 cos 2 6 (1 “ e 2 cos 2 0)* ’ 

. dhx 1 — e 2 1 

w + ¥ V* 


hu = 



DOUBLE STAR ORBITS. 


On substituting m (25), the expiession for /is found to be 


The Universality of Newton’s Law. 

57 , Double Star Orbits. The law of gravitation is proved 
from Keplei’s laws and certain assumptions as to its uniqueness 
to hold in the solar system, the question whether it is actually 
universal naturally presents itself The fixed stars aie so remote 
that it is not possible to obseivo planets revolving around them, 
if indeed they liavo such attendants The only observations 
thus far obtained which throw any light upon the subject aro 


those of the motions of the double stars. 

Double star astronomy started about 1780 with the search for 
close stars by Sir William Ilcrschel for the puipose of determining 
parallax by tho differential method A few years were sulhciont 
to show him; to his great surprise, that in some cases the two com- 
ponents of a pair weio revolving around each other, and that, 
therefore, they woic physically connected as well as being appar- 
ently m the same part of the sky. The discovery and measure- 
ment of these systems has been pursued with increasing interest 
and zeal by astronomois Burnham’s great catalogue of double 
stars contains about 13,000 of these objects. The relative motions 
are so slow in most cases that only a few have yet completed 
ono revolution, or enough of one revolution so that tho shapes oi 
their orbits arc known with certainty. There arc now about thirty 
pairs whose observed angular motions have been sufficient y grea 
to prove, within the errors of the observations, that they move 
in ellipses with respect to each other in such a manner that the 
law of areas is fulfilled. In no case is the primary at the focus, 
or at the center, of tho relative ellipse described by tho companion, 
but it occupies some other place within the ell ipso, tho position 


varying groatly in different systems. , 

From tho observations and tho convorso of tho law of areas it 
follows that the resultant of the forces acting upon one star of a 
pair is always directed toward the other. Tho law of variation 
of the intensity of tho force deponds upon the position m the 
ellipse which tho center of force occupies. It must not be over- 
looked at this point that the orbits of the stars are not observed 
directly, but $hat it is their projections upon the planes tangent 
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to the celestial sphere at their respective places which are seen 
the effect of this sort of piojection is to change the tiuo ellipse 
into a different apparent ellipse whose major axis has a different 
direction, and one that is differently situated with respect to the 
central stai ; indeed, it might happen that if one of tho stars was 
ically m the focus of the tiue ellipse descubed by the other, tho 
pi ejection would be such as to mako it lie on the minor axis of 
the appaient ellipse, 

' Astronomers have assumed that the orbits are plane curves and 
that the appaient departuio of the conti al stai from the focus of 
the ellipse described by the companion is duo to projection, and 
have then computed the angle of the line of nodes and tho inclina- 
tion No inconsistencies aie introduced in this way, but tho 



possibility remains that the assumptions are not true. The 
question of what the law of force must be if it is not Newton’s law 
of gravitation will now be investigated. 

58. Law of Force in. Binary Stars. If the force varied directly 
as the distance the primary star would be at the center of the 
ellipse described by the secondary (Art. 53) No projection would 
change this 1 dative position, and since such a condition has never 
been observed, it is inferred that the force does not vary directly 
as the distance. 

The condition will now be imposed that the curve shall be a 
conic with general position for the oiigm, and 'the expression for 
the central force will be found The equation of the general 
conic is 

(26) ax i 4- 2 bx% + cj/ 2 -f 2dx -f 2fy = g t 
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On transforming to polar coordinates and putting r — this 
equation gives 

(27) u = A sin 0 + 7? cos 0 =*= VC sm 20 + D cos 2 0 4* 77, 

where , ,, . . 

i / R _ d n - f d + 


(I 


Q 


r 


^ d 2 + aQ " / 2 - c 0 TT - d 2 + 4~ / 2 + Cg 

_ " 2jf * 2g 2 

On differentiating (27) twice, it is found that 


SJ? - - A sin 0 - B cos 0 
dfl a 

( 28 ' „n2-jyi-(C am 20+7) cos 2fl) 2 - 27/(C Bin 20+ 7) cos 20) 

^ 20 _j_ i) cog 20 + 77)3 

On substituting (27) and (28) in (25), it follows that 

r h * (77 2 - C 2 - 7J 2 ) 

(29) 7 ~ ^ (Cf sin 20 -f- D cos 20 -f- 77)* 

This becomes as a consequence of (27) 

11 (I P - C 2 - 7) 2 ) ( 

(30) ?9 — A sin 0 — B cos 0^ 

There are also infinitely many other laws, all giving the same 
values of f for points on the ollipse m question, which aie obtained 
by multiplying theso expressions by any functions of u and 0 
which aie unity on the ellipse in vnluo of equation (27). 

It does not seem reasonable to suppose that the attraction of 
two stars for each other depends upon their orientation in space 
Equation (29) becomes independent of 0 if C = B = 0, and (30), 
if A = B « 0. The first gives 

„ constant 

/- * — —> 

and tho second, 

/ = constant * r. 

The first is Newton’s law, and the second is excluded by the 
fact that no primary star lias been found m the center of the oi it 
described by the companion. It is cloar that 0 can bo eliminated 
from (29) and (30) by means of (27) without imposing tho eon- 
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ditions that A=B=C=D= 0 But G.iffin has aW 
that ioi all such laws, except the Newtonian, tho force either 
vanishes when tlie distance between the bodies vanishes or 
becomes imaginary for certain values of r. Clcaily botli of Uuw 
iaws are improbable from a physical point of view lienee it m 
extremely probable that the law of gravitation holds tlnoughout 
the stellar systems; and this conclusion is suppoited by tho fact 
that the spectroscope shows tho stais are composed of familiar 
terrestrial elements 


f 

59. Geometrical Interpretation of the Second law. The 
expression for tho central force given m (30) may bo put in a very' 
simple and interesting form Let g 3 h z (IP ~ C 2 ~ D 2 ) =» jV, tmtl 

transform - - A sin 0 - B cos 0 into lectangular coordinates and 
the original constants; then (30) becomes 


(31) 


/« 


=f Nr 

(dx 4 -fy- q)* * 


Tho equation of the polar of tho point (*', y') with respool to 
the general conic (26) isf 1 


ax#' 4 - + y &') 4 cynf 4 d(xi 4 * x') 4 - /fa 4 . y ') - g ^ 

where an and y t are the running variables. When (x', y') is tho 
origin this equation becomes 


(32) dx 1 4 fvi “(7 = 0, 

and has tho same form as tho denominator of (31). The value* 
of x and y in (31) are such that they satisfy the equation of tint 
come, while * and y x of (32) satisfy the equation of tho polar lino, 
They are, therefore, m general numerically different from x and u. 
But tho distanco from any point («, y) of tho conic to tho polar 
Jme with respect to the origin is given by the equation 


p „ dx jjLzJL 
W+P 5 

where x and y are tho coordinates of points on the come. Lot 


N' 


N 


then (31) becomes 


(d* + P)l 


* American Journal of Mathematics , vol. 31 (1909). pp 02-85. 
t Salmon’s Conic Sections , Arfc, 89 
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(33) 


/- 




Nfr 

p* 


Therefore, i/ a particle moving subject to a central force desenbes any 
conic , the intensity of the force vai ics directly as the distance of the 
pai ticleji om the origin, and inversely as (he cube of its distance from 
the polar of the origin with i espect to the conic, 


60. Examples of Conic Section Motion, (a) When the orbit is 
a central come ‘with the origin at the center, the polar line recedes 
N' 

to infinity, and ^ must be regarded as a constant Then the 

force varies directly as the distance, as was shown in Art 56 (6) 
(6) When the origin is at one of the foci of the conic the polar 

line is the directrix, and p — - , where e is the eccentricity. Then 

6 


(33) becomes 


/- 


A'fi 3 


This is Newton’s law which was derived from the same conditions 
in Art. 56. 

Vni. PROBLEMS. 


1. Find fcho vis viva integral when / = , / =* cr, / = ^ . 

2. Suppose that in Art 63 Iho particle is projected orthogonally from 
tho s-axis, fmd the equations corresponding to (19) and (20). Suppose still 
further that k » 1, a?o 5=5 find tho initial velocity such that the eccentricity 
of tho olhpso may bo 1/2. 

| vo « 4 V3, or 
Am { 

l Vo *= 5 V3. 

3 Fmd tho central forco as a function of tho distance under which a 
parliolo may dosoribo tho spiral r « ^ , tho spiral r = e 9 . 


AttS. / 


h* , _ 2/t* 
> J 


' v * 

4. Fmd tho central forco as a function of tho distance under winch a 
particlo may describe tho lomniaoato r* - a 2 cos 20, 

a r SMa* 

Aw. . 

6. Find tho contial fotco as a function of the distance under which a 
parliolo may dcscribo the caidioid r =» a(l -j- cos 0). 

3 

r i 


Ans f 
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8 Suppose Iho particle cleacubcs an olhpso with the origin in its interior, 
at a distance n from the n-axia and m from Iho y-axis (a) Show that two of 
the laws of force me 

r . = )£ (rt£)i t 

? 3 [2 mn Bin 0 cos 0 -j- (a — c — n 7 + w 2 ) cob 3 0 + o -* 1 

k 9 a 3 t?r 

' ~ (ac — am 1 — on 2 — cny — am c}* ’ 

where o and c have tho same meaning as in (20), and whoio the polai axis 
is parallel to the majoi axis of tho ellipse (b) If tho ongm is between Ilia 
centoi and tho focus show that tho foico at unit distance is a maximum for 

0 — 0 and is a minimum foi 0 «= - } that if tho origin m between a focus ami 

the nearest apso tho maximum is foi 0 — ~ and tho minimum foi 0=0; ami 
that if tho origin is on tho minor axis tho maximum is for 0 = 0, and tlio 
minimum for 0 = | . 


7, Interpret equation (20) geomotuoally. 

(da -f SvY -t- pim* + cy 2 + 2 bxy) 
0 2 ! 2 


Hint, G Bin 20 + O cos 20 + II 


The numerator of this oxpiossion sot equal to zoio ib tho equation of the 
tangonts (ical or lmagmaiy) from tho ongm to tho eomo (Halmon's Como 
Sections, Art 92 ) 


8 Find expressions for tho central foico when tho orbit Is an ellipse 
with tho origin at an end of tho major and minor axes respectively. Show 

] t 2 

that thoy lcduco to ~ s - when tho ellipse becomes a eiiclo. 


Ana, 


h 7 Vc 1_ 

ai a cos 3 /?' 


A a V a > 1 

ci a * biu j 0* 


Determination of tiie Orbit from tub IjAW of Force. 

61. Force Varying as the Distance. Tho problom of finding 
the orbit when tho law of forco is given is gonorally moto difficult 
than the converso, since it involves tho integration of (25). Tho 
method of integration varies with tho differonl laws of forco, and 
the character of the integrals depends upon tho initial conditions. 
The process will be illustrated fiist in tho caso in winch tho forco 
varies as the distanco, a problem treated by another mothod in 
Art. 53 

If / = hh', equation (25) becomes 
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d 2 u _ ^ 1 _ 
dO 2 ~ h* u 3 U ‘ 


The first integral of this equation is 

/duV B 1 „ 2 , . 

[do) “ +c ‘ : 


whence 

(31) 

Lot 


dO = 


** udu 


[f-HMT 




Cl' 


fc 2 


Zl liL — A 2 

A* * 




The constant yl 2 must be positive in order that ^ may be real, as 

it is if the particle is started with real initial conditions. 

If the upper sign is used, equation (34) becomes 

( 35 ) = 


It is easily verified that the same equation (36) would be reached, 
when the initial conditions are substituted, if the lower sign were 
used. The integral of (35) is 

cos" 1 -- «* 2(0 + C 2 ), 
or 

z » A cos 2(0 4* C 2 ). 

On going back to the variable r, this equation becomes 

2 

f2 ” Ci — 2 A cos 2(0 + Ca) * 

This is the polar equation of an ellipse with the ongin at the center 
Hence, a particlo moving subject to an atti active foice varying 
directly as tho distance describes an ellipse with the origin at the 
center, Tho only exceptions arc when tho paitielo passes thiough 
the oiigin, and when it describes a ciiole. In the first h ~ 0, 
and equation (25) coascs to be valid, in the second, Ci has such a 
value that it satisfies the equation 
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W t l_ 

h z Wo 2 


Wo 2 + Cl = 0, 


and the equation of the oibit becomes u — Uo. In this case 
equation (34) fails 

62. Force Varying Inversely as the Square of the Distance, 
Suppose a paiticle moves undei the influence of a central attraction 
the intensity of which vanes mvcisely ns the squaie of the distance ; 
it is requned to determine its oibit when it is projected m any 
manner. Equation (25) is in this case 


(37) 


dhi __ k? 
dO 2 “ h 2 


This equation can be written in the form 
d 2 u . 7c 2 

+ U ~ h 2 ' 

This is a linear non-homogeneous differential equation and can 
be mtegiated by the method of variation of paramoteis, which 
was explained in Art. 37. When its right momber is neglected 
the general solution is 

u = ci cos 0 + Ci sin 0, 

A. 2 

It is clear that if ^ is added to this value of u the differential 

equation will be identically satisfied. Consequently the general 
solution of (37), which is the samo as that found by the variation 
of parameters, is 

7c 2 

u ~ Ci cos 0 Cm sin 0. 

On taking the reciprocal of this equation, it is found that 

1 

r = 

5 + cj cos 0 *f c 2 sin 0 

Now let ci - A cos 0 O , c 2 = A sin Oq, wheie A and 0 o are constants. 
It is clear that A can always bo takon positive and equal to 
"s/c i 2 + c 2 2 and a real 0 Q can bo detoimmcd so that these equations 
will be satisfied whatevor leal values Ci and c 2 may have. Thon 
the equation for the orbit becomes 

1 ' 
f — ' » 

A cos ( 0 — Oo) 


( 38 ) 
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TIeb is tho polar equation of a come with the ongin at one .of the 
foci. 

Fiom this investigation and that of Ait 55 it follows that if the 
orbit is a conic section with tho oiigin at ono of the foci, and the 
force depends on the distance alono, then tho body moves subject 
to ft contial force vaiying inversely as the squaie of the distance; 
and conversely, if the force vanes inversely us tho squaie of tho 
distance, then the body will describe a come section with the 
origin at one of the foci. 

Lot p icpresent the parameter of the conic and c its eccentncity 
Then, comparing (38) with tho ordinal y polar equation of the 

conic, r « j— , ~~ . , it is found that 

1 X + e cos </> 



(39) 


c 


¥ 


A, 


and 0o is tho anglo botween tiio polar axis and tho end of the 
major axis dircoted to tho farthest apso. Tho constants h 1 and A 
aro determined by tiio initial conditions, and they in turn define 
p and e by (39). If c < 1, tho conic is an ellipse; if e = 1, the 
conic is a parabola; if c > 1, tho conic is a hyperbola, and if e = 0, 
the conic is a circle 


63. Force Varying Inversely as the Fifth Power of the Distance. 

¥ 

In this caso / » -g , and (25) becomes 
(40) « /iV ( « + ^ ) • 


On solving for 


ffn 

dO* 


(41) 

Therefore 

(42) 


and integrating, it is found that 


/ dwV 

\do) 


dO 


«KT5 U'~U* + CU 
2 ¥ 

du 


■\Z c '+i 


w — u* 


Tho right member of this equation cannot in general be integrated 
in terms of tho elomentary functions, but it can bo transformed 
into an olliptio integral of tho first kind Then u, and conse- 
quently r, is oxpressiblo in torms of 0 by elliptic functions, and the 
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orbits m general eithei wind into the ongm or pass out to infinity, 
their paiticular character depending upon the initial conditions 

Theie aie ceitam special cases winch aio mtegrable in terms of 
elementary functions 

(a) If such a constant value of u is taken that it fulfills (41) 
when its right membei is set equal to zeio, then r is a constant 
and the orbit is a cuclo with the ongm at the ecniei It is easily 
seen that a similai special case will occur foi a central foice vaiy- 
mg as any power of the distance 

(b) Another special case is that m which the initial conditions 
arc such that ci d 3 0 and the light member of (4L) is a poifcct 

h 2 

squaie. That is, a = ^ Then equation (41) becomes 


{do) [j2h -fik) z[ Au Ay 


The integral of this equation is 
1 + Ahi 


log 


1 - A z u 


= ‘V5’( tfc 0 - c 2 ); 


whence 

V2 

where coth — ( =*= 0 — c 2 ) is the hyperbolic cotangent of 
> V2(± 0 — c 2 ). 

(c) If the initial conditions aio such that c t = 0, equation (41) 

du 


gives 


=*= dO = 


/n> . 1 ’ 

U \2h 2 U 1 


the integral of which is 

* 0 = 003-1 

On taking the cosmos of both members and solving for r, the polai 
equation of the orbit is found to be 


(44) r « -j=r cos (c 2 6 ) , 

which is the equation of a circle with the origin on tho circum- 
ference, 
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(d) If none of these conditions is fulfilled the light member of 
(41) is a biquadratic, and equation (42) can be written in the form 


(45) 


d= dO — 


Cdu 

•V^TT *”a 2 w 2 )(l j9 2 u 2 ) ’ 


whero C, a 2 , and /3 2 are constants which depend upon the coefficients 
of (41) in a simple manner. Equation (45) leads to an elliptic 
mtegial which expi esses 0 in tenns of u. On taking the inverse 
functions and the leciprocals, i is expressed as an elliptic function 
of 0. The curves aie spirals of which the cncle through the origin, 
and tlie one around the origin as ecntei, aie limiting cases 
If the curve is a cncle through the origin the force varies in- 
versely as tlio fifth power of the distance (Art 56), but if the 
force vanes inversely as tho fifth power of the distance, the orbits 
which the pailielo will describe are cuives of which the cncle is a 
particular limiting case. On the othei hand, if the oibit is a 
conic with the ongin at tho center oi at one of the foci, the force 
varies directly as tho diblance, oi mveisely as the squaie of the 
distance, and oonveisoly, if the force vaues directly as the distance, 
or inversely os the squaie of tho distance, the oibits aie always 
conics with the ongm at tho center, oi at one of the foci respectively 
[Arts. 53, 55, 56 (6)]. A complete investigation is necessary for 
every law to show this converse relationship. 


IX. PROBLEMS. 

1 Discuss tho motion of tho paitiolo by tho general method for linear 
equations whon tho foico vaues inveisoly os the eubo of tho distance Trace 
tho euivos m tlio vauous spoeial oases 

2. Expicas C, a\ nncl /9 2 of equation (46) in terms of tlio initial conditions 
Foi original projections at light angles to the ladius vector investigate all the 
possiblo cases, l educing tho mlcgials to the normal form, and expressing r as 
clliptio functions of 0 Diaw tho curves in each case 

3. Suppose the law of force is that given in (20), l. e 

M M 

* “ r\C sin 20 + D cos 20 + //)* r 2 [</.(0)]* 

Integrate tho differential equation of the orbit, (26), by tho method of vari- 
ation of pararaoteis, and show that tho genera! solution has the form 

i = Ci cos 0 -f cj sm 0 + V<£(0), 
r 

whore c t and c* aro constants of integration Show that tho curve ib a conic 
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4 When the force is / «■ — + ^ show that, if v < h 2 , the general cqutv* 
turn of the orbit desonbcd has tho form 


_ a 

r ~ 1 - e cos (A,*) ’ 

whore a, e, and k aie tho constants depending upon tho initial conditions and 
n and v Observe that this may bo lcgaided as being a conic section whoso 
major axis revolves aiound tho focuB with tho mean angular velocity 


where T is tho period of i evolution 


5 In the case of a central force tho motion along the radius vcotor ia 
defined by the equation 


cPr 



Discuss the integration of this equation when 



0, Suppose the law of force is that given by (30), i, e , 


/ 


N 


(h 


A sm 0 — B cos 0 


Substitute in (26) and derive tho general equation of tho orbit described, 
H\nl Let u « v + A sin 0 •+• B cos 0, thon (26) becomes 


i Pv 
d<A 


-ft; 


iWr* 
tfi ' 


Ana 


1 

r 


A sin 6 + B cos 0 + Vci cos 2 0 + sm 20 -f- c* sm 5 9, 


which Is the equation of a conic section, 


7, Suppose tho law of force is 


/ 


ci + cj cos 20 
r 5 


show that, for all initial projections, tho orbit is an algebraio curve of thd 
fourth degree unless Ct ~ 0, when it reduces to a conic. 
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IIIBTOItICAL SKETCH AND BIBLIOGRAPHY 

Tho subject of central forces was first discussed by Newton. In Sections 
n ami in of tho Fust Book of tho Pnncipia ho gave a splondid geomotrical 
treatment, of tho subject, and arnved at somo vory general theorems These 
port mns of tho Pnncipia especially deseivc caleful study 

All tho simpler cases wmo woi Iced out in tho eighteenth century by analyti- 
cal methods A fow oxamplcs aro given in dotail m Legondro’s Ti ait6 des 
Ponctions Elliptiqucs An exposition of punciplcs and n list of examples 
are given in nenily ovory woik on analytical mechanics, among the best of 
thoso treatments aio tho Fifth Chapter in Tnit and Stcolo’s Dynamics of a 
Particle, and tho Tenth Chapter, vol i , of Appell's M6caniquc Rationclle . 
Btador's memoir, vol, xlvi., Journal fdr Mathematih, ticats the subject in 
great dotail Tho special problem whore tho forco varies inversely ns tho 
fifth power of the distance has been givon a comploto and elegant treatment 
by MacMillan m Tho American Journal of Mathematics, vol xxx, pp 282-306, 

Tho piohlom of finding tho goncial oxpiession for the possible laws of forco 
operating ill tho binary star systems was piopoaed by M Bertrand in vol 
lxxxiv, of tho Compton Rcndus, and was immediately solved by MM Darboux 
and Halphon, and published in the same volume The treatment given above 
in tho toxt Is similar to that given by M. Darboux, which has also boon repro- 
duced in a nolo at tho ond of tho M&mnxquc of M Dcspoyrous, Tho method 
of M. Ilnlphen is given in Tissorand’s M6 amquc Cilcate, vol. i , p. 30, and in 
Appell's Mkantquc Rationclle, vol I , p 372. It seems to have boon generally 
overlooked that Nowton had roated tho same problem in tho Pnncipia , 
Book i., Scholium to Pioposltion xvn. This woh ropioduced and shown to 
bo equivalent to tho wotk of MM. Darboux and Halphon by Professor Glaishor 
in tho Monthly Notices fRAS, vol. xxxix. 

M. Bertrand has shown (Comptcs Rendus, vol nxxvn ) that tho only laws 
of conlral forco uiulor tho action of which a pnitiole will describe a oonio 

section for all initial conditions arc / « * ^ and f => ^ A, J r M. Koenigs has 

proved (Bulletin dc la SaciM Mathimaliquc, vol xvn ) that the only laws of 
central forco depending upon tho dlstanco alone, for which tho curves do- 

scribed aro nlgobialo for all initial conditions aro / » * ^ and / « * Wr 

Griffin has shown (Animcan Journal of Malhcmalics, vol xxxi.) that tho 
only law, whoro tho forco is a function of tho distance nlono, whore it does not 
vanish at the oonior of forco, and whoro it is real throughout tho plane, giving 
mi elliptical orbit is the Now Ionian law. 



CHAPTER IV. 

THE POTENTIAL AND ATTRACTIONS OF BODIES. 

64. Tun previous ehapteis have been concerned with problem* 
in which the law of foice was given, or with the chscovciy of (ho 
law of force when the mbits weie given All the mvesligaUmm 
were made as though the masses were mere points instead of being 
of finite size. When foiees exist between every two particles of 
all the masses involved, bodies of finite size cannot be assumed to 
atti act one another according to the same laws Hence it is noecH- 
saiy to take up the problem of determining the way in which 
finite bodies of different shapes attract one another. 

It follows from Kepler’s laws and the principles of central force* 
that, if the planets aie legarded as being of infinitesimal dimeit- 
sions compared to their distances from the sun, they move under 
the influence of forces which are dncctecl towaid the center of (he 
sun and winch vary inversely as the squares of their distance* 
from it. This suggests the idea that the law of mvcise squares 
may account for the motions still more exactly if the bodies are 
regaided as being of finite size, with eveiy paiticle attracting eveiy 
other particle m the system The appiopnate investigation shows 
that tins is ti uo 

This chapter will be devoted to an exposition of general methods 
of finding the attiactions of bodies of any shape on unit particles 
in any position, extciioi or mtonor, when the foiees vary mveisely 
as the squat es of the distances. The astronomical applications 
will be to the attractions of spheres and oblato spheroids, to the 
variations in the sui face gravity of the planets, and to tho per- 
turbations of the motions of the satellites due to tho oblatcnosH of 
the planets. 

65. Solid Angles. If a straight line constantly passing through 
a fixed point is moved until it letakes its original position, it gener- 
ates a conical suiface of two sheets whose veitices are at the given 
point. The area which one end of this double cone cuts out of the 
surface of the unit spheie whose center is at tho given point in 
called the solid angle of the cone) or, tho area cut out of any eon- 
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centric sphoio divided by the squaie of its radius moasuies the 
solid angle 

Since the aiea of a spherical suiface equals the product of 
and the squaie of its ladius, it follows that the sura of all the solid 
angles about a point is iir The sum of the solid angles of one-half 
of all the double cones which can be constiueted about a point 
without ratei sectmg one another is 2w 

The volume contained within an infinitesimal cone whose solid 
angle is co and between two sphoucal sui faces whose ecnteis aie 
at the veitex of the cone, appioachcs as a limit, as the surfaces 
appioach each othoi, the pioduct of the solid angle, tho squaie of 
the distance of the sphoucal sui faces from the vei tc\, and the 
distance between them If the ecnteis of the spherical sui faces 
aie at a point not m the axis of tho cone, the volume appioach es 
as a limit the pioduct of tho solid angle, the square of the distance 



from the veitex, the distance between tho spherical sui faces, and 
the recipiocal of the cosine of the angle between the axis of the 
cone and tho radius from the center of the sphere; or, it is tho 
pioduct of the solid angle, the squaie of the distance fiom tho 
veitex, and tho intercept on tho cone between the spherical 
surfaces. Thus, tho volumo of abdc, Fig. 10, is V ~ o>aO ab. 
The volume of a'b'd'c 1 is 


T7/ ua'O 'b'c — 

V> = tttttvT = w«0 • ab . 

cos (Oa 0 ) 


Sometimes it will bo convenient to use one of these expressions and 
sometimes the othei. 

66. The Attraction of a Thin Homogeneous Spherical Shell 
upon a Particle in its Interior. Tho attractions of spheres and 
other simple figuics were tieated by Newton in the Pnndpia , 
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Book i , Section 12, The following demonstiation is essentially 
as given by him. 

Considei the spherical shell contained between the infinitely 
near spheucal surfaces S and S', and lot P bo a paiticle of unit 
mass situated within it Constiuct an infinitesimal cone whose 



Pig. 11. 

solid angle is w with its vertex at P, Let tr be the density of 
the shell Then the mass of the element of the shell at A is 
m “ v ABco A P*; likewise the mass of the element of A ' is 
m! — <tA'B'uA'P\ The attractions of m and m' upon P are 
respectively 

khn , k?m f 
a — ===y , a — -—-—i . 

AP AT 

Since A'B' — AB, a ~ l&ABuv = a'. This holds for ovciy infini- 
tesimal solid angle with vortex at P, therefore a thin homogeneous 
spherical shell atti acts particles within it equally in opposite du eclions. 

Tins holds for any number of thin spherical shells and, theiofore, 
for shells of finite thickness. 

67. The Attraction of a Thin Homogeneous Ellipsoidal Shell 
upon a Particle in its Interior, The theorem of this article is 
given in the Pnncnpia } Book i., Prop xci., Cor. 3. 

Let a homoeoid be defined as a thin shell contained between two 
similar surfaces similarly placed. Thus, an elliptic homoeoid is a 
thin shell contained between two similar ellipsoidal surfaces simi- 
larly placed. 

Consider the attraction of the elliptic homoeoid whose surfaces 
are the similar ellipsoids E and W upon the interior unit particle P, 
Construct an infinitesimal cone whose solid angle is w with vertex 
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at P. The masses of the two infinitesimal elements at A and A f 


aie respectively 
attractions are a — 


and 


and 
A Hi' 


m 


A'P * 


- aA'B'uA'P The 
Constiuct a diameter 


m « dABoiAP 
k 2 m 

IF 

CC' paiallel to A A' in the elliptical section of a plane through the 
cone and the center of the ellipsoids, and draw its conjugate DB'. 
They aie conjugate diameteis m both elliptical sections, E and 
E', theiefoie DB' bisects every choicl parallel to CC and hence 
AB = /FI 7 . The attractions of the elements at A and A' upon 



P aro therefore equal This holds for evory infinitesimal solid 
angle whose vertex is at P; therefore the att) actions of a thm elliptic 
homoeoid upon an intenor particle are equal m opposite directions. 

This holds for any number of thin shells and, therefore, for 
shells of finite thickness. 

68. The Attraction of a Thin Homogeneous Spherical Shell 
upon an Exterior Particle. Newton’s Method. Let All KB 
and ahkb be two equal thin spherical shells with centers at 0 and o 




respectively. Let two unit particles be placed at P and p, unequal 
distances from the centers of the shells Draw any secants from p 
cutting off tho arcs il and hk, and let the angle kpl approach zero 
as a limit. Draw from P tho secants PL and PK, cutting off tho 
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arcs IL and HK equal respectively to il and hk. Draw oe per- 
pendicular to pi, od peipendicular to pk , iq peipendiculai to pb t 
and ir peipendicular to pk. Draw the coi responding lines m tho 
other figure 

Rotate the figures around the diameters PB and pb, and call 
the masses of the circulai rings generated by HI and hi, M and m 
respectively, then 

( 1 ) HI X IQ hi X iq ~ M m. 


The attractions of unit masses situated at I and i are respectively 
proportional to the inverse squaics of PI and pi The com- 
ponents of these attractions in the dnections PO and po aie tho 

jpn 79(7 

respective attractions multiplied by ~ and ~ lcspcetively. If 

A' and a' represent the components of attraction toward 0 and o, 
then 

1 PQ 1 pq 


( 2 ) 


a ~ 


PI 


pi W 


Now consider the attractions of the rings upon P and p. Their 
resultants aie m the dnections of 0 and o respectively because 
of the symmetry of the figuies with lespect to the lines PO and po, 
and they are respectively M and m times those of the unit particles. 
Let A and a lepiesent the attractions of M and in; then 


__ PQ m pq __ III X IQ PP hi X iq p£ 
" PI* PI * pi V* PT PO pC po ‘ 


In order to reduce the light member of (3) consider the similar 
triangles PIR and PFD and the coi responding triangles in the 
other figure. At tho limit as the angles KPL and kpl approach 
zero, DF • df — 1 because the secants IL and IIK respectively 
equal il and hk. Therefore 

PI ,PF =>RIt DF, 


pf .pi ~ DF(~ df) . ri, 
and the product of these piopoitions is 
(4) PI X pf . PF X pi - RI : n = III • hi. 

From the similar triangles PIQ and POL, it follows that 


and similarly 


PI :P0 = IQ OE, 
po : pi - 0E( - oe) : iq. 
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Th( l product of those two pi opor lions is 
(5) PI X po . PO X pi « IQ : iq 


Tho pioducl of (4) and (5) is 

pf X pf X po pi X PP X PO ~ III X IQ i hi X iq> 
Consequently equation (3) becomes 
(0) A a » po* H7 


'rheiefore, tho eireului rings altiacl tho exterior particles toward 
the renters of the sludls with foicos which aio inversely piopor- 
tumal to the squares of tho lespective distances of the particles 
from these eonleis In a similar manner tho same can be pioved 
for tin 1 rings KL and kl 

Now let the lines PIC and pi vaiy fiom coincidence with the 
diameteis PH and ph to tangeney with tho spherical shells. The 
lesuIlH are (me at ('very position separately, ancl hence for all at 
once Therefore, tho icsullanls of the attractions of thin spherical 
shells upon cxlmm particles aic directed toward their centers, and 
the intensities of the forces vary inversely as the squares of the distances 
of Ike particles from tho centers. 

If the body is a homogeneous sphere, or is made up of homo- 
geneous spheiicul layers, tho theorem holds for each layer sepa- 
rately, and consequently for all of them combined. 

69. Comments upon Newton’s Method. While tho demon- 
stration above is given in tho ianguago of Geometry, it really 
depends upon tho pi inciples which aie fundamental in the Calculus, 
bolting tho angle kpl approach zero as a limit is equivalent to 
taking a differential clomonlj tho rotation aiound tho diameters is 
equivalent to an mtegiation with respect to one of the polar angles, 
tho variation of tho lino pi from coincidence with tho diameter to 
tangency with the shell is equivalent to an integration with lespcct 
to tho olhor polar angle; and tho summation of the infinitely thin 
shells to form a solid sphero is equivalent to an integration with 


respect to tho ruduiH. g , 

Hinco Newton’s method gives only the ratios of the attraction ol 
equal spherical shells at different distances, it does not give the 
manner in which tho attraction depends upon tho masses of the 
finite bodies. This is of scarcely less importance than a knowl- 
edge of the manner in which it varies with tho distance. 

In order to find tho manner in which tho attraction depends upon 
tho mass of tile attracting body, take two equally dense spherical 
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shells, and St, internally tangent to the cone C, Let POi = 

POt ~ a 2) and Mi and Ah be the masses of Si and S 2 respectively* 
The two shells attract the particle P equally, foi, any solid angle 
which includes part of one shell also includes a similar part of the 
other. The masses of these included parts are as the squaie^of 



Fig 14 


their distances, and their attractions are inversely as the squares 
of their distances, whence the equality of their attractions upon 
P Let A lepresent the common attraction; then lemove Si so 
that its center is also at 0 2 . Let A 1 represent the intensity of tho 
attraction of Si in the new position; then, by the theorem of 
Art 68, 

A/ _ __ Mj 

A a$* Mt 

Therefore, the two shells attract a particle at the same distance with 
forces directly proportional to their masses. Prom this and tho 
previous theorem, it follows that a particle extenor to a sphere which 
is homogeneous in concent) ic layers is attracted toward its center 
with a force which is directly proportional to the mass of the sphere 
and inversely as the square of the distance from its center ; or, as 
though the mass of the sphere were all at its center 

Since the heavenly bodies are neaily homogeneous in concentiic 
spherical layers they can be regarded as matonal points in the dis- 
cussion of their mutual interactions except when they are relatively 
near each other as in the oaso of the planets and their rospeetivo 
satellites. 

70. The Attraction of a Thin Homogeneous Spherical Shell 
upon an Exterior Particle. Thomson and Tait's Method. Let 
0 be the center of tho spherical shell whose radius is a and whoso 
thickness is La, P the position of tho attracted particle and PO a 
line from the attracted particle to tho center cutting tho spherical 
surface in C Take the point A so that PO OC = OC OA, ancl 
construct the infinitesimal cone whose solid angle is w with its 
vertex at A Let er be the density of the shell. Then the elements 
of mass at B and B' aie respectively 
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m = mAh' - . , mf = . 

cos (OPA) cos (OP'A) 

The attractions of the two masses upon P arc respectively 

(7) 


n Afl ’ 
a *= A/(7<u -- • 

BP 3 

Aa 

cos {OB AY 

, ,, AlF 

a » A/crw- 

B'P 

Aa 

cos {OB' A) 



From tho construction of A it follows that 
PO i OB - OB \ OA. 

Henco the triangles BOB and BOA , having a common angle in- 
cluded botwcon proportional sidos, are similar. Therefore 

AB OB 
BP m OP~OP- 

Similarly 

-JL 

Wp op* 


The anglo OBA equals the anglo OB’A. Then equations (7) 

a 2 Aa 

a » Jt*<r W”“, • /TTBT'i > 

OP 008 (OjBA) 

<j® Aa 

a’ - 

Tho angles BPO and B'PO are respectively equal to OBA and 
OB' A' thcroforo thoy aro equal to oach other. Tho resultant of 
the UTO cqual° attractions « and is in the line bisecting the angle 
botwcon them, or In tho direction of 0, and is given in magnitude 
by tho equation 


bocomo 

( 8 ) 
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AR = a cos ( BPO ) + a' cos {B'PO) = 2 a cos (OB A). 
This becomes, as a consequence of (8), 


A R = 2 

OP 


This equation is true foi every solid angle with veitex at A , ami 
consequently for their sum Theiefore the atti action of the whole 
spheueal shell upon the extenor paiticle is, on summing with 
respect to ai, 


R = 4tt/uV£^? = 
OP 


im 
op 2 ’ 


or, the atti action vanes dn ectly as the mass of the shell and in- 
versely as the squaie of the distance of the particle fiom its milcr. 

71. The Attraction upon a Particle m a Homogeneous Spherlcfil 
Shell. In Aits 66-69 the attiactions of a thm homogeneouwi 
spheueal shell upon an intonoi and an oxtenor paiticle, lespiT- 
tivoly, have been discussed; the pioblcm is now completed by 
treating the case where the atliaetcd paiticle is a pait of the shell 
itself. 

Lot 0 be the center of the spherical shell of thickness Afij 
and P the position of the attracted particle. Construct a com* 
whose solid angle is w with its veitex at P. Let <x be the den- 



sity of the shell, then tho mass of the section cut out at A h y 
the cone is (toAP 3 c r 0 s ^T7l[P) * Tho a ^ rac ^ on of the clement 

along AP is a - li?ao> cog (pAp} * Tho resultant attraction 

of the shell is in the direction PO since tho moss is symmotiically 
situated with i aspect to this line. The component in tho dnoelion 
PO is 

AP *=» a cos ( APO ) — a cos (OAP) = PtrwAa, 
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Tlio ntlroolion of the whole shell is 
Ji — 2A PairAa 


PM 
2a 2 ‘ 


It follows fioin this equation and the results obtained in Aits. 
(1(1 and (i(J that the attiaetion on an mlenoi particle mhmtcly near 


the shell is aero, on a particle m the shell, 


2a 2 ’ 


and on an exteiioi 


iaa/ 

pur 1 1 ole infmitoly near tho shell, „ * The discontinuity m the 

attraction is duo to the fact that the mass of any finite area of the 
shell is assumed to be hnilo although it is supposed to be infinitely 
thin. Then* is no such discontinuity at the suiface of a solid spheie 
because an infinitely thin shell taken from it has only an infini- 
tesimal mass 


X. PROBLEMS. 

L .Suppose any two flimilai bodies aio mmilmly placed in perspective 
Show Unit a particle at thou center of poispeelivily is atti acted inversely as 
liieir linear diinoiiHloiiH if they mo thin iods of equal density, equally, if they 
mo thin shells of equal donuity, and ducotly as their lmeai dimensions if 
they iuu solids of equal density Considoi a nebula which is apparently as 
lar«o as I ho Him (Suppose its distance is one million times that of the sun 
and (hat Uh donmly is ono millionth that of tlio sun Compaio its attraction 
foi tho cm th with that of the sun. 

2 lhovo that tlio attractions of two homogeneous sphorcs of equal density 
foi pm tides upon Ihoir sin faces mo to each olhor as thoir radu, 

Ji Provo Unit tho attraction of a homogeneous spliore upon a particlo in 
its interior vanes dnoolly us tlio distanco of tlio partiolo from tho center 

‘I Piovn that all tho fiustums of equal height) of any homogeneous cone 
aUwiet a pmllelo at its vertex equally. 

fi Find the law of density suoli that tho attiaetion of a sphere for a particle 
upon its mu faro shall bo independent of Die si/.o of tlio sphcic 

0. Prove l hat Iho atti action of a uniform thin rod, bont in the form of 
an arc of a eholo, upon a particle at tho cantor of tho circle is tho same as 
that which (ho nmss of a similar rod equal to the ehoid joining tho oxtiomitics 
would oxoi t if it woio coneontiftlod at tho micldlo point of tho aio. 

7 lhovo lluit tho attraction of a Him uniform straight rod on an oxtonor 
particle is (ho sumo m magnitude and direction as that of a ciroular arc of tho 
same density, with its center at tlio particle and sublondmg the same angle 
as the lod, and which is tan gout to the loci, 

♦ Hoc note on tho attraction of spherical shells, Lagrange, Collected Wotks, 
vol vn., p 601. 
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8 Prove that if straight uniform rods form a polygon all of whoso sides 
are tangent to a circle, a particle at the centoi of the onclo is attracted equally 
m opposite dn actions by the lods 

9 Piovo that two spheres, homogeneous in concenliic spherical layciH, 
attract each other as though thoir masses wero all at their lespeotivo contois. 

72. The General Equations for the Components of Attraction 
and for the Potential when the Attracted Particle is not a Part 
of the Attracting Mass. The gcomotiical methods of the pre- 
ceding ai tides are special, being efficient only in the particular 
cases to which they are applied, the analytical mothods which 
follow are characterized by their uniformity and generality, and 
illustrate again the advantages of piocesses of this nature. ^ 

Consider the attraction of the finite mass M whose density is cr 
upon the unit particle P, which is not a part of it That is, P is 
exterior to M or within some cavity in it. Let the coordinates 
of P bo x, y, z. Let the coordinates of any element of mass dm 



he £, f, and the distance from dm to P be p. Thon the com- 
ponents of attraction parallel to the cobidmato axes arc respectively 


( 9 ) 


‘ x = _ » C iB ~J) 

x /c Jm p 2 p 

Y « ~iJ f - V dm, 

Jan p 3 

Z = - k 2 f ■ 2 ~ Q dm, 

Jan p 3 



( ft - €) 

p 3 


dm, 


where 


n\ 
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dm ~ <rd%dr)d£ } 

P 3 ~ C'B “ t ) 2 + ( v - v)* + (t — f) 2 > 

* = /($» iit 0* 

Tho integral sign f signifies that tho integral must be extended 

ov(T Uie whole mass M, x Then, if a is a fiiuio continuous function 
of the eooidiimtes, as will always be tho case in what follows, X, 
Y y and Z mo finite defimto quantities In practice dm is expressed 
m toims of c r and tho oulmaiy lcctangulai oi polar coordinates, 
and X, Y } and % are found by tuple integrations 
Tho three mtegiais (9) can be made to depend upon a singlo 
integral m a vory simple manner Let 

do) y-L~- 


V is called tho potential function, tho torm having boon introduced 
by Green in 1828. It is a funotion of x, y, and z and will be 
spoken of as the potential of M upon P at the point ( x , y, z) 

Since P is not a part of tho mass M, p does not vanish in tho 
region of integration. Tho limits of tho integial are independent 
of tho position of tho attracted particle, thoreforo the function 
undor tho integral sign can be differentiated with respect to 
x, y, z which aio ticated as constants in computing tho definite 
integrals. Tho partial derivatives of V with respect to x, y f 
and z aro 
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Therefore, in the case in which P is not a part of M , the solution 
of the problem of finding the components of attraction depends 
upon the computation of the single function V , 

73. Case where the Attracted Particle is a Part of the Attracting 
Mass. It will now be pioved that the components of atti action 
and the potential have finite, definite values when the particle ts 
a part of the attracting mass, and that equations (11) also hold in 
this case. 

In older to show first that X, Y, Z, and V have finite, determi- 
nate values in tins case, let dm and its position be cxpiossed m 
polar cooidmates with the ongin at the attracted paiticle P The 
equations expiossmg the rectangular codid mates m teims of the 
polar with the origin at P are 

' £ — x — p cos tp cos 0, 

V — V ~ P cos (p sin 0, 

£ — z = p sin tp , 

. dm — cr/) 2 cos (p d<p dO dp 

Then the expressions for the components of attraction and the 
potential become 

’ X = — /i , 2 /// a cos 2 ip cos 0 dtp dO dp, 

Y a — W fjf a cos 2 <p sin OdtpdOdp, 

Z ~ — 7c 2 /// <r sin <p cos tpdtpdOdp, 

V = -{- Iff vp cos ‘P &<P dO dp, 

where the limits arc to bo so determined that the integration 
shall bo extended throughout the whole body M. The integrands 
are all finite for all points in M, and therefore the integials have 
finite, determinate values. 

The simplest method of proving that equations (11) hold when 
P is in the attracting mass M is to start fiom the definition of tho 
derivative of V with respect to x. By definition 

dV „ V* - 7 

= hm • — t , 

OX A*=;Q 

wheie V' is the potential at tho point P' whose coordinates aro 
(a; -J- Ax, y, z). Construct a small sphoro of radius e enclosing 
both P and P'. Let the mass contained within the sphoro e bo 



73 ] WHEN PARTICLE IB PART OP ATTRACTING MASS 111 

represented by M\ and that outside of it by M 2 Let the corre- 
sponding parts of the components of attraction and the potential 
be distinguished by the subscripts 1 and 2. r Ihen 



( 12 ) 


X — Xi -f- X 2 ) 


V - Vi + v h 


because all of these quantities aie uniquely defined Moreover, 
it follows from Ait 72 that 


X, - /c 2 


dV 2 


y _ 

10 dy ’ 


- h* 


ay 2 


Ox ' ** ,v ’ ““ ” & 

Now consider the derivative of V with respect to x It becomes 


(13) 


ay . n vs - Vi , . TV - v% 

— = lim t- h um r;- 

dX i\a=0 Ail/ Aa=0 

, v - yi , 1 v. 

B S“ir + r 


Lot the distance from P to dm be p, and from P f to dm be />'. 


Then 



It follows from the trianglo P dmP f that j A® j ^ | p p |, 
where the vertical lines on a quantity indicate that its numerical 
value is taken. Hence it follows that 



TV - Vi s 1 C dm M 1 f dm 

Aa; ~2 M) p* ^ 2 Jw p # ' 


Therefore 
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When dm is expressed in polar coordinates this inequality becomes 

+ l £'£'<* ooa v'iv'dtfip'. 

Lot <r 0 be the maximum value of <r in e. The result of integrating 
with respect to p and p' is 

vs- Vi\ n 


Ax 


“ 2 ^ f * P cos P &V d® + ^ p' cos 


Since P and P‘ are in the sphere e the distances p and p' cannot 
exceed 2e. Then 


7/ - Ti 


Ax 


< CTO € 


n r 2ff 


cos tpdtpdO 


~b do c 


n 


COS <p'd<p'dO' 87TCT0 €, 


and 


lim 

A*=0 


7/ - Vi 


Ax 


< 8710-06. 


It follows from this inequality and (13) that 

fc 2 ~ — 8fe ! 7rcro e < Xi < /c 3 ~ -j- 8/t-Vcro 6. 
da: do: 

Now pass to the limit e *» 0. The limit of Xi , for e — 0, is 
easily proved to bo zero by using polar coordinates. Hence it 
follows from (12) that 

lim Xi « X, 

fl=*0 

and consequently, from the last inequalities, 


X - /c 2 


av 

dx ’ 


The corresponding relations for detivatives with respeot to y 
and z aro proved similarly, and therefore equations (11) hold 
whether or not P is a part of M. 
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74. hovel Surfaces. The equation V - c, where c takes con- 
stant values, defines what me called level m faces or cquipotential 
.s mfnu * 

Am displacement fii, fii/, 62 , of the pm tide* from the point 
Cr«( //«, zq) in a level surface must fullill the equation 


OV 

Oi 


fit 


«M' 1 'W* 

5// ► - 5 2 

d// " 




which ih I he condition Umt I ho points ( xq , 7/0, 2o) and (ffo-ffir, 
»/o I fiy, *« I fa) shall hot 1 1 Ih* m the Hume levc‘1 Hinfaco. This 
tqualiuu becomes an a consequence of (J l) 


(it) xi>x -i rfi//-i nz - 0 . 


The (hieethm cosines of llm resultant atti action to which the 
particle is subject me pioportiomd to X, l r , Z, and the direction 
cosines of the line of I lie displacement arc proportional to fix, 
fii/, fix. Since the sum of the products of these dnertion coHincs 
in euiiespnndmg pmm is /.oio, it followH that tho resultant aM ac- 
tum n /nr/H ndtculur to the level surfaces, ( lonsoquonUy, if the 
particle Hlarts fiom test, it will begin to move poipondioularly to 
tin* level mirface ifiiough iIh initial pod turn; hut after it has 
inquired an uppiecinhlo velocity it will not in general move 
perpendicularly to tin* level surfaces beeauHo the motion depends 
not only upon the fmees, which have been shown to 1 m orthogonal 
to the level aurfiuen, but also upon the velocity. 


75. Tim Potential and Attraction of a Thin Homogeneous 
Circular Disc upon a Pnrticlo in its Axis. Take tho origin at th 0 
center of tin* dine whose radius ih li, Jml the eofirdinates of P bo 


», 0. 


Then 




r Ur <10 
yjx? -j- 1 4 


Upon integrating, it is found that 

r 2mr\ VH ~1 IP- ^ :5 |, 


(IB) 


A* IP 


nv 

d,i* 


V 


x 

~\- IP 


iA 2 J 


tf x is kept constant and li is made to approach infinity as a limit, 

the all 1 acl ion becomes 
fjp) X * t *2viPa, 
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(76 


accoiding as the paifcicle is on the positive or negative side of the yz~ 
plane The light member of this equation does not depend upon x\ 
theiefore a thm cireulai disc of infinite extent attiacts a particle 
above it with a foice which is independent of its altitude. Any 



number of superposed discs would act jointly in the same manner. 
Hence, if the earth were a plane of infinite extent, as the ancients 
commonly supposed, bodies would gravitate toward it with 
constant forces at all altitudes, and the laws of falling bodies 
derived under the hypothesis of constant acceleration would bo 
rigorously true. 

76. The Potential and Attraction of a Thin Homogeneous 
Spherical Shell upon an Interior or an Exterior Particle. Let 



</> represent the angle between OP and tho radius, and 6 * the anglo 
between the fundamental plane and the piano OAP, Then 


(17) 




R* sm <f>dif>dO 
p 


* It must be noticed that tho 4 > and 0 hero are not tho ordinary polar angles 
used elsewhere 
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One of the three vauablcs <f>, 0, p must be expressed in terms of 
the remaining two Fiom the figure it is seen that 
p 2 = v* -j- 7^2 _ 2 xR cos 4>, 

whence 

(18) pdp — xR Bin 4>d<j> 

Then (17) becomes, if P is exterior, 


( 10 ) 

and if P is interior, 
( 20 ) 



The integrals of these equations aio respectively 

4? rcrl? 2 _ M 
~ ai ’ 

M 
R * 


( 21 ) 


7* - 

Vi — i.TrarR = 


The a-components of attraction are respectively 


( 22 ) 


Xa 

Xr 


l 2 


Wk 

dx 


WM 


m2 ^ 


u dV, n 

k W “ 0l 


which agree with the results obtained in Arts. 66 and 70. 

The attraction of a solid homogeneous sphoie also can bo found 
at onco. Considering the shell as an element of the sphere, the 
M of (22) is gtvon by the equation 

M — 4? 


Let X represent 
X « - 


the attraction of the whole sphere M ; then 

4/o 2 7rcr f a 27 4/o a ffg-a 8 
x 2 Jo 3 x 2 x 2 


Consider tho mutual attraction of two spheres. In accoi dance 
with tho results which have just been obtained, each one attracts 
every particle of the othor as it would if its mass wero all at its 
center. Hence the two spheres attract each othor as they would 
if their masses were all at their respective centers, 

77, Second Method of Computing the Attraction of a Homo- 
geneous Sphere. A very simple method will now be given of 
finding the attraction of a solid homogeneous sphere upon an 
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extend* particle when it is known for mtoiior particles It is a 
tnvial mattei in this easo and is introduced only because the 
corresponding device m the much moio difficult easo of the atti ac- 
tions of ellipsoids is of the greatest value, and constitutes Ivory’s 
celebrated method 

Let it be lequnod to find the atk action of the sphoio S upon 
the exterior parkclo P\ supposing it is known how to find tho 
atti action upon interior particles. Construct tho concentric 



spheie S' through P' and suppose it has tho sumo density ns S. 
A one-to-one correspondence between the points on the sui faces 
of the two spheres is established by the lelakons 


( 23 ) 


R , 

* - W X' 


a R , 

y ~w y > 


R , 
Z li ,z * 


The corresponding points aie in lines passing thiough tho common 
center of the spheres, and P corresponds to P\ Let X and X* 
represent the attractions of S' and S upon P and P* respectively. 
They are given by the equations 


( 24 ) 


x “ 12 Xo ^7^ dm>== ~ kZcr fff^ ~' 3 ~ dx ' d y idz '> 


X' - - w f 
J(S } 


P/-X 


dm » — /uV 


fff^ 


x 


As) p 

But it follows from the definition of p and p* that 


dx dy dz 


(25) 


e<T fff = + Vrfff dx'du'dz’ 

*7* *** - k *°ff(h - i) 


dydz, 
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wlieie pa and pi aio the extreme values of p obtained by integrating 
with respect to % That is, the fiist mtegiation gives the attrac- 
tion of an olementaiy column extending th lough the sphere paiallel 
to the T-axis, and pi and p 2 are the distances fiom tho attracted 
paiticle P' to the ends of this column In completing the mte- 
giation the sum of all of these elementary columns is taken The 
coirespondmg statements with respect to tho fust equation of (25) 
aio tiue. 

Suppose the integrals (25) are computed in such a mannei that 
conespondmg columns of tho two spheres aie always taken at 
the same time Consider any two pairs of conespondmg elements, 
as those at A and A'. For these p = p', and this relation holds 
tluoughout tho mtegiation as anangcd above Hence it follows 
fiom equations (24) and (25) that 

r = - (i - y ** = - 7 - h) dyd * 


But, from (23), 


thoiefoio 


dy^—jdy', dz - §jdz'' t 




R 2 

R* 


Let M represent the mass of tho sphere S, and M f that of S'. 
The attraction of S' upon the mtoiioi particle P is given by 


WM . 
R* 5 


therefore it follows fiom tho i elation. R^X' = R 2 X that the 
attraction of S upon tho exteiior parfciclo P' is 


X f = - 


im 

R ,z * 


agieeing with results previously obtained (Arts. 69, 70). 
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XI PROBLEMS. 

1 Prove by the limiting process that the potential and components ol 
attraction have finite, determinate values, and that equations (11) hold when 
the particle is on the surface of the atti acting mass 


2 Find the expiession for the potential function foi a particle exterior to 
the attracting body when the force vanes inversely as the nth power of the 
distance 


Ans 


V — * f 

v ” n — 1 


3 Find by the limiting process foi what values of n the potential in the 
last pioblom ib finite and dotcimmale when the paitiolo is a pait of the at- 
tracting mass 

4 Show that the level surfaces for a Btiaight homogeneous rod are prolate 
spheroids whose foci are the cxticmitics of the rod. 

5 Find the components of attraction of a uniform homispliore, whoso 
radius is R, upon a particle on its edge (a) in llio direction of the contcr of 
its base, (6) perpendicular to this ducotion in tho piano of the base; (c) por- 
pondioulai to these two directions 

jins (a) X = liraVR) (b) 7-0, (a) Z - faWU 


0, Fmd the deviation of tho plumb-line duo to a homisphcilcal lull of 
radius r and density <n. Lot R represent the ladius of tho earth, assumed 
to be spherical, and cri its mean donsity 
Am If X is the angle of deviation, 


tan X 


fyiratT 


Jirffif 


\v<tiR 
1 <ri r 


^tri? to/J — trjr 1 


tan X - ^"^approximately, 


7 Provo that if tho attraction vanes directly as the distance, a body of 
any shape attracts a particle as though its whole mass were concontratcd at 
its center of mass, 
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78. The Potential and Attraction of a Solid Homogeneous 
Oblate Spheroid upon a Distant Unit Particle. The planets are 
very nearly oblate spheioids, and they are so neatly homogeneous 
that the losults obtained in this article will represent the actual facts 
with sufficient approximation foi most astronomical applications 
Suppose the atti acted particle is remote compared to the 
dimensions of the attracting spheroid. Take the origin of co- 



ordinates at tho center of the spheroid with the 2 -axis coinciding 
with the axis of revolution. Let R represent the distance from 
0 to P, ancl r tho distance from 0 to the element of mass. Then 

' y r dm 

X $> p * 

(26) - p = — £) 2 4 - (y — n) 2 + (« — ?) 2 , 

r = V.T 2 4* v" 2 + 2 2 , 

. r = -y/e + + r 2 ‘ 


It follows from these equations that 


1 1 1 

p “ + in + zt) R^Ji 4- r * — M ± ^ ' 

Lot 4. *md 4 be taken as smali quantities of the first 
R it R 

or dor; then, on expanding the expression for p~ l by the binomial 
theorem, it is found that, up to small quantities of the third order, 


1 1 f , . a* 4- m 4- r 2 
P “ Ti { 1 + R* 2fl» 

, 3 (xW 4- f/V 4* zV 4- 2 xyfr 4- 4- %&&) j_ 
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Therefore 

y - if dm +hfa dm +hh dm +w$ * dm 

“ 27 ?/ rHmAr 27 ?/ & dm + 27 ?/ v * dm 

+ 1 ^5 / ? dm + ^r / & + y/ / 

+ |t / f * Hi + • • * • 

Lot ilf represent the moss of tho spheroid; then 

J dm = M, 

and, since the origin is at the center of gravity, 

J" k dm « 0, J" ?; dm - 0, J" f dm ~ 0. 

Let cr represent tho density, then 

dm » or 2 cos ()}d(f)dOdr , 
a = r cos 0 cos 
- r cos sin 0, 

{ => r siiuf), 

and (27) becomes 

V 2 7?/// §]//// r 4 cos 3 0 cos 2 Od^dOdr 

+ |f// // 4 cosVein 2 OdfrlOdr + g—J' J* r^sin 2 (/> cos (f>d<j)d0dr 
4* /// f1 0083 ^ 8 * n ^ 008 0d<i>d0dr 

-h /// f4 s * n ^ cos2 ^ s * n ^ ^ d ^ ^ 

4- /// r< sin ^ cos2 0 G0S 0 # d0dr 4* * * • , 

where the limits of integration are: for r, 0 and r; for ~ and 

A 


7T 


^ | and for 0, 0 and 2i r. Sinco f and $ aro indopendont of 0, tho 
integration can bo performed with lespoct to 0 first, giving 
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(28) 


_ m To- n r 

~Tt~ ]jij » J 0 

■ 3 ttsV /* 2* C r 

+ 2 ~W Xn, Jo ^ co& ^<^dr 


■ 3 7r2/ 2 <r ^ 2 r r . 

+ 2 “ft 3 " J_.jiJ 0 r °°&<l>d4>dr 


, 37TZV jf* 2 r r 

+ ~^T J „ J o r 4 Sin 2 cos <j>d<t>dr + ♦ • 


the last tluee integrals being zero. 

The next integration must be made with lespect to r, as this 
vauable depends upon $ Let the major and minor semi-axes 
of a meridian section of tho spheioid be a and b zespectively, and 
let 0 be the eccentncity. Then 


1 — c 2 cos 2 4> 

Upon integrating (28) with respect to r and expanding in powers 
of e, it is found that, up to terms of the second order inclusive, 

V “ li " gjp J „ (* + fe 2 eos 2 </> + )cos 4>dtf> 

+ ^ ^5- (x 2 +y 2 ) f ^ (1 -f- |e 2 cos 2 $ + • ) cos 3 d<f> 

+ | fl (1 + -fe 2 cos 2 ^ + • ) sin 2 $ cos 

"J-* 

On integrating with respect to and arranging in powers of e, 
tho oxpicssion foi V becomes 

V “W + T5 7&~ ( *‘ + !/ °~ ' • 

But 

M — 

b 2 ~ a 2 (l — <? 2 ); 
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therefore 
(20) V 


M r ¥ (a* + ?/* - 

R 10 U' ' 


2 2 a ) 


c 2 -h 



Tho components of attraction are found fiom equations (il) ami 
(20) to bo 


(30) 


X 

Y 

Z 


R* L 5 1 J(T‘ “ Ii» f 1 

-¥Af»ri + * + 

ie 3 L io it' 

*r, , 8 M3^H-i^)-2i> 

: 3 [ io w 


¥Mz 

R* 


t2 -I- 


If the spheroid should become a sphere of the same mass, the 
oxptessions for the components of attraction would reduce to the* 
first terms of the i ight members of equations (30). 1 f the attracted 
partielo is in the plane of the equator of the attracting sphenoid, 
z « 0; and if it is in tlio polar lino, x « y «* 0 Ilencu it follown 
from (30) that the attraction of an . oblate spheroid upon a particle 
at a given distance from the center in the plane of its eguator is ( pettier 
than that of a sphere of equal mass; and in the polar line, less than that 
of a sphere of equal mass. As the partielo recedes from the at- 
tracting bod}' Iho attraction approaches that of a sphoro of equal 
mass. Therefore, as the particle iccedcs m Iho piano of the equator 
the attraction decreases more rapidly than the square of Iho distance 
increases; and as il approaches , the attraction increases more rapidly 
than the square of the distance decreases. Tho opposito results aro 
true when tho partielo is in tho polar lmo. 


79. The Potential and Attraction of a Solid Homogeneous 
Ellipsoid upon a Unit Particle in its Interior. Lot tho oqualion 
of the surfaco of tho ellipsoid bo 


(31) 



¥ 

¥ 



1 ® 0, 


and lot tho attracted particle bo situafcod at tho interior point 
(avt/> *)• Take this point for tho origin of tho polar coordinate*! 
p, 0, and . On taking tho fundamental pianos of this system 
parallol to those of tho first systom, those variables aro related to 
tho rectangular cottrdinatos by tho equations 
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£ = x -+■ p cos 0 cos 0, 

(32) - t\ ~ y p cos <f> sin. 0, 

. f = « + p sin 0 

The potential of the ellipsoid upon the unit particle P is 

v= £ ) T-f4rr i>eos ^ M 

Smcc the value of p depends upon the polar angles the integration 
must bo made first with icspeet to this variable. The integration 
gives 


(33) V — ~ J* ^ j* pi 2 cos 0 d(f> dd 


To express pi in terms of the polar angles substitute (32) in (31), 
whonco it is found that 


(34) 

whero 


(36) 


A 

B 

C 


Apt 2 -+- 2 B Pl + 0 = 0, 

cos 2 0 cos 2 0 . cos 2 0 sin 2 0 
a 2 + fc 2 

x cos 0 cos 0 . y cos 0 sin 0 

_o "1 


6 2 


sm 2 0 
c 2 * 

, z sm 0 
^ c 2 


iiL+IxS- 1 


From (34) it is found that 


P 1 


- B =*= VB 2 -AC 

A 


The only pi having a meaning in this problem is positive; A is 
essentially positive, and G is negative because (a;, y, z) is within 
the ellipsoidal surface. Therefore the positive sign must be 
taken before the radical. On substituting this value of pi m (33), 
it is found that 


m V 


-sjCl 


* (2g-2B+?;-AC-4C) C0S de 

A 2 


Consider the integral 


u B VB 2 - AO 



124 


POTENTIAL AND ATTRACTION OP 


[70 


It follows from the expression foi B that the differential elements 
corresponding to 6 — 0o, <j> ~ <fo and to 0 = tc + 0o, 0 — —• 0 O ate 
equal m numencal value but opposite m sign Smco all the 
elements enteung m the integral can be paiied m this way, it 
follows that Vi ~ 0, after which ( 36 ) becomes 


( 37 ) 


cr r 2 r u f cos 2 <j> cos 2 0 ( 2a: 2 „ \ cos 2 0 sin 2 0 

= s X f i i v? - c ; + -- 

X / s m 2 0 / 2^ __ 1 cos 0 rf0 d O 

, \ t 2 / e 2 \ c 2 / J yl 2 



ay cos 2 0 sm 0 cos 0 
aW 


yz sm 0 cos 0 sm 0 
b 2 c 2 






zx sm 0 cos 0 cos 0 


<r<r 


cos 0 d0 d0 
4 l 2 


By eompaimg the elements properly paired, it is seen that tho 
second integi al is zero. 

Let 


( 38 ) W » 


<r T 2 r 2?r cos 0 d0 d0 

2 J_| Jo cos 2 0 cos 2 0 . cos 2 0 sm 2 0 , sin 2 0 ’ 


then ( 37 ) can bo written m tho form 


( 39 ) 


V - 


- cw + 


a Ite b db + 


&&W 

0 0C 


For a given ellipsoid IF is a constant, and the equation of tho 
level surfaces has the form 


Ci a 2 + C^y 2 + C S 3 2 - constant, 


which is the equation of concentric similar ellipsoids, whose axes 
are proportional to Cr 1 , Cz~\ and CfK 

In order to reduce IF to an integi able form, let 


( 40 ) 


,, cos 2 0 , sin 2 0 
i\J, 1 “ n "l 


,2 > 


N 


cos 2 0 
fc 2 


c 

sin 2 0 

c 2 


then ( 38 ) becomes 
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- f 2 C” COS <t>d<f)dO 

2 J_z. J Q M cos 2 0 + N sm 2 0 


— 4cr 



cos <}>d<t) dd 
M cos 2 0 + N sin 2 0 


M and N are independent ot 0, hence, on mtegiatmg with lespect 
to this vauablo, it is found that* 


(41) 


W = 2tt(7 


rl cos d $ 

Jo \lMN 


— 27 r<rabc 2 



cos 0 d (ji 

V(a 2 sin 2 <l> + c 2 cos 2 0) (b 2 sm 2 0 -{- c 2 cos 2 4>) 


To return to the symmetiy in a, b, and c which existed in (38), 
Jacobi introduced the liansfoimation 


whence 


W ~ iradbc 


sm 4 > = 


p CO 

Jo "V(a 2 


Vc 2 + s ’ 
ds 


"V(a 2 + s)(5 2 + s)(c 2 -j- s) 

On forming tho derivatives with respect to a, 6, and c, and substi- 
tuting in (39), it follows that 


V = 7 Tcrabc 


(42) 


jT(‘- 


r 


a 2 + s 6 2 + s c 2 -(- s 
ds 

x 


) 


The components of attraction are 


V(a 2 4* s)(& 2 -(- s)(c 2 -f s) 


(43) 


X = 7c 2 
Y « A 2 
2 = 7c 2 


dV ... 

/’ M 2ir(Tabcxkr ds 

Ox 

so (a 2 + s) V(a 2 + s) (b 2 + s)(c 2 + s) 7 

dV 

S'* 2-jt a-abeyh 2 ds 

dy 

h (6 2 + s) V(a 2 + s) (6 2 + s) (c 2 + s) ' 

dV 

r* 2t raabczk 2 ds 

Hz 

)o (c 2 -j- s) V(a 2 + s)(b 2 + s)(c 2 + s) 


Equation (41) is homogeneous of the second degree in a, b t 
* Lotting tan 0 x, tho integral reduces to one of the standard forms 
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and c, and thorofoie -= * , -r~» ^ - , computed fiom (30), aro ho- 
O l <)jj oz 

mogonomiH of dogioo aero m tho hiuim* qunnlihos, It follows, 
thoiofore, that if a , h, and o mo inmoHHod l>y any fucloi v the 
components of attraction X, V, and Z, will not bo changed; oi, 
the elliptic homocoid contained between the ellipsoidal surfaces whose 
axes ate a } b, c and wi, »b, and ve attracts the, interior particle P 
equally m opposite directions, (Oompaio Ail (17 ) 

The component of alii actum, A r , ih independent of y and z 
and mvolvoH x to Iho fm»t dcgioo, then' fore the x-componcnl of 
attraction is proportional to the v~cabrdinulc of the particle and in 
constant everywhere within the ellipsoid in the plane £ ~ a Himilai 
roHuIlH aro true for the two othei coordinates 
Suppose the notation has been chonon ho that a > b > 
Then (41) can ho put in the normal form for an olhplio integral 
of tho first kind by tho Hulmlilution 


ein <p 


e u 
Va 2 — c 3 Vl — u 2 1 


which gives 
(44) 


0® 


< 1, 


W 


JZirvabc 

Va 2 






__ d u „ 

V( 1 - u 2 )(f 


K 5 tt a ) 


This integral can bo readily computed, when k* is small, by ex- 
panding tho integrand as a power series in k? and integrating 
form by term. 


XU, PROBLEMS. 


1. Dismiss tho lovcl surfaces given by equation (20) 

2 Sat up Iho ospresslons for the eompononlB of allrunllon instead of that 
for tho potential as In Art. 79. Dolomiino wlmt parts of tho integrals vanish* 
Integrate with lospool (o 0, and Bhow that (ho results uro 


X 


•iircrbcxk* 


ti 

r 


•4 (h 7 sin 8 </i -i 


sm l i f> cos tftdti, 

« 1 cos 8 <l>)(c 7 sin 8 </> 


a* gob 8 tf>) 


y m 

Z m 


Anacayk 8 


Awaabzk 8 


f 

I 1 


sin 4 <f> oos i)i <hj> 


V~(c , 'sin 8 <t> -f* b 7 cos 8 </>)(a 8 sin 8 $ 4* & 8 coa 8 <f>) 1 

sin 8 0 oos tft djifr 

•V (« 8 sin 8 $ ' d~ci~coB 8 ^iib 7 »n 4 4> + c* oos* <pj 
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Ihnl, Donvo tho results foi Z t and since it is immaterial m what order 
tho axes are chosen, deave the others by a permutation of the letters a, b, c 
3 Transform tho equations of problem 2 by 


sin 4> — 


sm <f> ~ 


sin $ = — - 




respectively, and show that equations (43) result 

4. Show that tho potential of an ellipsoid upon a particle at its center is 


J i 00 


ds 


V(a 2 -M)(b* + s)(c s + s) 


- W 


5 From the value of V 0 and equations (43) derive the value of the no- 
tontial (42) 

0. Transform tho equations of problem 2 so that they take the form 

P v?du 

J \( 1 - it 2 ) (1 - Khd) ' 

7. Integrate equations (28) without expanding the expression for r J as a 
powor series in e 1 


80. The Attraction of a Solid Homogeneous Ellipsoid upon an 
Exterior Particle. Ivory’s Method. The mtegials become so 
complicated m the case of an extenor particle that the components 
of attraction havo not been found by direct mtegiation except in 
series. They are computed indirectly by expressing them in 


A 



torms of the components of attraction of a related ellipsoid upon 
particles in its interior This artifice constitutes Ivory’s method * 
Lot it bo required to find the attraction of the ellipsoid E upon 
the exterior particle P* at tho point ($', y' f z') Let the serai- 

* Philosophical Transactions , 1809 
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axes of E be a, b, and c. Construct through P' an ellipsoid ffi t 
confocal with E, with the semi-axes a', 6', c' } and suppose it has 
the same density as E, The axes of the two ellipsoids are related 
by the equations 

[ a' = VoM-k, 


(45) 


b f — Vb 2 + k, 

[ C / = Vc 2 + 


where k is defined by the equation 


(46) 




V 


a 2 -{- k 6 2 + k. c 2 K 


1 « 0 


The only value of k admissible in this problem is real and positive. 
Equation (46) is a cubic m k and has one positive and two negative 
roots, for, the left member considered as a function of k is negative 



when k = + « , positive, when k = 0 (because (a:', y ', z ') is 
exterior to the^llipsoid E) ; positive, when k = -- c 2 4- e (where e 
is a very small positive quantity); negative, when k ~ — c 2 — e; 
positive, when k - — b a -f e, negative, when k — — b 2 — e; posi- 
tive, when k— — a 2 + e, negative, when k ~ — a? — e, and nega- 
tive when k — ‘ — °o . The graph of the function is given in Fig. 24. 
When the positive root is taken, a ', b', and c f are determined 
uniquely 

A one-to-one correspondence between the points upon the two 
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clhpaoKk will now be established by the equations (compare 

(47) r-l't, ✓ - r-|r 

Lot P bo the point corresponding to P' It will be shown that 
the fttti action of S upon P' is related in a very simple manner to 
that of E' upon P. 

Lot X , Y, and Z represent the components of attraction of E* 
upon the interior particle P at the point (®, y, z ) They can be 
computed by the methods of Ait. 79, and will be supposed known 
Lot X' y Y\ and Z' be the components of attraction of E upon P f , 
which aro required. The expressions for the ^components are 


a /i\ 

z - f f J^~A d ^ dv ^ « k 2 a j J' J A^L d f dn , d ^ 

d /l) 

V - - fc 2 <rj f da dy d{ = fcV f f f — d£ dy df 


On performing the integration with lespeet to £, it is found that 

X=k*cff (i* Wf', 

( 19 ) J J J \P> Pi J 


where pz and pi are the distances from P' to the ends of the ele- 
mentary column obtained by integrating with respect to £ The 
solution is completed by integrating ovei the whole surface of E. 
Tho first equation of (49) is interpreted similarly. 

Now X' will be related to J in a simple maimer by the aid of 
the following lemma . 

If P and A are any two points on the surface of E, and if P 1 and 
A' are the r espect ive c orresp onding points on the surface of E' t then 
the dist ances PA' and P' A ar e equal, 

* Let PA f - p f and AP' — p. Then p — p' For, let the 
coordinates of P and A be respectively £i, yi, fi and £ 2} yz, fa] and 
of P ; and A', £i', ip', fi' and £ 2 ', yz', f 2 '. Then 


' p /2 s= ~ £ 2 ') 2 (y\ — yz) z -p (fi - fs0 2 i 

. p 2 = (£2 — £i0 2 -P fa* ~ m'Y + (fa — ff) 2 


io • 
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On making use of equations (45) and (47), it is found that 


/ i l \ v ~ -4- ~ 4- — ^ 
= K [tf+¥ + 7>)~ li W + w+ c>) 


Since P and A aie on the surface of the ellipsoid whose semi-axes 
are a, b t and c, each parenthesis equals unity. Therefore p /2 -p 2 = 0, 
oi p - p 1 

Suppose the integrals (49) aie computed so that the elements at 
coi'i'GS'pondinQ points of the two sui faces are always taken annul - 
taneously. Then Pl = pi' and p 2 = h throughout the integration* 

Moreover, it follows from (47) that dy ” p dy 1 and d£ = ~ f • 

Therefore 





bC y 

W * 


and similarly 
(51) 



ca 

o'a 


iY, 


Z* = 


ab 7 
a'b 1 Z> 


The letters a, b, c, and s of equations (43) should be given accents 
to agree with the notations of this article) and, since P and P 5 

are corresponding points, x — x', y = yV'> z ~ ~,z After 

making these changes m equations (43) and substituting thorn 
in (50) and (51), it is found that 


X' = 
Y' = 
Z' « 


X co 

' 

f oo 

X oo 


ds ; 

(a‘‘ + s') V(a' J + s')(b' ! + s')(c' s + s') 

d£ 

(b» + s') V 5 + + s') (o' 2 + s') 

ds f ____ 

(o' 2 + s') V(o' ! + s')(&' 2 + s')(c' s + s') 


} 


It follows from equations (45) that 

a' 2 « a 2 + k, b' 2 « b 2 + k, c' 2 = c 2 4- k, 
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hence, on lotting s « s' + K , it follows that 
X' 53 ” 2ir<rabclc 2 x' C — 


•A ~ — h rcabclrx | ■ - 

J K (a 2 + s) ^(a? + s)(b 2 + s)^ + s) 
(52) \ Y' = - 2vaabcWy' f " , 

Q> 2 -f- s) V(a 2 + s) (6 2 -f s) (c 2 + s) 

Z' ~ — ViTTuabcW-z' f ■ ds 

l Jk (c 2 + s) -V(a 2 + s) (b 2 + s) (c 2 + s) 

It follows from equations (40) and (41) that the components 
of atti action for lnlcuoi particles are homogeneous of degree zero 
in a, b, and c, and that they aie propoi tional to the respective 
coordinates of the atti acted particle Lot X, as above, represent 
the ftlti action of the ellipsoid E', whose semi-axes are a', h', c', 
upon the interior paiticlo at ( x , y } z), let X" lepicsent the attrac- 
tion of E' upon an interim particle at (x", y", z"), which will be 
supposed to lie l elated to (t, y } z) by equations of the same form 
as (47). Then it follows that 

X" __ x" r ' _ ZX _ z" 

X x ’ Y y > Z ~ z 

Lot the point ($", y", z"), always corresponding to ( x , y f z), 
approach the surface of E' as a limit Then at the limit 

X" = d V 5T = c_' 

X a > Y b ’ Z c 

On combining these equations with (50) and (61), it is found that 

f . X " __ Y" __ Z" _ a'b'c' _ MP 

X' Y' Z ' dbc M 


Tlmb is, the atirachon of a solid ellipsoid upon an exterior particle 
is to the attraction of a confocal ellipsoid passing though the particle, 
as the mass of the first ellipsoid is to that of the second ellipsoid 
Consider anothoi ellipsoid confocal with the one passing through 
tho particle and mteiior to it; by the same reasoning the ratios 
of tho components of attraction of these two ellipsoids are as 
their masses. Let X ,n , Y'" , Z"' be the components of attraction 
of the now ellipsoid whose semi-axes are a'", b ,n , c"‘ Then 

X” Y" Z" a'b'c' _ Mf_ 

X"' " T>" ” Z"' " a"'b"'c"' M"' 

On combining this proportion with (63), it is found that 
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X' Y' M 

X 7rt ~ V" ~ Z'" M "’ ' 

Theieforo, two confocal ellipsoids attract pen tides which cue extenor 
to both of them vn the same direction and with forces which are pro- 
portional to their masses . This theoiom was found by Maclaunn 
and Lagrange foi ellipsoids of i evolution, and was extended by 
Laplace to the geneial case wheie the tlnce axes aie unequal 
It is established most easily, however, by Ivory’s method as above, 
and it is ficquently called Ivory’s theoiem 
The right members of equations (52) can be transformed to 
foims which arc more convenient foi computation by putting, in 

the fiist, = u, in the second, = u; and in the 

’ -Vo 2 + s W + s 

thud, - i C a = u The lesults of the substitutions are 

■sjb z + a 


(54) 


X* — —A.'KcbcWx 


J C K 

Jo *V[a ! 


u 2 du 


Y' irveahy f J> 1 * ^ ( 6 2_ a! )„2j ’ 


2 - (a 2 - W)uV - (a? - c’-)u ! ] ’ 
u 2 du 


Z’^-tircabW 

t/o 


uHu 


a/[c 2 — (c 2 — a 2 )ti 2 ][c 2 — (c 2 — b 2 )u 2 ] 

When the attracted particle is in the interior of the ellipsoid tho 
forms of the integrals aie the same except that the uppei limits are 
unity. 

81. The Attraction of Spheroids. The components of attraction 
will be obtained from (54), which hold for cxtenoi particles. 
Supposo the attracting body is an oblate spheroid in which a=b>c 
and let e represent the eccentricity of a meridian section. Then 

c 2 = a 2 (l - e 2 ), 

and equations (64) become 


(55) 


x V Jo 


u 2 du 


vr 


e 2 v? 


- ‘trek 2 
z 


C *„ 

1 i 


u 2 du 


e 2 + e 2 u 2 * 


The integrals of these equations are 
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r y f V 

~~T ~ — 7 ~ — 27TO-/C 2 

V V 


( 80 ) 


Vi 


— ae l n 2 p 2 


2 


r ' cc 
e 1 i _j_ K 


Z T “ “ 4 ™ “ t 4 "°— ~ a/T^ 


+ sm_1 te)j' 


X tan - 


■( 


ce 


V(1 — c 2 )(c 2 + *) 


Tho components of attraction for mtenoi pai tides are obtained 
fioin equations (66) by putting k ~ 0 

Now suppose tho attracting body is a prolate spheioid and 
that a = b < c. Then a 2 = 6 2 = c 2 (l ~ c 2 ), and equations (54) 
become 


( 57 ) 


~ ~ - - 47r<r/v 2 f 

V ® Jo ■Vl-e 2 + e 2 ii 2 



0 

- <bro 7 c 2 (l - e 2 ) 

Jo 


u 2 du 

1 — e 2 w 3 ‘ 


Tho integrals of these equations are 

''X' r 2Wc 2 r, H ~,"a‘ 

"~L -v^rW 1 ~ e + ^ 

- (1 - c 2 ) log ^ 


( 58 ) 


a:' y' 


V 
+ ^ 


V(1 - e 2 )(a 2 + K) 




+ \ 1 + 


a~e 


(1 - c 2 ) (a 2 + k) / 


0' 


- 7 * *=» — 2ra7c 2 „ 


(1 - c 2 ) - 2ce 


1 ”f~ 


cc 


rr-r — + log- 
•vc 2 -{- X 


Vc 2 •+■ K 


CC 


•VC 2 + Kl 


When the paitiolo is intei 101 to the spheroid the equations for 
tho components of attraction are the same except that k = 0 

82. The Attraction at the Surfaces of Spheroids The com- 
ponents of attraction for an interior paiticle, which are obtained 
m tho caso of an oblate spheroid from (56) by putting k = 0, 
wo, omitting tho accents, 
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(59) 


X„Z~-2„ k >£ 


X 


y 


! [ - e -yjl — e 2 + sin" 1 e], 


Z , fc 2 

— “ — 47T(T —Z 

z e 3 


[« - Vl - * *“>->( J 


The limits of these expressions as the attracted particle approaches 
the suiface of the spheroid are the components of attraction foi a 
particle at the surface. As the attracted particle passes outward 
through the surface, k, in equations (56), stalls with the value 
zero and increases continuously in such a manner that it always 
fulfills equation (46). Therefore equations (59), having no 
discontinuity as the attracted particle reaches the surface, hold 
when x , y, z fulfill the equation of the ellipsoid 
When e is small, as in the case of the planets, equations (59) 
are convenient when expanded as power series m e. On substi- 
tuting the expansions 

pi — ' 

•C^T 2 - 1- r 


8 

. , i eS _j_ 3e6 

Sin -1 6® 6 + flTTnT 


Vl — e 2 tan -1 




t 

3 


40 

2eJ 

15 


in equations (69), it is found that 


(60) 


r £ = I - - fr»y(l - *o* + 
x y 

- = - facial + + ••) 


0» 


e 2 , 


The mass of the spheroid is 

M = fircra 2 c ~ ■|7rtra s Vl 
The radius of a sphere having equal mass is defined by the equation 

M « fTrcrB 3 - frnra a Vl ™ 

R = a(l - e 2 )*. 

The attraction of this sphere for a particle upon its surface is 
given by the equation 

(61) F ** - » - iir<r/c 2 a(l - e^K 


whence 
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When the attracted paiticle is at the oquatoi of the spheroid 
■yjx 2 -f- y 2 = a, hence the latio of the attraction of the spheioid 
foi a paiticle at its equator to that of an equal sphere for a particle 
upon its surface is 

•vx 2 + t 2 _ o- - y 2 •'•) « i - L + . 

f ~ (1 — e 2 )‘ 30 ^ 


This is less than unity when e is small, theiefoie the attraction of 
the sphoioid for a paiticle on its surface at its equator is loss 
than that of a sphere having equal mass and volume for a paiticle 
on its suiface. 

When th e atti a cted partiolo is at the pole of the spheroid 
% = c - aVl — e 2 ; hence in this case 


= VT 


(l 4- fe 2 


(1 - e 2 )* 


) G % 

1 = 1 + 


This is greater than unity when e is small, therefore the attraction 
of the spheroid for a particle on its surface at its pole is greator 
than that of a sphere having equal mass and volume foi a particle 
on its sui face 

There is some place between the equator and pole at which the 
attractions are just equal. The latitude of this place will now 
bo found The coordinates of the particle must fulfill the equa- 
tion of the spheroid; therefore 


(62) 


fix, V, *0 


g 2 + 7/ 2 
a 2 



The direction cosines of the normal to the surface at the point 
(g, y , z) are 

Ox d V 

WWhW’ 'JdHSHS" 

V 

dz 


'JdMIM!)’ 


The last is the cosine of ,tho angle between the normal at the 
point (x, y, z) and the 0-axis, and is, therefore, the sine of the 
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geographical latitude, which will be repiesented by 0 Hence, 
it follows from (62) that 

d l 

dz 

(63) am 0 


'Kr)'+(I)' + ($)' 


•V ( £ 2 + V 1 ) (1 “ e 2 ) 2 + 2(2 

Fiom (62) and (63) it is found that 

a* _i_ V 2 = ^ c/j . = a 2 cos 2 0(l + e 2 sm 2 0 + • 

1 u 1 - c 2 sm 2 0 


(64) 


2 _ a 2 (l ~ c 2 ) 2 sin 2 


1 — e 2 sm 2 0 

= a 2 sin 2 0{l — e 2 (l 4- cos 2 0) + 4 • ) 

Let G represent the whole attraction of the spheroid} then it is 
found from (60) and (64) that 

G = - VX 2 + Y 2 + £ 2 

= - |7ra/o 2 -V(T^p ) 2 (t 2 + y 1 ) + (1 + ie 2 • 0 2 « 2 
= — ^7T(r^ 2 a 1 1 “ Yq (1 + cos 2 $) + | 

The ratio of this expression to that for the attraction of a spheio 
of equal mass and volume, given by (61), is 


G 


1 - ^(1 + cos2 ^ ^ x _c 2 (l - 3 sin 2 0) 


(66) f ~ (l - e 2 )* x 30 

This becomes' equal to unity up to teims of the fourth order in c 
when 3 sin 2 0 = 1, from which it is found that 

0 = 35° 15' 52" 

Let t represent the ladius of the spheroid, then 

<*(i-„*L 

1 — e 2 cos 2 0 * 

whoie 0 is the angle between the radius and the plane of tho 
equator Since this angle difteis from 0 only by terms of tho 
second and highei orders in e, it follows that, with the degree of 
appioximation employed, 
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r 2 _ <*(1 ~ *) 


I - e 2 cos^ “ "" + e2 cos 1 * 0 + 


When 0 « 35° 15' 52", 

)» = a ! (l-|+ ^ 

Tho radius of a sphere of equal volume has been found to be 
given by the equation 


)■ 

which is seen to be equal to the radius of the spheroid up to terms 
of the second order inclusive in the eceentncity. Therefore, m 
tho ease of an oblate spheioid of small eeentncity, the intensity 
of the attraction is sensibly the same for a paiticle on its surface 
m latitude 35° 15' 52" as that of a sphere having equal mass and 
volume for a particle on its surface, or, because of the equality 
of R ancl r, a spheroid of small eccentricity attracts a particle on 
its suifaee in latitude 35° 15' 52" with sensibly the same force it 
would exert if its mass were all at its center. 


R* = a?(l - e')i = a* (l-f + 


XDtl, PROBLEMS. 

1. Show that Ivory’s method can bo applied when the attraction varies 
as any powci of tho distance. 

2, Siiow why Ivory’s method cannot be used to find the potential of a 
solid ellipsoid upon an exterior particle when it is known for an interior particle 

3 Find tho potential of a thin ellipsoidal shell contained between two 
similiu ellipsoids upon an interim particle Hint It has been proved 
(Ait. 70) that the lesullant attraction is zero at all interior points, therefore 
tho potential is constant and it is sufficient to find it for the center Let the 
soim-R\cs of tho two surfaces bo a, b, c and (l + p)a, (1 + p)b, (1 + p)c, then 
tho distance botweon the two surfaces measured along the radius from tho 
center will bo up. Therefore 

p 3 cos <j>dtf>d0 
'a P 



-Ilf 

2 w w 

r* ds 

2 nrnaboj V(a* + *)(b* + «)<* + *) 


cos <f>d<f>d0 


cos 3 cos 3 0 , cos 2 $ Bin 2 6 , stn 1 <j> 

To ’ ~r *1.0 t“ 
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4 Show that in the case of two thin confocal shells similar elements ‘of 
mass at points winch correspond aeeoiding to the definition (47 > &re pr °P 0 j j 
Sonal to the products of the thiee axes of the lespeotive ellipsoids then 
show, using problem 3 and Ivoiy'B method, that the potential of an o ipsoi 
sholl upon an exterior partielo ib 

p* ds' 

V' - 2 W aioJ o + 


K 


ds 


5 Prove that the level surfaces of thin homogeneous ellipsoids are confocal 
elhpjr What arc tho linee of force which are orthogonal to these surface,,? 

0 Discuss tho form of level surfaces when they are entirely exterior to 
homogeneous solid ellipsoids 


HISTORICAL SKETCH AND BIBLIOGRAPIIY 

The attractions of bodies weio first investigated by Newton Ills res,, lto 
are given in the Pnnapia, Book i , Secs xn and xm , and ^ai o ) lonve y 

1T , hv Ivorv 1809-1828, Phil Trans, by Legendre, 1811, ™ 

7L delaZval xi , by Gauss, Coll Woiks, vol v , by Rodriguez, 18 6, 

Carres m V&eob Polu > vol m by Po ^ 

Green, 1835, Math Papas, vol vm , Chasles, 1837 18 , 

Poly and M6m des Savants till angers, vol ix , MacCullagli, 1817, 
p“oc, vol III , Lcjouno-Dmchlct, Journal do hmmUe, vol .v„ and Crdlc, 

T °TtoSrller papers were devoted for tho most pait to tho attractions of 
homogeneous ellipsoids of revolution upon particles m particular positio , 
^ on he axis Lagrange gave tho gcnoial solution for tho attractions o 
general homogeneous ellipsoids upon mleuoi particles This was extendec 
by Ivory and Maelauim (with Laplace's generalizations) to exteuor pai tides. 
Ivoiv’s theoiem has been extended in a most mteiesling manner by Dnrboux 
m Note xvr to the second volume of the Mdcamque of Despoyrous Chasles 
gave 1 synthetic proof of the theorems regarding the attractions of homo- 
ganeous ellipsoids m Mimoircs des Savants Eh angers, vol ix , and Lejcu - 
Edet embraced m a most elegant manner m one discussion the case of 
both interior and extenoi points by using a discontinuous factor {Uoumllc 

^Laplace proved the! the potential for an exterior particle fulfllle the partial 
differential equation Qi y Qiy 


dx 1 + ntf + az a 


0 , 
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and determined V by the condition that it must bo a function satisfying this 
equation. This is a process of gieivt generality, and is relatively simple 
except in the trivial cases This 1ms been made the stai ting-point of most 
of the investigations of the lattei pait of the last century, especially where 
tho attracting bodies aio not homogeneous In a pnpei on Electricity and 
Magnetism, m 1828, Gieon introduced tho loim potential function for Y, and 
discussed many of its mathematical piopeities Gioon’s memoir remained 
nearly unknown until about 1840, and m the meantime many of Jus theo- 
iems had boon rediscoveied by CJmsles, Gauss, Sturm, and Thomson One 
of Green’s Iheoioms has found an exliomcly useful application, when tho 
independent variables are two in numbei, in tho Theoiy of Functions 

Poisson showed that tho potential function foi an interior particle fulfills 
tho paitial differential equation 

d 2 V , d*V . 3 J Y 

+ " ~ 4ir(r 

Among tho books ti eating tho subject of attractions and potential may be 
mentioned Thomson and Tint's Naluial Philosophy, part ii , Neumann’s 
Potential, Poincaid’s Potential, liouth's Analytical Statics, vol ii , and Tissor- 
and’s M6camque Cticslc, vol ii Tho last-mentioned develops most fully 
tho astronomical applications and should bo used in further leading. 

Tho atti actions of sphoioids and ollipsoids has been fundamental in tho 
discussions of possiblo figuios of equilibrium of lotatmg fluids. Tho reason 
ib, of course, that tho conditions foi equilibrium involve tho components of at- 
traction Maclaui m proved in 1742 that for slow lotation an oblato spheroid, 
whoso cccontneity is a function of tho rate of lotation and tho density of tho 
fluid, la a figuio of equilibrium, There aio, indeed, two such figures, for slow 
rotation one is nearly spheiical ancl tho othoi is very much flattened For 
fastei rotation the figuies aio moro neaily of the samo shape, for a coitam 
gieatei rale of lotation thoy arc identical; and for still faster lotation no 
spheroid is a figuio of equilibrium In 1834 Jacobi pioved that when the rate 
of rotation is not too gieat Iheic is an ellipsoid of tluee unequal axes which is a 
figure of equilibrium, winch for a coitam rate of rotation coincides with the 
more nearly spheueul of tho Maclaui in sphoioids. Foi tins woilc Tissornnd’s 
Mecaniquo C&lcste, vol ii , should be consulted. In a veiy important memoir 
( Acta Mathematics, vol vii ) Pomcard pioved that tlioic are infinitely many 
other figures of cquihbnum which, for coitam values of tho late Of rotation, 
coincide with tho conosponding Jacobian ellipsoid, ns it, foi a certain into 
of rotation, coincides with the Maclaui in spheroid The least elongated of 
these figures Is laigoi at ono ond than it is at tho other, and was oallod tho 
apioid, that is, tho pear-shaped figuio Later computations by Sii Geoigo 
Darwin ( Philosophical Transactions , vol 198) have shown it is so elongated 
that it might well bo called a cuoumber-shapcd figure. 
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THE PROBLEM OF TWO BODIES 


83. Equations of Motion It will be assumed in this chapter 
that the two bodies are spheres and homogeneous m concentnc 
layers Then, m accoi dance with the lesults obtained m Art, b , 
they will attiact each other with a foice which is proper tiona o 
the product of their masses and which vanes mvoisely as t le 

square of the distance between their centcis 

Let mi and ro 2 represent the masses of the two bodies, and 
m 4. m = M Choose an arbitral y system of lectangulai axes 
m space and let the coordinates of mi and m* rofened to it bo 
respectively ($i, Vi, h) and (£2, v*> M the distance be s ween 

mi and m, be denoted by r; then it follows from the laws of mol on 
and the law of gravitation that the differential equations which the 
cobrdinates of the bodies satisfy are 


r d 2 £ 1 (£1 — £2) 

mi ~ — l 2 nwrh ^ > 

d 2 n 1 On ~ Vi) 

mi = — Ummi p * ) 

7 » — ■ 

m,^?» -Ww i' r * 


In order to solve these six simultaneous equations of the second 
order twelve integrals must be found. They will introduce twclvo 
arbitrary constants of integration which can be determined m any 
particular case by the three initial coordinates and the three com- 
ponents of the initial velocity of each of the bodies 

HO 
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84. The Motion of the Center of Mass. On adding the first 
and fourth, the second and fifth, and the thud and sixth equations 
of the system (1), it is found that 


d% . d% 

mi w +m, w m 

(Ft ) i , d 2 riz a 

mi d^ + Wa W ~ 0 ' 


£Li 

dt 2 


m i + m 2 ^ = 0 


dt z 


These equations are immediately intogiable, and give 


( 2 ) 


d% i , d£ a 

mi H + m 'Tu ma '< 


mi 


*!+«,*! -A, 


d£ 

dfi 


i i dfa 
+ =T ‘' 


On integrating again they becomo 


(3) 


‘ + mzfo = <xd + « 2 , 

IRlTJi + «l2*?2 80 fid + /3a, 
>Mlfl + — 7 ^ “I" 72 * 


Thus, six of the twelve integrals are found, the aibitiary constants 
of integiation bej.ng «i, aa, fix, /3a, 7i> 7a 
Let £, ij, and f bo tiie coordinates of the center of mass of tho 
system; then it follows fiom Ait. 19 and equations (3) that 


(4) 


M £ ~ niiiji -j- md^i “ <x\t + oia, 

- My = in i^i + m 2>j2 = fid + J3 2 , 

.Af? = mjfx + m a f 2 = 7d + 72. 


From these equations it follows that tho coordinates increase 
directly as the time, and, thoioforo, that the center of mass moves 
with uniform velocity Or, talcing their derivatives, squaring, 
and adding, it is found that 


"KfWfHD’] 


otd + fid + 7i 2 J 


whence 
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- VoT -f /3i 2 + Ti 2 

V ~ M 

where V represents the speed with which the center of mass 
moves. The speed is therefore constant 
On eliminating t fiom (4), it is found that 

Ml - a 2 __ My- fla = Mj - 7a _ 

«i /3i 

The cobrdmates of the center of mass fulfill these lelations which 
aie the symmetrical equations of a stiaight line in space, therefoi e, 
the center of mass moves m a straight line with constant speed, 

85. The Equations for Relative Motion. Take a new system 
of axes parallel to the old, but with the origin at the center of mass 
of the two bodies Let the coordinates of mi and referred to 
this now system be ®i, Vi, and x 2) t/a, *2 respectively. They 
are related to the old coordinates by the equations 

Xi — ii — 1 ) £2 - £2 — 

(5) • Vi « 171 - v> V 2 = ~ V, 

.zi = ft - F; 22 = f- 

On substituting m (1), the differential equations of motion in the 
new variables are found to be 

mi ^ - Wmimt ^~ 3 — ^ > 

d 2 zi „ (21 — 22 ) 

^ — » 

” fc2w2Wl ^ r 3 ~ ’ 
cPz® T «. . ... (22 - 2l) , 

m 2 -jp - — irmimi > 

which are of the same form as the equations for absolute motion. 

The coordinates of the center of mass are given by equations (4) j 
therefore if x h yi, • • were known, and if the constants 
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<*ij #2> /5t> ^2j 7ij Rnd 72 weie known, the absolute positions m 
space could be found But, since there is no way of determining 
these constants, the problem of lelative motion, as expressed 
in (0), is all that can bo solved 

Since tho new origin is at the center of moss the coordinates 
are i elated by tho equations 


( 7 ) 


' JttiXi H- m 2 x2 = 0, 
miVi + m 2 y 2 ~ 0 , 
4- m 2 z 2 « 0 


Therefore, when the coordinates of one body with respect to the 
center of mass of the two aio known the coordinates of the second 
body aie given by equations (7). 

Equations (7) can be used to eliminate x 2) y 2 , and z 2 from the 
fust three equations of (6), and ui, y h and z x from the last three 
Tho results of tho elimination are 


( 8 ) 


d 2 x i 
dt 2 


- - h*M 


Xi 
^ » 


d 2 y i 
dt 2 

dh i 
dt 2 

d 2 x a 
dt 2 

d 2 y% 
dt 2 

dt 2 


WMp, 


« - k 2 M 


Vl 

mS > 


r 


In the first three equations the r which appears in the right 
mombor must be expressed in terms of x X) y X) and z x \ and m the 
second threo it must be expressed in terms of xi, yi> and z 2 , It 
follows from equations (7) that 


M — s M M 


r. 


Tlie equations in x X) y X} Z\ aie now independent of those in a?a, ffo, z 2} 
and conversely* But what is leally desired in practice is the 
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motion of one body with respect to the other. Let x, y, and 3 
represent the coordinates of m 2 with respect to mi, then 


x = x 2 - xi f y ~ 2/2 — Vh z = z 2 — Z\. 


Hence if the first, second, and thiid equations of (8) are sub* 
ti acted fiom the fourth, fifth, and sixth equations respectively, the 
results are, as a consequence of these relations, 


( 9 ) 


dt 2 

cj?y 
dt 2 




&Z 
, dt 2 


= -mi 


z_ 

r 3 


The problem is now of the sixth order, having been i educed 
from the twelfth by means of the six mtegials (2) and (3) The 
six new constants of integration which will be mUoduccd m 
integrating equations (9) will be determined by the three initial 
coordinates, and the thiee projections of tlio initial velocity of wit 
with respect to wiz 


86. The Integrals of Areas. Multiply the first equation of (9) 
by — y, and the second by -j- x, and add, the result is 

0, and similarly, 


‘ d*y 

d 2 x 

dt 2 

y dt 2 

d 2 z 

d 2 y 

V dt 2 

dt 2 

d z x 

d 2 z 

z di 2 

X dt 2 


The integrals of these equations are 


( 10 ) 


dy 

dx 


x dt 

~ y di = 

Oil 

dz 

dy 


V It 

Z dt ~~ 

02, 

dx 

dz 


Z 

t dt 

— X-JT = 

dt 

Os. 


It follows from Art 16 that ax, a 2 , a 3 are the projections of 
twice the areal velocity upon the xy, yz, and ^-planes respectively. 
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Upon multiplying equations (10) by z, %, and y respectively, and 
adding, it is found that 

(11) aiz + a 2 x + a z y = 0. 

This is the equation of a plane passing thiough the origin, and it 
follows from its denvation that the cooidmates of nil always 
fulfill it, tlierefoie, the motion of one body mth respect to the other is 
in a plane which passes through the centei oj the other 
The constants ai, as, and a 3 deteimine the position of the 
plane of the orbit with respect to the axes of reference. In polar 
coordinates equation (11) bocomos 

(12) ai sm (p + a 2 cos <p cos 0 + a 3 cos <p sin 0 — 0. 

The cry-plane and the plane of the oibit intersect in a line L 
(Fig 25) Suppose OL is that half line which passes through 



the point at which the body mi goes from the negative to tho 
positive side of tho cry-plane Let Q> ropiesont the angle between 
the positive end of the cr-axis and tho line OL counted m the 
positive direction from Ox, This angle may have any value fiom 
0° to 360°, Let % represent the inclination between the two 
planes counted m tho dn action of positive rotation around OL. 
The anglo % may havo any value from 0° to 180°. It is loss or 
greater than 00° according as a\ is positivo or negative. Then, 
11 
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when = 0 the value of 0 is Si or Si + When 6 » Si -f* 
the value of <p is % oi it — i according as ^ is loss than or greater 
than 90°. In these cases equation (12) becomes respectively 

fa 2 cos Si + «s sin Si - 0, 

(lo) A 

Laj sm % a 2 cos ^ sm =±= as cos ^ cos Si — 0, 

where the signs of the second equation are the upper if i is less 
than 90°, and the lower if it is gi eater than 90°. 

Since the projections of the aieal velocity upon the three funda- 
mental planes are constants (viz., ^ai, ^a 2 , and ^3), the areal veloc- 
ity in the plane of the oibit is also constant Let this constant 
be represented by %ci } then 

(14) ci = Vai 2 -f a 2 2 + as 2 , 

where the positive value of the square loot is taken. On solving 
(13) and (14) for oi, a 2 , and a 8 , it is found that 


( 15 ) 


’oi = 4- ci cos 
- a 2 = =*= Ci sin i sin Si , 
L a s = t Ci sin t cos Si , 


where tho upper or lower signs are to be taken in the last two 
equations according as i is loss than or greater than 90°; that is, 
according as ai is positive or negative With this understanding 
equations (15) uniquely doteimme % and Si, which uniquely 
r dotormme the position of tho plane of the orbit. 

87. Problem in the Plane. Since tho oibit lies in a known 
plane, tho coordinate axes may be chosen so that the x and y-atfes 
lie in this plane. If the coordinates are represented by x and y 
as before, the differential equations of motion are 


( 16 ) 


r d 2 X 

dt 2 
- dt 2 


- -VM%, 
= - k 2 M ~ . 


The problem is now of the fourth order instead of the sixth as 
it was m (9), having been reduced by means of the integrals (10). 
It will be observed that, since the position of the plane is defined 
by the two elements Si and or by the ratios of a i, a 2 , and as in 
(11), only two of the arbitrary constants were involved in the 
reduction. This problem might be solved by deriving tho differ- 
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ential equation of the orbit as m Ait 54 and mtegiating as in 
Art. 62, the last integral being denved from the integial of aieas, 
but, it is preferable to obtain the lesults dnectly by the method 
which is usually employed m Celestial Mechanics 
Equations (16) give 

d 2 y d 2 x 

dt 2 V dt 2 “ °* 

The integral of this equation is 

dy dx 

*7t~ v dt 

which becomes in polar coordinates 


Cl, 


(17) 


— 

dt 


~ Ci. 


Lot A represent the area swept over by the radius vector r; then 


dA 


— v 


dO 


“ cij 


whence 

(18) 2 A — at -h Cz, 

from which it follows that the areas swept over by the radius 
vector are proportional to the times in which they arc described, 

On multiplying (16) by 2 ^and 2 ~ respectively, and adding, 

the result is 


z dt 2 - dt^* dt 2 dt 


im 


(■S+»S) 


2 im dr 
r 2 dt ' 


The integral of this equation is 

o® 


2WM 


-I- C 8 . 


This equation, which involves only the square of the velocity 
and the distance, is known as tho vis viva integral (Art 52) On 
transforming the left member to polar coordinates, this equation 
becomes 

dO V 2 k 2 M 


But 




dr 

dt 


dt } 

dr dd 
dO dt 


Ca* 


therefore 
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/2?yj /*y +f .\ « 

\dt) \\dOj ^ J 


2 mi 


■h Ca. 


(10 


On eliminating ^ by moans of (17), this equation gives 


dO = 


ci dr 


r V ~ Ci 2 4" 2/o 2 il/? H- C3 ? 2 ! 
which may be written in the foim 


d 


( 20 ) 


do = 


(?) 


/ . mp (im c x \ 

Lot B 2 and u be defined by 

r . i'M 2 m 

| Cs+ 


PM d ^ 

[ Cl ? W> 

in which £ 2 must be positive for a real oibit, then (20) becomes 

- d« 


dO = 


V" B 2 - u 2 ' 


The integral of this equation is 

iW, 

0 = cos -1 ^ + ci 

On changing from u, B, and c 4 to r and the original constants, it is 
found that 

Cl 


( 21 ) 


r — 


im 

Ci 


4 


mp {n N 

c 3 -t- COS (0 - cO 


which is the polar equation of a conic section with the origin at 
one of its foci 

88. The Elements in Terms of the Constants of Integration. 
The node and inclination aro expressed in teims of the constants 
of integration by (15) 

Tho ordinary equation of a conic section with the origin at the 
right-hand focus is 

__ p 

r 1 + e cos (0 — w) * 
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whoio 7; is the scmi-pai ametei, and co is the angle between the 
polar axis and the majoi axis of the conic. On comparing this 
equation with (21), it is found that 


( 22 ) 


cd 

v mi 

G 2 - 1 + 


Ci 2 Ca 

mp * 


O) = C\ — 7T, 
ci — 

__ A, 2 (l-e 2 ) 

W — * 

V 


M. 


When e 2 < 1, the orbit is an ellipse and p - a(l — e 2 ), where 
a 1 h the major semi-axis, when e 2 = 1, the oibit is a parabola and 
V — 2(7, whoic q is the distance fiom the ongm to the vertex of 
the parabola; and when e 2 > 1, the oibit is an hyperbola and 
?J « a(e 2 “ 1) 

Let A 0 represent tho ai ca described at the time the body passes 
perihelion,* then the time of perihelion passage is found from 
equation (18) to bo 

(23) T « — 


This completes tho determination of the elements in terms of 
tho constants of integration. They aro defined in terms of the 
initial coordinates and components of velocity by the equations 
whoio they first occur, via., (10), (17), (18), (19), and (21) 


89. Properties of the Motion. Suppose the oibit is an ellipse 
Then, when tho values of the constants of integration given in 
(22) aro substituted in (17) and (19), these equations become 


(2d) 


,d0 


r* — h -V Ma(i — e 2 ), 




whero V is tho speed in the orbit at the distance r from the origin 
When tho orbit is a circle, r — a and 

* tin! 088 mt la specified to bo somo body other than the sun the nearest apse 
will bo nailed the perihelion point. 



1'HOl‘UUTIKB OF TIM MOTION. 


[BO 


too 


Wh(‘u tho orbit in u parabola, a ai «> and 

v . 2JIW 
»V" 5 r • 

Theiofme, ut a given distance from llu* origin tho ratio of the 
upped in a parabolic orbit to Unit in a circular orbit m 

(25) V, . V . - 1. 

Tluw, in tbo motion of come In around tho Him they erouK tho 
pianelH* mbilH with voloeilieu about 1.414 timcrt Uujho with which 
the renpoetivn plane tn move. 

Tho HjM'cd that n body will acquit o in fulling from tho diutaueo 
a to tho diHtiuico v towiucl tho center of foieo WM ib given by 
(hoo Art, !15) 

V«» 

If h in doteunined by tho condition that thin Hlinll equal the Hpeed 
in tho orlnt, it in found, after equating tho right member of tlua 



expression to tho right mombor of tho second of (24), that a « 2a 
and 

(20) V»-2*w(J-i). 

Therefore, the speed of a body mooing in an ellipse is at every 
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V° ini equ( J l io th f whlch %l would acquit e m falling from the circum - 
foettce of a circle, with center at the origin and ladms equal to the 
major avis of the conic, to the ellipse 

Tho apccd p f P m fcho elll P se w equal to that which would be 
acquired m falling from P ' to P 

Equation (26) gives an interesting conclusion about the possible 
motion of in i on the basis of this equation alone, and without 
making any use of the detailed pioperties of motion m a conic 
section feinco the loft member is necessarily positive (or zeio) 

> can take only such values that the right member shall be positive 
<oi zero) Consequently r ^ 2a in all the motion whatever it 
may bo. *1 Ins losult is trivial in this simple case m which all 
the oil cumstanccs of motion are fully known, but the corresponding 
discussion in the Problem of Thee Bodies (Chap vni.) gives valu- 
able information which has not been otherwise obtained 

Consider the second equation of (24) and suppose the body 
vh is piojectcd fioin a point which is distant r fiom the body ra 2 
It follows at once that the major axis of the conic depends upon the 
initial distance fiom the ongm and the initial speed, but not upon 

2k 2 M 

the dii edion of projection. If T 72 < — ~ = U 2 , which is the veloc- 


ity tho body mi would acquire in falling from infinity, a is positive 
and tho orbit is an ellipse; if V 2 ~ U z , a is infinite and the orbit 
ih a piuabola, if V 2 > U 2 , a is negative and the orbit is an hyperbola 
Let ti and h be two epochs, and A i and Ao the corresponding 
values of tho aiea described by the radius vector. Then equation 
(18) gives 

2(A% — A i) — (ti — ti)ci 


Hupposo k — l\ — P, tho period of levolution; then 2 (A z — di) 
equals twice the men of the ellipse, which equals 2-n-ab The 
expression for the period, found by substituting the value of Ci 
given in (22) and solving, is 


(27) 


P = 


27rfl* t 

k4M' 


jpYom this equation it follows that the period is independent of 
every element except the major axis; or, because of (26), the period 
d op ends only upon tho initial distance from the origin and the 
initial speed, and not upon the direction of projection. The 
major semi-axis will bo called the mean distance, although it must 
bo understood that it is not tho average distance when the time is 
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used as the independent vauable (See Probs. 4 and 5, p 154.) 

The three orbits drawn in Fig 27 have the same length of 
major axis and are consequently described in the same time. 
The speed of projection fiom A is the same m each case, the 
differences in the shapes and positions resulting from the different 
directions of projection 



If the two systems mi, m 3 , and m 3 , m 3 are considered, and tho 
ratio of their periods is taken, it is found that 

P 2 1, 2 __ -^3, 2 

P 2 3, 2 tt 3 s, 2 M 1, 2 

Tf the two systems are composed of the sun and two planets 
respectively, then Mi, z and M 3>2 arc very nearly equal because 
the masses of the planets are exceedingly small compared to that 
of the sun. Therefore, this equation becomes very nearly 

P 2 1. 2 a 3 i. a. 

P 2 3, 2 a 3 8, .* 

or, the squares of the periodic times of the planets are proportional to 
the cubes of their mean distances. This is Kepler’s third law. 

It is to be observed that, in talcing the ratios of the penods, it 
was assumed that k has the same value for the different planets, 
that is, that the sun’s acceleration of tho two planets would bo 
the same at unit distance On the other hand, it follows from tho 
last equation, which Kepler established directly by observations, 
that h has the same value for the various planets. This means 
that the force of gravitation between the sun and the several 
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planets is proportional to thou respective masses, as measured 
by their meitios This lcsult is not self-evident for the force of 
giuvilalton conceivably might depend upon the chemical con- 
Htitution or physical condition of a body, just as chemical affinity, 
magnetism and all othei known foices depend upon one oi both 
of these tilings In fact, it is romaikable that gravitation is 
proportional to incitia and independent of everything else 

90. Selection of Units and the Determination of the Constant k 
"When the units of time, mass, and distance are chosen k can be 
determined from (27). It is evident that they can all be taken 
arbitianly, but it will be convenient to employ those units in 
which astronomical pioblems aie most fiequently tieated The 
mean solar day will be taken as the unit of time, the mass of the 
sun will bo taken as the unit of mass, and the major semi-axis of 
the earth's orbit will bo taken as the unit of distance. When these 
units are employed the k cletei mined by them is called the Gaussian 
constant, having been defined in this way by Gauss m the Theona 
Molus , Ait. 1. 

Let fth repiesent the mass of the sun and m\ that of the earth 
and moon together) then it has been found fiom observation that 
m these units 

ms __ 1 

(28) \ mx “ 354710 “ 354710 ’ 

_ P » 365.2503835. 


On substituting these numbeis m (27), it is found that 

f ; c = = 0.01720209895, 

(29) 4 P-Vl+wi 

l log h « 8.2356814414 - 10. 


Hi nee mi is vory small 1c ~ ^ neaily, and is, therefoie, neaily 
the mean daily motion of the earth in its orbit, or about tV The 
mean daily motion of a planet whose mass is m, is and is 
usually designated by This is found from (27) to be 


k -Vl-k 
^ ' 


The period of tho 
mean distance ^wevo 


earth's i evolution aiound the sun and its 
not known with perfect exactness at the 
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time of Gauss, nor arc they yet, and it is clear that the value of 
Jo varies with the different deteirmnations of these quantities, 
If astronomers hold stnetly to the definitions of the units given 
above it would be necessary to recompute those tables which 
depend upon k every time an improvement m the values of the 
constants is made. These inconveniences arc avoided by keeping 
the numerical value of k that which Gauss detei mined, and 
choosing the unit of distance so that (27) will always be fulfilled. 

If tho mean distance between two bodies is taken as the unit of 
distance and the sum of their masses as the unit of mass, and if the 
unit of time is taken so that k equals unity, then the units foim 
what is called a canonical system Since M — 1 and k 2 = 1 in 
this system, and from (30) n - 1, the equations boeomc some- 
what simplified and are advantageous m purely theoietical 
investigations 


XIV. PROBLEMS. 


1 Fmd the differential equations for tho problem of the relative motion of 
two bodies in polar coduhnates. 



2 Integrate tho equations of pioblem 1 and interpret the constants of 
micgi ation 

3 The earth moves in its oibit, winch may be assumed to be circular, with 
a speed of 18 6 miles per second. Suppose the meteors approach the sun in 
parabolas', between what limits will be their rolativo speed when they strike 
into tho earth's atmosphere? 

Ana, 7.66 to 44 06 mites per second. (Tho Nov 14 meteors meet the 
oarlh and have a relative speed near tho upper limit; the Nov. 27 meteors 
overtake tho oarfch and have a relative speed near the lower limit ) 

4 Find the average longth of tho radius vector of an ellipse In terms of 
a and e, taking the time as tho independent variable 


AtlB, 


f r ^ 

Average r = — — = a 
jit 



6 Find tho average length of tho radius vector of an ellipse, taking tho 
angle as the independent variable. 


Ana 


Averager = 


frit, 

jm 


2iraVl — e* , 

s — * 
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0 I’rovo that the amount of heat received from the sun by the planets 
per unit men is on the uvciagc propoitional to the reciprocals of the products 
of the major and minor axes of tlioir orbits For a fixed major axis how does 
(ho total amount of heat received in a revolution depend upon the eccentricity 
of tho orbit? 

7, If particles are projected from a given point with a given velocity but 
hi different directions, find, tho locus of (a) perihelion points, (b) aphelion 
points; (c) oontora of ellipses; (d) endB of minor axes 

8, If pat tides aro projected from a given point in a given direction but 
with different speeds, find tho loci of tho same points as in problem 7, and 
express tho coordinates of those points in terms of tlio initial values of the 
coihdinntca and tho components of velocity 

0 Hupposo a comet moving in a parabolic orbit with perihelion distance q 
coll Idea with and combines with an equal mass winch is at rest before the 
collision, Find tho cccenlnoily and tho perihelion distance of the orbit of 
tho combined mass, 

10, Suppose tho mass of Jupitor is 1/1047 when expressed in terms of the 
maw* of tho Bun, and that its mean distance fiom the sun is 483,300,000 miles 
(tho mean distance fiom the oaith to tho sun is 92,900,000 miles) Fmd 
Jupitor ' b porlod of revolution around tho sun, and tho size of the orbit which 
tho aun describes with respeet to the center of gravity of itself and Jupiter 

91, Position in Parabolic Orbits. Having found the curves in 
which tho bodies move, it remains to fmd then positions in their 
orbits at any given epoch. The case of the parabolic orbit being 
tho simplest will bo considered first, and it will be supposed, to 
fix tho ideas, that tho motion is that of a comet with respect to 
tho sun. Sinco tho masses of the comets are negligible, M - 1 
and equation (17) becomes 

(31) r 2 “| == fc = /c V2fl. 


When the polar angle in the orbit is counted from the vertex of 
tho parabola it is denoted by v, and is called the true anomaly. 
Then 

r do dv 
Tt~ dt> 

V 

r = r— r J = q sec 2 n. 

1 + cos v 2 


Ilcnco, equation (31) gives 

-jjfcdl ® sec '-dv « (sec 2 1 + sec 2 ~ tan 2 0 dv. 
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The integral of this expiession is 
(32) 


v , l t l(t - T) 

tan _ +gtan »_ = _g_ 


where T is the time of perihelion passage. This is a cubic equation 

m tan- On talcing the light membei to the left side it is seen 
z 

tli at foi t — T > 0, the function is negative when v = 0, and that 
it mci eases continually with v until it equals infinity foi v ~ 180°. 

V 

Theiefore, there is but one real solution of (32) for tan ^ > and lb 

is positive. For t - T < 0 it is seen in a similar manner that 
there is one real negative solution 
Equation (32) may be written 


* 76 k(t~ 

25 tan 3 — + 75 tan ~ = — p- * 

2 1 2 q* 


T ) 


= K 


6 t-T ) 


Tables have been constructed giving the value of the right member 
of this equation foi diffeient values of v, Fiom these tables v can 
be found by interpolation when t ~ T is given; or, conversely, 
t — T can be found when v is given These tables arc known ns 
Barker’s, and are VI m Watson’s Theoretical Astronomy, and IV. 
in Oppolzer’s Bahnheshmmung * 

In order to find the direct solution of the cubic equation lot 


whence 


tanjr — 2 cot 2w — cot w — tan W’, 

At 


tan 3 ^ - — 3 tan ~ 4* cot 3 w — tan 8 w. 


This substitution reduces (32) to 

cot 3 w — tan 3 w - 
Let 


T) 




whence 


cot s - 


3 k(t ~ T) 
2 « qi 


Therefore the formulas for the computation of tan ^ are, in tiro 


* In Oppolzer’s Bahnbestimmung the factor 75 is not introduced 
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ordei of their application, 


(33) 


cot s = 3fc <‘ - n 
c0t S (2 q)i 


cot W — \ cot 


2' 
V 

tail ^ — 2 cot 2tu 


After v has been found ) is detei mined by the polar equation of 


the parabola, ) = 


V 




_ = n gee 4 - 

i + cos v * 2 

92. Equation involving Two Radii and their Chord. Euler’s 
Equation. Oonsidei the positions of the comet at the instants 
l[ and h Let tho coi responding radii be ? i and ? 2) and the chord 
joining their oxtiemitios s. Lot the corresponding true anomalies 
bo Vi and v% Then it follows that 

' /c(ii 


V2 qt 

l(h -_T) 

' 


^ - tan ~ + ~ tan 3 ~ , 


tan^ + 1 tan 3 -, 


Tlio difforenco of these equations is 
A>(^2 




— « tan ~ 


Vl 


ten|+i(tan’ 2 


tan 3 


Vi 


)■ 


or, 


(34) 


3/cfta ~ l 

’ *gqi 


- = (umj- I 1 ) [ 3 ( 




1 + tan tan 


+ 




The equation for the chord is 

~j ^*j,2 ^|_ — Suit’s cos 1 l^i) 

» (n + r 2 ) 2 - 4r t r 2 cos 2 2 ~ ^ 

I?rom this equation it is found that 

(35) 2-Vnrs cos “ * V(n -4 r* 4- fi)(n + ^ “"5 

Tlio H- sign is to be taken before the radical if v% - n < and 
tho — sign, if tia — 
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It follows from the polai equation of the parabola that 
n ~ q sec 2 , n = q sec 2 ^ 

Those expressions for r\ and r 2 , substituted in (35), give 
(35) l + tan ^ tan | * ^(’ ' + ’’» + «)(n + )'. r _g) . 

It also follows from the expressions for ri and r 2 that 
T\ + r 2 — q ^2 + tan 2 ~ 4- tan 2 
The last two equations give 

(ft 4~ 1 2 4~ s) ~h (ri 4~ rz — s) =f 2 ■>/(? 1 4~ 1 2 4- s)(?’t r% — s) 

- (**%-**%)' \ 

whence 

/n * 7 s 4- » 2 4- S =F -V n 4- r 2 - a x « 2 x _ v% 

(37 > “2 " 2" 

Equation (34) becomes, as a consequenco of (36) and (37), 

(38) Ql(ti — ti) = (ri 4- fa 4~ 3) 8 =f (r\ 4“ r 2 — s)i 

This equation is remarkable in that it does not involve q It was 
discovered by Eulei and bears his name. It is of the first im- 
portance m some methods of determining the elements of a para- 
bolic oibit from geocentric observations 

There is a corresponding equation, due to Lambert, for elliptic 
orbits The right member is developed as a power series in 1/a, 
the first term constituting the right member of Euler’s equation. 

93. Position in Elliptic Orbits. The integral of areas and tho 
vis viva integral are respectively 

r 2 ~[ = W(1 H-m)a(l — e 2 ), 

y - + «> (H) ■ 

* dv * 

The result of eliminating from the second of these equations 
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by moans of the fust is 

Lot n lopresent the mean angular motion of the body in its orbit 
then * 

_ 27r __ L -yj 1 ■+ m 

n ~7 sr— 


f)n introducing n in (39) and solving, it is found that 


(40) 


n dt — 


r dr 

a "VaV — (a ~ r) 2 ' 


In order to normnlizo the integral "which appears in the right 
member of (40), let the auxiliaiy E be mtioduced by the equation 


m 



= ac cos E, whence 
= a(I — e cos E), 


Thin angle E is called the eccentmc anomaly. Then (40) becomes 
ndl — (I — e cos E)dE , 
the integral of which is 

n (l ~ T) = E — e sin E . 


The quantity nil — T) is the angle which would have been de- 
scribed by the radius vootor if it had moved uniformly with the 
average rate. It is usually denoted by M and is called the mean 
anomaly . Thorofoio 

(42) n(l - T) = M — E — e sin E 

The M can at once bo found when (1 — T) is given, after which 
equation (42) must bo solved for E , Then t and v can be found 
from (41) and the polar equation of the ellipse Equation (42), 
known as Kepler's equation , is transcendental in E } and the solution 
for tins quantity cannot bo expressed in a finite number of terms 
Since it is very desirable to have the solution as short as possible 
astronomers hnvo devoted much attention to this equation, and 
several hundred methods of solving it have been discovered 

94. Geometrical Derivation of Kepler’s Equation. Construct 
tho ellipse in which the body moves, and also its auxiliary circle 
AQB. Tho angle AFP equals the true anomaly, v, the angle 
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ACQ will be defined as the eccentric anomaly, E, and it will be 
shown that the relation between M and E is given by Kepler’s 
equation. 



Prom the law of areas and the properties of the auxiliary circle, 
it follows that 

M _ area AFP _ area AFQ 
% r area ellipse area circle * 

Area AFQ — area ACQ — areaPCQ = ^ — ^ae sin E. 

Therefoie 

M_ _ a 2 (E — e sm E) 

2r ~ 2 7ra 2 ; 
or, 

f M ~ E — e sin E, 

1 FP = r = - V?5 S + fW = o(l - e cos E) t 

[ 1 + e cos v 

which is the definition of the eccentric anomaly given in (41). 

95. Solution of Kepler’s Equation. It will be shown first that 
Kepler’s equation always has one, and only one, real solution for 
every value of M and for every e such that 0 < e < 1. Write 
the equation in the form 

*(2S) w E - e sm E - M = 0 

Suppose M has some given value between nr and (n -j- l)r, 
where n is any integer; then there is but one real value of E satis- 
fying this equation, and it lies between nr and (n + l)7r. For, 
the function <j)(E) when E - nr is 

4>(nr) ~ nr M <, 0. 


solution of keplbr’s equation. 
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And <I>(E) when E — (n - h 1 )tt is 

$[(n. -j- l)7r] *= (w + 1)^ — M *> 0 

Consequently there is an odd number of real solutions for E which 
he between nir and {n -}- 1)tt But the denvativo 

<f>'(E) s 1 - e cos E 


is always positive; thercfoic inci eases continually with E 

and takes the value zeio but once. 

A convenient method of piactically solving the equation is by 
means of an expansion due to Lagrange Suppose z is defined as 
a function of w by the equation 


(43) 2 = w + 

where a is a paiamctei Lagrange has shown that any function 
of z can bo expressed m a power series in a, which converges for 
sufficiently small values of a, of the form* 


(44) 


F(z) - F(w) + j • <f>(w)F'(w) + r ~2 dw 

d n 


[{*(w)J*nto)] 


v n+ 1 


_|_ 


[{<Kio))»-"F\(w)] + 


n (» + i)iato n ' 

This expansion can bo applied to the solution of Kepler’s equation 
by writing it 

E == M + c sm E, 


which is of the same form as (43). The expansion of E as a scries 
in e can bo taken from (44) by putting F(z) — E, <j>(z) ~ sin A 1 , 
w ~ M, and a = e. The result is 

( 45 ) E = M 4* j sin M + tp-g sin 2 M + * • • • 

All the terms on the right except the first are expressed in radians 
and must bo reduced to degrees by multiplying each of them by 
the number of degrees in a radian The higher terms are con- 
siderably more complicated than thoso written, and the work of 
computing them inci oases very rapidly. In the planetary and 
satellite mbits the eccontricity is very small, and the senes (45) 
converges with great rapidity, the first three terms giving quite 
an accurate value of E. 


n 


* Williamson’s DijJ Oah , p. 151. 
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P6 Differential Corrections. A method will now be explained 
m one of its simplest applications, which is of great impoitance 
in many astronomical pioblems Suppose an approximate value 
of JS is determined by the first three terms of (45). Call it E •; 
it is required to find the coriect value of E 
Kepler’s equation gives 

Ma « - e sin E 0 . 


For a particular value of M, viz , M 0 , the corresponding value of 
jS viz , E, } is known. It is required to find the value of E corre- 
sponding to M, which differs only a little fiom Mo. I he angle M 
is a function of E and may be written 

M - Mo + AMo = f(E o + AS 0 ) 

On expanding the light member by Taylor’s formula, this equation 
becomes 

M » Mo + AMo = f(Eo) + f'{Eo)AE Q -f ♦ . 


By the definitions of the quantities, M 0 - f{E 0 ); therefore this 
equation becomes 

(46) M - Mo = / W A^o + • - (1 “ e cos AS 0 + • • * • 

Since AS 0 is very small the squares and higher powers may bo 
neglected,* and then equation (46) gives for the correction to be 


applied to .iEo 
(47) 


AE o — 


M - Mo 
1 ~ G COS Eq ' 


With tho moie nearly concct value of E, E\ - E 0 + A7? 0j and 
Mi can be computed fiom Keplci’s equation, and a second correc- 
tion will be 


A Ey = 


M- Mi 
1 - c cos Ei ' 


This process can bo lcpeatcd until tho value of E is found as near 
as may bo cleshed.t In the planetaiy orbits two applications of 

* If tho higher terms in A2?o were not neglected AEo could bo oxpi cased ns a 
power senea in M - Ah, of which the fust term would bo tho light moinbor 
of (47) 

t For tho pi oof of tho convergence of aslmdar, but somewhat moro laborious, 
process see Appcll’s Mtcamquc vol, i , p, 391. 
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the formulas will nearly always give lesults winch aie sufficiently 
accurate, and usually one correction will suffice. 

97. Graphical Solution of Kepler’s Equation. When the 
eccentricity is moio than 0 2 the method of solving Kepler’s 
equation given above is laborious because the first approximation 
will be veiy inexact. These high eccentricities occur in binary 
star and comet oibits, and aie sometimes even so great as 0 9 
In the case of binary star orbits it is usually sufficient to have a 



solution to within a tenth of one degree. In this work a rapid 
graphical method is of gioat practical value. 

Consider Keplor’s equation 

E — e sin E — M - 0, 

where M is givon and E is required. Take a rectangular system 
of axes and construct the sine curvo and the straight Ime whose 
equations are 

'y - sin E } 

' V=Ub-U). 

The abscissa of their point of intersection is the value of E satis- 
fying tire equation,* for, eliminating y, Kepler’s equation results. 
Tho first curve is the familiar smo curvo which can be constructed 

* Duo to J. J, Watorson, Monthly Nokm, 1840-50, p 169. 
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once for all; the Becond is a sliaight line making with the #-a\is 
an angle whose tangent is 1/e Instead of drawing the straight 
line a atraight-edge can be laid down making the proper slope 
with the axis To facilitate the determination ol its position 
construct a line with the degrees marked on it at an altitude of 
100 * then place the bottom of the stiaight-eclge at M and the 
top at M + 100e, and it follows that it will have the piopei slope. 
If M is so near 180° that the stiaight-edge runs off fiom the 
diagram, the top can be placed at M -f 50e on 50-lme. As Af 
becomes very near 180° the mean and cccontne anomalies become 
veiy nearly equal, exactly coinciding at M = 180° 

98. Recapitulation of Formulas. The equations for the com- 
putation of the polar coordinates, when the time is given, will 
now be given in the order m which they are used 


(48) 


whence 


(40) 


h Vl + ra 
n ~ at 

M = n(t - T), 

(ft 

E q = M + e sin M + g 8m 2 


Mo = Eq - e sin E 0 , 

M — Mo 
" 1 - o cos JSV 


Ei = Eq d- A^o, 
r = o(l -eaosE) 


COS V — 

sin v = 
1 + cos v = 

1 — COS V = 


cos E — e 
1 - e cos .ft’ 

■Vl — c 2 sin E 
1 — e cos E 9 

(t — c)(l -f- cos E) 

1 ~ e cos E 9 

(1 + c)(l — cos E) 

1 — e cos E 


* This device ia due to C A. Young 
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Ihe squaic loot of the quotient of the last two equations gives a 
very convenient foimula foi the computation of v, viz,, 

/kh\ / 1 ~ ~ cos v v 1 1 -j- q E 

m = ta " 2 - ylrh tm i 

The last equation of (48) and equation (50) give the polar co- 
ordinates when E is known 

99. The Development of E in Series. The equations which 
have been given aie sufficient to enable one to compute the polar, 
and consequently tho icetangulai, coordinates at any epoch, 
yet, in some kinds of investigations, as m the thcoiy of perturba- 
tions, it is necessaiy to have the developments of not only E, but 
also the polar cooulinates, earned so fai that the functions aie 
represented by tho senes with the desned degiee of accuracy. 

The application of Lagiango's method of Art 95 to Kepler’s 
equation gives E ns a powei senes in e whoso coefficients aie 
functions of M This method has been used to get the fust terms 
of tho seiios and it can bo continued as far as may be desired. 
It is very elegant m piacfcico and is subject only to the difficulty 
of proving its legitimacy. But a direct ticatmcnt of Kepler’s 
equation based on more elemontaiy considerations is not difficult. 
The solution of 

M « E - e sin E 

for E is jr when M - jr, wheie j = 0, 1, 2, • • •, whatever value e 
may have. Moreover, it has been shown that when c is less than 
unity tho solution is uniquo for all values of M. When e ~ 0 the 
solution is E » M for all values of M. If u is defined by the 
equation 

E — M — u 

Kepler’s equation becomes 

(51) u — g sin (M 4- u), 

which defines u in terms of M and c, For every value of M differ ent 
from jtt, for which tho solution is already known, the right member 
of 

_ u 
G sm (A1 -|- u) 

l 

can bo expanded as a converging power series in u When this 
senes is inverted u will bo given as a powei series in e whose 
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coefficients ate functions of M. Since u vanishes with e, it will 

have the form 3 _i_ 

(52) u ~ vie + uze 2 + u s e 3 + •*. 

Instead of forming the series in « and then inverting, it is 
simpler to substitute (62) in (61) and to determine «„ u, ■ ■ by 
^ condition that the result shall be an identity in e. The result 

of the substitution is 

, .. dj. ••• «* e Bin M cos u-V e cos M sin u 

U\Q "T Wz 6‘T»3 1 ' ~ 


e sm M 


r (uie-\-u*e*"-y + Cj*ij+ ‘ ) 4 1 

I 2 ! 41 J 

r s ) 3 , 1 

■fecosJW (wiC + + *•*) 31 

On equating cooffioionts of corresponding powers of «, it is found 
that 

s* sm M, 


(63) 


U2 1=3 1*1 009 M “ 2 S ' n 


^ 

ltJ = - 1 1 »! sin M + «s cos M = | sin 3 M - g sm M, 


Some general properties of the solutions e^ily follow from 
these equations. It follows f.om (61) that if for any M - M. 

r-- sr«st’i: : ;* 

L, iB true for all values of e, each u, is separately periodic with tho 
41 ^““,* 2 “ if any Afo and «o satisfy (61), then - Mo and - *o 

^i° I’afv (Till • therofoio u is an odd function of M and the uj 
also satis y ( ) > If ^ agn 0 f e is changed and ir is 

are sines of multiples of^ . g unohanged . thoroforo the 

added to A ( J> , , sines of odd multiples of M, 

<*r? r ,tiple3 fit 

tt S be shown that tho highest multiple of M appearing in 
it, is j M. Tho general lorm of (63) is 

u, = sin M P,(« i, «>.•••. «(-•) + cos M ‘ " 1 “'if' 
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are, except foi numerical coefficients which do not enter into the 
picsont argument, lcspectively 

V } » u\ l u{* * • uj t\, Qj = u\' u% • « vJp v 

The exponents of U\ } • * , w,_i aic subject to the condition that 
p } and q, shall bo multiplied by e } ~ 1 The term u m carries with it 
the factor e m , and therefore w” caiuos the factoi mn. Hence the 
exponents of Ui, • • *, w,_i m p, and q, must satisfy 

(54) pi + + ' • 4 U ~ = J ” 1, 

t&i 4 2/c 2 4 * * * 4 0 j — 1. 

Now suppose that the highest multiples of M in u m is mM for 
m = l, ", j —X. It follows from tho propei tics of powers of the 
sines that the highest multiple in u* t is mnM. Smco tho highest 
multiple of the pioduct of two or moie sines is the sum of their 
highest multiples, the highest multiples in p, and q , aie respec- 
tively 


Ji + 4- * 4- (j — hi + 2 l z 4- 4- (j - i)fc l-1( 

which aroj - 1 by (54). But it follows from (53) that p } is multi- 
plied by am AT and by cosM; thorofoio tho highest multiple 
appealing in u, is jM. That is, u } has the form 

f Un = + °^ k) 8111 4- * • 4 agp sm 2 kM, 

(55) 1 

I Wan+i " a? k 1 11 sm M 4 • • • 4 \ l) sin (2k 4 1 )M, 

according as j is even or odd 

It is easy to develop a check on the accuracy of tho compu- 
tations. Sinco E ~ M 4 u, it follows that 


dE 

SM 


1 4 


du 

m 


1 _L 2 _i_ 


4 ^ e / 4 

^ dM ^ 


But it follows from Kepler's equation that 


( 56 ) 


d E _ 1 

dM 1 — e cos E' 


Suppose M ~ 0; therefore E = 0 and for this value of M 

Ilf = i4i = 1 + « + «’ + •" +«'+ 

Therefore, since tho coefficient of e* in this series is unity, forM-0 
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1 68 


(57) 


= 2a ( 3 2&) + 4a?* 5 + ' + 2 ka^ = 1, 

aM y.±i = «<“+» + • + (2fc + Do^Vi 0 - !• 

^ 71/1 4 


These equations constitute a valuable check on all the compu- 
tations. 

It is found from (56) that 

d 2 E _ — e sm E dE _ — e sin E 

dM* ~ (1 — e cosE) 2 dM (1 — e cosE) 3 * 

d 3 E - e cos E . 3c 2 sm 2 E 

. dliP ~ (1 “ e cos EY + (1 - e cos E ) 5 ‘ 

For M = 0, the first of these equations is identically zero, but the 
second one becomes 


d*E _ — c 

M* ~ (1 - eY 


4-5 

e + 4e 2 -|- I ^e 3 -b • 

, 45’ • (n 4- 2) 

+ 1 2 • (» - 1) 


Qtl 


_ 


Then the conditions similar to (57) are 


( 58 ) \ 


_ 2!“g = 0WJ" + 4 S 4“> + • • + (2/e) 3 4f 

' ,JW 1 5..(2H2) 

“ V2^~(2l - 1 ) ’ 


clHiai-fi -jg Q3 a (2fc+i) 4- • * 

qM 3 1 3 

+ (21 + 


4 5*" (27c + 3) 


1 2 


21c 


These equations constitute a check which is independent of that 
given in (57) In a smnlai way check foimulas can bo found 
from a consideration of all odd derivatives of E with respect to Af. 

Equations (57), (58), and similar ones for higher . derivatives 
of E ) are linear in tho coefficients af\ which it is desired to find; 
consequently, when the numbei of equations equals the number 
of unknowns, the lattci are uniquely determined, at least if the 
deteunmant of the coefficients is not zeio It can bo shown that 
the detoi minant is not zero. 

For tho purposes of illustration supposo h = 0 Then the 
second equation of (57) gives a\ {) - 1 , whence u\ - sm M 
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agreeing with the result m (53) Suppose k — 1, then the first 
equation of (57) gives 2 a ( a 2) = 1, whence u 2 ~ \ sm 2 M, As an 
illustration involving both (57) and (58), suppose k — 1 and 
consider the second equations of (57) and (58). They become 
in this case 

■<4 3) + 3c4 3) = i, 

’ «?' + 27af = f! ; 

whence a ( p = — £, a ( 3 3) - -f t, agreeing with the results given 
in (53) 

When the expansion is carried out by the method of Lagrange, 
oi by that which has just been explained, the value of E to terms 
of the sixth older in e is found to bo 


(59) 


J?«M + esinM + |sin 2 M 
-j- (3 2 sm 3 M — 3 sin M) 

+ jfgr (^ 3 sin ^ " 4 * 2 3 sm 2 M) 

+ ( gl sm 5M ~ 5 • 3* sin 3Af + 10 sin M) 

+ (° 8 sm 6M ” 0 • 4 B sm 4M + 15 • 2 B sm 2M) 

"b • 


100 The Development of r and v In Series. The value of t in 
terms of e and M can bo obtained by the method of Lagrange by 
letting F(z) = gobE and making uso of the last equation of (48). 
This method has the disadvantage of being rather laborious. 

It follows from Kepler’s equation that * 

dE _ e Bin E 
. G de ~~ 1 — e cos E ’ 

dM — (1 — e cos E)dE. 

Therefore 

e~dM** esmEdE, 


* The method employed m this Art. is duo to MacMillan, 



170 


DEVELOPMENT OP 1 AND V IN SERIES 


[100 


The integral of this equation gives 

(60) e^MdM^-eoosB + c, 

which expresses — e cos B in terms of M very simply by sub- 
stitutmg in tho left member the explicit value of E given in (59). 
For example, the fiist ieuns are 

_ eeos JJ- - c + e£' [sm U + e sin 2 M 

+ 1 e 2 (3 sm 3 M — sm M) + * 

O 

= - c - e cos M - ~e 2 cos 2 M ~ ~e 3 (cos Mi - cos M ) * • . 



The last equation of (48) and (GO) give for r the series 

(61) £ " 1 “ c cos2? “ 1 “ c “ ecosJlf “ 2 c2c0s2M ' 

It remains to determine the constant c Since r is measured 
from the focus of tho ellipse, it follows that r = a(l - c) at 
M =* 0; whence 

l — e = l — c ~ e + • + M 1 + * * > 


where 6, is the coefficient of e* in the scries for - e cos E at M - 0. 
The two sides of this equation must lie tho same foi all values 
of e for which (61) converges; thcrefoio c must havo tho form 

c — CtC 2 + CaC 3 + • *, 


where cj, c a , * • • aie determined so that the right member will 
contain no torms m e 2 , e 3 , • • ; that is, — c, 4- fr) — J *= 2> 3, 

Since - e cos E, as defined by (60), is tho integral of ft smo series 
it contains no constant tot ms; tlicroforo tho b, are tho sums of 
the coefficients of tho cosine terms. Now consider 




1 — c — c cos M — 


| cos 2AJ + 


] 


dM. 


It was shown in Problem 4, p. 154, that the value of this integral 
is 2 tt( 1 4- -fcc 2 ). Thoroforo tho coefficients of c\ c\ • - * contain no 
constant torms and tho exact value of c is - -&C 2 . 

Tho series for - up to the sixth power of e is 

a 
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(62) 


- — 1 — e cos M — % (cos 2 M — 1) 
a> & a 

,3 


G° 


2 I 2 2 


3 1 2 3 


(3 cos 3 M ~ 3 cos M) 


(4 2 cos 4 M -4 2 ! cos 2 M) 


ttttt (5 3 cos 5M — 5 • 3 3 cos 3 M 4 10 cos M) 
412 1 ' 

~?r R (6 1 cos 6M — 0 • 4 4 cos 4ilf + 16 2 4 cos 2M ) 
6 ! 2 B 


The computation of the senes foi v will now be considered. It 
follows fiom the fust two equations of (49) that 


dv = 


■vr 


F y lM > 


(l — c cos By 

which becomes as a consequence of Kepler’s equation 

( 63 ) *-vr =*(§)'*« 

dB 

The quantity — ^ is found at once from (69), and the result squaied 

and integrated gives, after Vl — e 1 has been expanded as a 
power series in e 2 , 

f v - M 4 2e sin M -}- -fe 2 sin 2 M 


4 f? (13 sin 3 M - 3 sin M) 

yjt 


(64) 


4 (103 sin 4 M - 44 sin 2 M) 

4- (1097 sin 6Af - 646 sin 3M 4 60 sin M) 
+ (1223 sin QM - 902 sin 4 M 4 86 sin 2Af) 


+ 


When o is small, as in tho planetary orbits, these series are very 
rapidly convergent; if e exceeds 0.6Q27 • • • they diverge, as 
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Laplace first showed, for some values of M, 4. his value of c is 
exceeded m the solar system only in the case of some of the comets' 
orbits, but developments of this soit are not employed m com- 
puting the perturbations of the comets 

101. Direct Computation of the Polar Coordinates.* It has 
been observed that there is considei aide laboi involved m finding 
the cobidinates at any tune m the case of elliptic motion. Tho 
question auses whether it may not bo due partly to the fact that 
the final result is obtained by determining E as an intermediary 
function fiom Keplei’s equation Tho question also arises 
whether the coordinates cannot conveniently be found directly 
from the diftcientml equations. It will lie shown that the answer 
to tho latter question is m the affiunativo 
Equations (16) become m polar cooidmatos 

f dh' ( dv \ 2 , /v 2 (l H~ vi) _ « 

5? ~ ’■ U ) 4 i 5 ’ 



On integrating the second of these equations and eliminating 

~ from the first by means of the integral, the result is found to bo 
dt 

fd 2 r h 2 .IK 1+m) _ n 

IT 2 ~ ? + »*" 

L dt 

After eliminating W(1 + m) by the fiist equation of (48) and 
changing from tho independent variable t to M by means of tho 
second equation of (48), these equations become 

' d 2 r q*(i — e s ) , a® _ 

dM 2 r 5 ^ ?* 2 ' 

(65) 4 , 

dv a 2 Vi - & 

.dM r 2 

Tho first equation of (05) is independent of the second and 
can be integrated separately It is satisfied by r ~ a and c ~ 0, in 
which cose tho orbit is a circle. In order to got tho elliptic orbit 
let 

♦This molliod won first published by tho author in tho Astronomical 
Journal, vol. 26 (1007). 
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(66) r = a(l — pe), 

wheie ape is the deviation fiom a cucle. When the planet is at 
perihelion, r — a(l — e), Theiefoiop = 1 for M — 0. When the 
planet is at aphelion, ? — a(l -f- e) Theiefoie p = — 1 for 

ch 

M = 7T. and p vanes between — 1 and + 1 Smee -rsr is zeio 

am 

foi M equal to 0 and t, it follows that is mo foi M equal to 
0 and 7 r. 

When (66) is substituted m (65), these equations become 

' d 2 p p - e 
dm ^ (1 ~ pef * 

dv __ V l — c 2 _ 

. dM (1 - pcf ~ 

Since c is less than unity and p vanes fiom — 1 to -f- 1, the 
second teims of these equations can be expanded as converging 
power senes in e, giving 

fm + * - 1 S (* + W* - (>' + 2)pV-‘«‘, 

(87) 1 , 

.iw =4rzrj £ (, + 1),M 

It has been shown that r, and honco p, is expansible as a power 
soiies in c. This fact also follows from the fonn of the first equa- 
tion of (67) and the gonoial piinciplos of Differential Equations, 
Hence p can be written m tho form 

(68) P — po “b pi e “b pu e 2 4* • • • > 

whore po, pi, p2, • ** arc functions of M which lcmain to be deter- 
mined. Since p is periodic with the period 2 7r for all e less than 
unity, each p) separately is a sum of tiigonometric terms. Since 
the motion is symmetrical with respect to the major axis of the 
orbit, and since M — 0 when tho planet is at its perihelion, p is 
an even function of M This is true for all values of e for which 
the scries conveigcs, and therefore each p/ is a sum of cosine 
terms 

A change in tho sign of e is equivalent to changing the origin to 
the other focus of tho ellipso, Honco if tho sign of e is changed 
and 7T is added to M tho value of r is unchanged; from (66) it foi- 
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lows that the Sign of , is changed. Since this is true foi all values 
of e for which the series converges 

p,(.M)e’ - - P:( M + »)(" c) ’- 

Therefore if 3 is even M is a sum of cosines of odd multiples of M 
odd a, is a sum of cosines of oven mullip os of M It 
ls'seenon referring to equations (68) and (66) that this ,s the same 
i of which was established Ait* XOU. 

^Tcan easily bo proved from the properties of the p, and the 
second equation of (67) that » is expicssiblo as a Belies of the 

(a9 \ v = »o + »ie + “I'M ’ 

, th t eaeh (, > 1) is a sum of sines of integral multiples of M. 
and that eacl »( U ion shows that if j is even v, is a sum of 

i ," ".... El '.*' 1 "'- 1 ")"" 1 ' 1 

The result of substituting (68) m the first of (07) 
r #po , d*pt , j 1 + Ipo + pig + Pae 9 + • - 1 

„ [1 - 3 P§]e -I- [3po - Opopi - 6pg]e 2 + • 

On equating coefficients of eonespondmg poweis of e in the loft 
and right mombois of this equation, it is found that 


(70) 


d*Po 


dM* 

d z pi 


+ po ~ 0, 


■f pi « 1 - 3po a > 


dM 2 

^1+ H - 3po(l - 2/11 


2po 8 )> 


Equations (70) can bo integrated in llio order in which they 
are written. Two constants of integration arise at each step 


0 for 


and thov are to be determined so that p - 1 and 
M = 0 whatever may bo the value of a. It follows from (68) 


that those conditions aro 

p( 0) - po( 0) -f pi(0)e + P2(0)e 2 4* 


« 1 , 
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where M is given the value 0 after the derivatives of the second 
equation have been formed Since these equations hold for all 
values of e, it follows that 


(71) 


"po(0) “ 1, 
dpo ^ n 

dM~"’ 


Pi(0) - 0, P2 ( 0) = 0, 

d'P 1 n dpi ^ 

dM dM ~ U} 


Tho geneial solution of equation (a) of (70) is (Art 32) 


po — Ro cos M + bo sm ¥, 


where a 0 and bo aio the constants of integration It follows 
from (71) that ao — 1, bo = C, and therefoie that 


Po « cos¥ 


Tho fact that bo is zero also follows from the general property 
that the p/ involve only cosines 
On substituting the value of p 0 in the right member of (b) of (70), 
this equation becomes 


d?pi 

dM 2 


-}~ pi — — COS 2¥. 


This equation can bo solved by the method of the variation of 
paiametcis (Ait, 37). But since the part of the solution which 
eomcB from the right member will contain teims of the same 
foim as the right member, it is simpler to substitute the expiession 

Pl « ai cos ¥ + 6i sin M + ci + di cos 2¥ 

in tho differential equation and to deteimme ci and d\ so that it 
will bo satisfied “This leads to the solution 


pi — a i cos ¥ -f- 6i sin ¥ — i cos 2¥, 

wliich is the general solution since it satisfies the differential 
equation and has the two aibitrary constants a x and bi On 
determining ai and hi by (71), the expression for pi becomes 

pi = — \ h cos 2¥. 

With the values of po and pi which have been found equation 
(c) of (70) becomes 

£$+*-— S-Mf. 

* 

of which the general solution is 
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pa = a 2 cosM + &2 Sin M + l cos 3 M. 

If a 2 and 62 arc determined by (71), the final expression for pa 
becomes ^ = c03 M + cq8 

This process of integration can be continued as fai as may be 
desned. It follows fiom the results which have been found that 

l = 1 — pe « 1 — (po + Pie + P2fi 2 + • ‘)» 
a 

= 1 - e cos M ~|fl 2 (cos 2M - 1) - fe 3 (cos 3 M — cos M) * • • , 

which agrees with those given m (02). , , 

When the values for P „ aie substituted m the second 

equation of (67), the lesult is 

&L B 1 + 2 c cos M + |e 2 cos 2 Af + * * * » 
dM" 

and the integral of this equation is 

v = c + M + 2e sin M + |e 2 sin 2M + • • 

Since v = 0 when M = 0, the arbitrary constant c is zero, and 

the result agrees with that given in (64). 

The method which has just been developed is, for this special 
problem, perhaps not superioi to that depending upon the so u- 
tion of Kepler’s equation. But if the conditions of the problem 
are modified a little, for example by adding the terms which 
would come from the oblafccncss of a planot when the body moves 
in the plane of its equator [equations (30), Chapter l\ ], Koplcr a 
equation no longer holds and the method depending on it ai s, 
while the one under consideialion here can be applied without 
any modification except in tho numerical values of the coefficients 
which depend upon the terms added to the differential equations 
But additional terns in tho differential equations change the 
period of the motion, if indeed it lemains periodic, and m ordoi 
to exhibit tho periodicity explicitly some modifications of the 
methods of determining the constants of integration aio in gen 
ond necessary. This method of mtcgiating m senes is typical 0 
those which aic employed in tho theories of perturbations and tin 
moio difficult parts of Celestial Mechanics, and for this reasoi 
it should bo thoroughly mastered. 
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102, Position in Hyperbolic Orbits. There are close analogies 
between this problem and that of finding the position of a body 
m an elliptic orbit. But it follows fiom the polar equation of 
the hyperbola, 


where a is its major semi-axis and e its cceentiieity, that in this 

case v can vary only fiom — r -{• cos"" 1 ^ to -j- ir — cos 1 

The integrals of areas and vis viva are respectively m the case 
of hypeibolic orbits 


(72) 


+ w)a(e 2 - 1), 


clt 




On eliminating v from the second of these equations by means 
of the first and solving, it is found that 

rdr 

av V(a 4" i'Y ~~ a 2f2 * 

where 

h vl + m 


This equation can bo integrated at once in terms of hypeibolio 
functions, but it is pieferablo to introduce first an^ auxiliary 
quantity F corresponding to the eccentric anomaly in elliptic 
orbits Let 

(73) a 4- r = | (e*' + o~ F ) ** ae cosh F*, 
then 

wit = {r l+l (o' + (T'jJdy - [- 1 + • oosh F}dF. 

Tho mtogial of this equation is 

(74) M « v(t - T) » - F + | (e F ~ e ” r ) = - F + t smh F, 

which gives t when F is known. Tho inverse problem of finding F 
when v(t — T) is given is one of more difficulty Iho most 
expeditious method would be, in general, to find an approximate 
value of F by some graphical process, and then a more exact 

13 
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value by differential collections The value of F satisfying (74) 
is the abscissa of the point of intersection of the line 

y = - (F + M), 

f 

and the hyperbolic sine curve 


V = 


= sinli F, 


The differential corrections could bo computed in a manner 
analogous to that developed m the case of the elliptic oibits 
From (73) and the polar equation of the hypeibola, it follows 
that 

r iL = a [ — 1 -f e cosh F] 

1 -f- e cos v 


and from this equation, 

V" 


tan 


V /£ 4~ 1 
2 = 


1 4" \(fi* 4- c 


V+ 1 H- W" + e 


r*) _ / * + l 


6 4 Ij. i F 
j tanh > 


winch is a convenient foimula foi computing v when F has been 
found. 

103. Position in Elliptic and Hyperbolic Orbits when e is Nearly 
Equal to Unity. The analytical solutions horclofoio given have 
depended upon expansions m powois of e If c is largo, as in 
the ease of some of the periodic 0010018 ’ oibits, the convergence 
ceases 01 is so slow that the methods become impracticable. 
The graphical process, however, avoids this difficulty 

In older to obtain a workable analytical solution, the develop- 

ments for elliptical orbits will be made m powers of 


Tho 


1 -}- e 

start is made fiom the equation of areas and the polar equation 
of the orbit which will be assumed to bo an ellipse. 

Let 

v 


w = tan 
1 


2 ’ 


1 + o* 

then the equation of areas becomes 
n VT 


;(U 


(i 4- w*) 


die. 


2(1 - ~ (1 4-Xu> 2 ) 2 ' 

When X is vory small the right member of this equation can bo 
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developed into a rapidly convoigmg soiies in X for all values of v 
not too near 180°. Since the pei iodic comets aie always invisible 
when neai aphelion, there will seldom be occasion to considoi the 
solution in this region On expanding the light membei and 
mtegiating, the result is found to be 


(75) 


n(l 4- e)* 

2(1 - e)i 


(t — T) = w 4* 


W 3 n\ ( I \ 

¥ ~ 2X \ ¥ + ¥ j 


i oxo / W 5 I W 7 \ ... /to 7 , W 9 \ 

+ ™ ‘(t + t)- 4 X \T + o) + 


When the orbit is a paiabola e = 1 and X = 0, and this equation 
reduces to (32), which is a cubic in w Since the pciiholton 

distance in an ellipse is q = «(1 — e) and n ~ , it follows that 

n Vl 4- e h *Vl _ 4* e 
2(1 - c) 1 2 qi ' 


It is desiicd to find tho value of w for any value of t. If the 
eccentricity should become equal to unity, the left membei keeping 
the same value, equation (76) would have the form 


(70) (< - T) = w + w, 

wliero W would bo the tangent of half the true anomaly in the 
resulting parabolic orbit Fiom this equation W can bo deter- 
mined by moans of Barker’s tables, or from equations (33). 
Supposo W has been found, then it) can bo oxpicssed as a scries in 
X of which tho coefficients are functions of W, For, assume tho 
development 

(77) w =» ao 4" aiX 4" azX 2 4" flaX 3 4* • * > 


substitute it in tho right member of (76), which is equal to th<$ 
right membei of (76). The lesull of the substitution is 


W + = o, + + [o, H- ao%t - |ao’ - l«o*] X 


4* [&2 4" no 2 aa 4* flo&i 2 *-* 2ao 2 ai *“ 2cto i ai -h 4* ■fno'QX 2 

4* [&3 4" civets + — 2uo 2 na ~ 2ctoCt t* 

— 4ao 3 »i 2 4* 3ao’ai 4* 3ao c ai — 4 a, o 7 ~ •§ Oo° ] X s 

i i i * * ♦ • • ♦ * 
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Since this equation is an identity in X, the coefficients of coi re- 
sponding poweis of X are equal. Hence 



* W + 


W 3 
3 ’ 


cq(l “H Uo 2 ) " i^o 3 “b * 

. a 2 (l + a 0 2 ) = ” «oai 2 -f 2a 0 2 ai + 2a 0 %i “ W - W, 

a3 (l 4. ao 2) = - ^ 4- 2a 0 2 a 2 + 2a 0 1 a 2 + 2a 0 «i 2 + 4 a 0 8 rti 2 

— 3ao‘ai “ 3ao° a i 'b 


There arc three solutions for a Q , only one of which is ical. On 
taking the real root of the hist equation, it is found that 

'a 0 -F, 

IF 3 + W 6 

a '~ 1 + W S ’ 

Hip + rnr + mi+ 

a 2 - (1 + F 2 ) 3 ’ 

mw 1 + + Hf F n + M^F^+ tVtVF 17 
a 3 = (1 + F 2 ) c 1 


When the values of these coefficients aro substituted in (77) the 
tangent of ono-half the truo anomaly is determined The first 
term gives that which would come from a parabolic oibit, tho 
i omain mg terms vanishing for a — X In the scries (Od) the first 
term in tho right member would be tho truo anomaly if tho orbit 
wore a circle, the higher torms being the corrections to circular 
motion. In the series (77) the first term m tho right mombor would 
give the tangent of one-half tho Li no anomaly if the orbit were a 
parabola, tho highor terms being tho corrections to parabollo 
motion. 

These equations apply equally to hyperbolic orbits in which tho 
eccentricity is near unity if 1 — e and 1 + e aio changed to e — 1 
and e + 1 throughout, whore 6 is the eccentricity of the hyporbola. 
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XV. PROBLEMS. 

1 Show how the cubic equation (32) can bo solved appioxnnatoly for 
tan g with great rapidity by the aid of a giaphienl const! notion 

2 Develop tho equations for differential corrections to the approximate 
values found by the graphical method Apply to a paiticulai pioblom and 
venfy tho result 

3 If e = 02 and M = 214°, find E 0 , Ah, E u Ah, E h and Ah 

Am E 0 = 208° 39' 10" 0, M 0 ■» 214° 8' 58" G, E x » 208° 31' 38" 4, 
Ah - 213° 59' 50" 8, St « 208° 31' 38" G, M 2 = 214° 00' 00". 

4 Show fiom tho euivcs employed in solving Koploi's equation that tho 
solution is uniquo foi all values of e < 1 and M 

5 In (50) tho quadiant is not doteumned by tho equation, show that 
corresponding values of and £/? always ho in the same quadiant 

0 Express tho leelangulni cobidmates t = r cos v, y =* i sin v in teims 
of the cccontnc anomaly, and then, by moans of tho Lagiango expansion 
foimula, in forms of AI 


Ans. 


~ - cos M + 1 (cos 2M - 3) -|- ~ (3 cos UI - 3 cos M) 

+ (4* cos AM - 4 23 cos 2 M) + >> . 

I - sin M + - sin 2 M + (3 5 an 3A7 - 15 sin M) 

+ W 3 am 4il/ - 10 2 3 sm 2 M) + • . 


7 Show that the pioportios of E as a powor senes in c, which wore 
established in Art 99, follow fiom tho Lagiango expansion 

8 Doiivo the fiist three terms of tho aorics for r by tho Lagiango foimula 

9 Givo a goomotueal mtoiprotation of F (Ait 102) concspondmg to that 
of E in an elliptic oibil 

10 Expicss v ns a power sones m c by a method analogous to that used m 
Art 103 

11 Show that tho blanch of tho hypoibola which is convex to tho Bun is 
described by tho body in purely imaginary time 

12 Add to the right mombois of equations (10) tho terms (1 -Hn)& 5 ei s - 5 

3 ? * 

and — jq (1 + m)b 2 ei 2 ~ , which como fiom the oblatoncss of tho central body 

[equations (30), Chap iv.], whore c\ is tho ooconlrioity of a moridmn section, 
and integrate by tho method of Art, 101, 
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104. The Heliocentric Position in the Ecliptic System. Methods 
have been given for finding the positions m the oibits in the 
vanous cases which anse The formulas will now bo derived 
foi determining the position refeued to different systems of axes. 
The oiigin. will fust be kept fixed at the body with lespect to 
which the motion of the second is given Since most of the appli- 
cations aie in the solai system wheie the oiigin is at the centoi of 
the sun, the cool dinatcs will be called hehocenti ic> 

Positions of bodies in the solai system are usually lefeircd to 
one of two systems of coordinates, the ecliptic system, oi tlio 
equatonal system. The fundamental plane in the ecliptic system 
is the plane of the eaith's oibifc, m the equatonal system it is tho 
plane of tiie eaith’s equator Tho zero point of the fundamental 
cncles in both systems is the vernal equinoi, oi tho point at winch 
the ecliptic cuts the cquatoi fiom south to noith, and is denoted 
by v The polar coordinates in tire ecliptic system aie called 
longitude and latitude ; and m the equatorial, right ascension and 
declination When the oiigm is at the sun Roman lotteis are 
used to lepiesont the coordinates, and when at tho eaith, Greek. 


Thus 

Origin at sun, 


longitude l 

latitude 6 

light ascension a 
decimation d 

distance t 


Origin at earth 

X measuicd eastward 
/3 + if north, — if south. 

a measuied eastwaid 
8 4- if north, - if south, 


In pi actice a and d are very seldom used. Absolute positions of 
fundamental stars are given in the equatorial system, and tho 
observed positions of comets aie determined by comparison with 
them. In some theories relating to planets and comets, especially 
m considering the mutual perturbation of planets and their per- 
turbations of comets, it is moie convenient to use the ecliptic 
system, hence it is necessary to be able to transform the equations 
from one system to the other. 

The ascending node is tho projection on the ecliptic, from tho 
sun, of the place at which the body crosses the plane of the ecliptio 
from south to north. It is measured from a fixed point in tho 
ecliptic, the vernal equinox, and is denoted by Q>> Tho projection 
of the point where the body crosses the plane of the ecliptic from 
north to south is called tho descending node, and is donoted by y. 
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The inclination is the angle between the plane of the orbit and 
the plane of the ecliptic, and is denoted by i, It has been the 
custom of some wntcis to take the inclination always less than 
90°, and to define the direction of motion as dnect oi i eti ogi ade, 
accoi cling as it is the same as that of the earth or the opposite 
Anothei method that has been used is to considei all motion direct 
and the inclination as vaiying from 0° to 180° The latter method 
avoids the use of double signs in the formulas and is adopted here 
[See Art 80 ] The node and inclination define the position of 
the plane of the oibit m space 

Ihe distance fiom the ascending node to the penhehon point 
counted in the direction of the motion of the body m its orbit is 
and defines the orientation of the oibit m its plane The longitude 
of the penhehon is denoted by t, and is given by the equation 

7T “ 4" W 

^ This element is not a longitude m the oi dinary sense because it 
is counted in two difTeient planes 
The problem of relative motion of two bodies was of the sixth 
order (Ait. 85), and in the integration six aibitraiy constants were 
introduced Thoro are six elements, therefore, which are inde- 
pendent functions of these constants. They are 

a - major semi-axis, which defines the size of the orbit and 
the penod of revolution. 

e — the cccentncity, which defines the shape of the orbit 
Q> = longitude of ascending node, and 
i — inclination to plane of the ecliptic, which together define 
the position of the plane of the orbit 
w =* longitude of the perihelion point measured fiom the node, 
or 7 r =» longitudo of the penhehon, either defining the 
orientation of the orbit m its plane 
T ~ time of perihelion passage, defining, with the other ele- 
ments, the position of the body in its oibit at any time. 
The polar cottidmates have been computed, hence the rect- 
angular coordinates with the positive end of the r-axis directed to 
the penhehon point and the y-axis in the plane of the orbit are 
given by the equations 


( 78 ) 


’%0 ~ r cos V , 

■ yo « r sm v , 

! \ 
l 2 q =0. 
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If the 0,-axis is rotated backward to the line of nodes, the coordinates 
in the new system are 

- x “ r cos (y H- w) = r cos (y -{- n — ft), 

(79) - y = r sin (y + w) = r sin (v 4- ir — ft), 

.z — 0 

The longitude of the body m its orbit counted from the ascending 
node is called the argument of the latitude and is denoted by u 
It is given by tho equation 

u ~ v 4- w; 

hence R is known when v has been found. 
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Lot S represent tho sun and Sxy tho plane of the ocliptic; SQ>; 
tho piano of tho 01 bit; ft, the ascending node; II, tho porihelk 
point; A y the projection of tho position of the body; and ang 
II& 4 . = v. Then ft .A - w 4 - y = 

Lot tho position of tho body now bo referred to a rectangul 
system of axes with the origin at tho sun, tho z-axis in tho lino 
the nodes, and the y-axis in tho plane of tho ecliptio. Then eqo 
tions ( 70 ) becomo 

• x* = T COS (l> 4 * w) 5=5 T COS Uy 
■ y 1 a r sin (y ■+• «) cos i » r sin u oos i, 

H z' « r sin (y + a) sm % « r sin u sin L 


(BO) 
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But, in terms of the heliocentric latitude and longitude, 

' x' = r cos b cos ( l — &), 

(81) - y f — r cos b sm (l —Si), 

+z' — r sin b 

Therefore, comparing (80) and (81), it is found that 
■ cos b cos (l — Si) = cos u, 

- cos b sm (l — Si) - sm u cos i , 

.sm b —smuBmi, 

{ tan (l — Si) — tan u cos 
tan& = tan i sm (l — Si)> 

Since cos b is always positive, equations (82) and (83) determine 
the heliocentric longitude and latitude, l and b, uniquely when 
Si r t, and u are known. ' 

105. Transfer of the Origin to the Earth. Let S, H, Z be the 
geocentric coordinates of the center of the sun referred to a system 
of axes with the s-axis directed to the vernal equinox, and the 
?/-axis m the plane of the ecliptic. Let P, A, and B* represent the 
geocentric distance, longitude, and latitude of the sun respectively 
These quantities are given in the Nautical Almanac for every day 
in tho year. The l octangular cottrdinates are expressed in terms 
of them by 

■ S = P cos B cos A, 

(84) - II = P cos B sin A, 

. Z «= P sin B. 

Tho anglo B is generally less than a second of arc, and unless great 
accuracy is required these equations may be replaced by 

= P cos A, 

II = P sm A, 

Z = 0. 

Let y", and be the geocentric, and x", y”, and z" the 
heliocentric, cobidmatcs of the body with the z-axis directed 
toward tho vernal equinox and tho y-axis in the plane of the eclip- 
tic. Therefore 


(82) 

whence 

(83) 


* P, A, B = capital p, X, 0 
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+ s, 0 

- - 2/" + II, 

. J" = + Z 

In polar coordinates these equations are 

r p cos /3 cos X = r cos 6 cos l + P cos B cos A, 

- p cos |3 sin X = r oos b sm l + P cos B sin A, 

» p sin j8 = r sm b 4- P sm B 

From these equations X and fi can be found, but this system may 
be transformed into one which is more convenient by multiplying 
the fiist equation by cos A, the second by sm A, and adding the 
pioducts, and then multiplying the first by — sm A and the 
second by cos A, and adding the pioducts The results aie 

r p cos /3 cos (X — A) — r cos b cos (2 — A) -|- P cos B, 

(85) \ p cos /3 sin (A — A) - t cos b sm (l - A), 

[ p sin jS -r sm b + P am B 

These equations give tho geocentiic distance, longitude, and 
latitude, />, X, and 0 

106. Transformation to Geocentric Equatorial Coordinates. 
Let € represent tho inclination of the plane of tho ecliptic to tho 
piano of the equator Lot 4", tj", and {" be tho geocentric co- 
ordinates of tho body refoircd to the ecliptic system with tho 
z-axis directed toward the vernal equinox. Then, tho equatorial 
system can be obtained by lotatmg the ecliptic system around tho 
a-axis in tho negative direction Ihiough the anglo c, tho lolations 
between tho cobid mates in tho two systems being 

■r - 

- i)"’ - V' cos « — sm e, 

. = f)" sin e -b cos e, 

or, in polar cobrdmatos, 

* cos 6 cos a - cos j3 cos X, 

(86) \ cos 5 sm a = cos # sm X cos e - Bin 0 sm c, 

. sm S « cos j3 sm X sm e + sm /3 cos e, 

In order to solve these equations conveniently for 5 and a tho 
auxiliaries n and N will be introduced by the equations 
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(87) 


{: 


n sin. N ~ sin 0, 

. n cos N ~ cos j3 sm X, 
m winch n is a positive quantity Then equations (86) become 
f cos 5 cos a = cos 0 cos X, 
cos 5 sm a — n cos (N + «), 

_sin 5 = n sm (N -f- e) , 

n sin N = sm 0, 
n cos N = cos 0 sin X, 

(88) <| t __ cos ( N + c) tan X 


whence 


tan a ~ , T 

cos N 

tan 5 = tan ( N + e) sm a 


These equations, togcthei with the first of (86), which is used m 
dcfcei mining the quadiant in winch a lies, give a and 5 without 
ambiguity when X and 0 aio known 
If OL and 5 arc given and X and 0 aie lequircd, the equations from 
winch they can be computed aio found by interchanging a and 6 
with X and 0, and changing e to - e in (88) They are* 


(80) 


f m sm M — sm 8, 

m cos M ~ cos 8 sm a, 

, . cos (Af — e) tan a 

tan X “ — t; , 

cos M 

tan 0 — tan (M — e) sm X. 


107. Direct Computation of the Geocentric Equatorial Co- 
ordinates, The geocentric equatorial cooidnmtes, a and 5, can 
be found directly from tlio elements, % and Q > , and the argument 
of the latitudo u, without fust finding the ecliptic coordinates, 
X and 0 

In ft syslom of axes with the a-axis directed to the node and the 
y-axm in the piano of the ecliptic, the equations for the heliocentric 
cobrdniates are 

V = r cos w, 
y' — r sm u cos 
z ' = r sm u sin % 

* m and M aro now nuxilmiics, not being related to any of the quantities 
which Uicbo loll ci s previously have represented, 
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If the system is lotated aiound the 2 -ax is until the x-axis is directed 
towaid the venial equinox, the eooidinatos aic 


[x ]t = %' cos ft — y' am ft, 


■] y" = a;' sin ft + y’ cos ft, 

l"-', 


or, 

(90) 


’x" = ? (cos u cos ft — sin u cos i sin ft), 
■ y" = 'i (cos u sin ft + sm u cos i cos ft), 
z" — r sm u sin i 


If the system is rotated now around the a’-axis through the angle 
— e, the coordinates become 


= x 


- y' ,f = y " cos e — z" sin €, 
z >" = y" gm e -f z" cos e, 


or, in polar coordinates, 


(91) 


»>>' — 


r[cos u cos ft — sin u cos ism ft j , 


y"' = r{(cos u sm ft + sm u cos i cos ft) cos e 


— sin u sm i sin e}, 


z nr = r { (cos u sin ft + sin u cos i cos ft) sm e 


-H sm u sm i cos e } , 

In order to facilitate the computation Gauss introduced the now 
auxiliaries A, a, B, 6, C, and c by the equations 


(92) 


'sin a sm A - cos ft, 

sin a cos it — sin ft cos i, sin a > 0, 

sm b sm B — sin ft cos e, sin b > 0, 

sin b cos B = cos ft cos i cos € — sm ^ sin c, 

sin c sin C ~ sm ft sm e, sin c > 0, 

-sm c cos C ™ cos ft cos % sin e + sin % cos c. 


These constants depend upon the elements alone, so they need bo 
computed but oneo for a given orbit They aro of particular 
advantage when the coordinates aro to bo computed for a large 
'number of epochs, as in constructing an ophemeiis. Whon those 
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constants aie substituted m (91), these equations for the holio- 
centuc eodidmatcs take the simple foim 


(93) 


' x>" = f sin a sin (A-|- u), 
- y ,n — r sin 6 sm ( B 4* u), 
z"' ~ r sm c sm (C + u ), 


from which a/", y’" t and z'" can be found 
Then finally, the geocentric equatorial coordinates aro defined 

* p cos 5 cos a ~ x"' + X 1 , 

- p cos 6 sm a ~ y ,lf + Y l , 
p sin 8 = z'" 4* Z' } 

where X\ Y', and Z' arc the i octangular geocentric cooidinatcs of 
the sun refoued to the equatonal system They arc given m the 
Nautical Ahianac for evciy day m the year, and, therefore, these 
equations elefino p, a , and 8 

This completes the thorny of the detei ruination of the helio- 
centric and geocontuc cooidinatcs of a body, moving m any oibit, 
when either the ochplic or the equatorial system is used. 


by 

(94) 


XVI. PROBLEMS. 

1. Interprot tho angle N, equation (87), geometrically and show that n is 
Bimply a factor of piopoiUonahty 

2 Suppose tho ascending nodo is taken always as that one winch is less 
than 180°, and that tho inclination vanes from — 90° to 4 00°, discuss tho 
changes which will bo made in the equations (78), * , (93), and m particulai 
wnto die definitions of tho Gaussian constants a, A, , 0 foi this method 

of defining the clomonts 

3. Interpret tho Gaussian constants, defined by (92), geometrically 
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HISTORICAL SKETCH AND BIBLIOGRAPHY. 


The Pioblem of Two Bodies foi spheres of finito sue was first solved by 
Newton about 1085, and is given in the Pnncipia, Book i , Section 11 The 
demonstration is geometrical The methods of tlio Calculus wore cultivated 
with aidoi in continental Europe at the beginning of the 18th centuiy, blit 
Newton’s system of Mechanics did not find immediate acceptance, indeed, 
the Fiench clung to the voi lox thcoiy of Descaites (1690-1650) until Vol- 
taue, aftoi his visit to London 1727, vigoiously suppoited the Newtonian 
theory, 1728-1738 Tins, with the fact that the English continued to 
employ the goometiicnl methods of the Pnncipia, delayed the analytical 
solution of tho pi obi cm It was probably accomplished by Daniel BemouiHi 

m the memoir foi which ho received tho pruc fxom tho Fiench Academy m 
1734, and it was ceifcamly solved in detail by Eulei m 1744 in his Thcona 
moluum planelanmi cl cometanm Sineo that timo the modihcaiions have 
been chiefly in tho choice of vaimbles in which tho problem lias been expressed 
The solution of Kcplei’s equation natuially was fust made by Kepler 
himself The next was by Newton m tho Pnncipia Fiom a giaphical 
construction involving tho cycloid ho was ablo to find vciy easily tho appioxi- 
mato solution foi tho eccentric anomaly A vciy Inigo number of analytical 
and graphical solutions have boon discoveicd, neatly every prominent mathe- 
matician fiom Newton until tho middle of tho last contui y having given tiro 
8u njcct more or loss attention A bibhogiaphy containing loferences to 323 
papers on Kepler’s equation is given m tho Bulletin Aslronomrguo, Jan 1900 
and ovon this extended list is incomplete 

lire tiansfonnntions of cobidmates mvolvo merely tho solulions of spheuen! 
triangles, l ho tioatment of winch m a peifcctly general form tho mathematical 
world owes to Gauss (1777-1855), and winch was introduced into American 
Ingonomoti ics by Chauvonct 


Ihc Problem of Two Bodies is treated in every work on Analytical Mo- 
chamrs Tho reador will do well to consult furthei Tissorand’s M6o C61 , 
vol i , chapters vi. and vn 



CHAPTER VI 

THE DETERMINATION OF ORBITS 

108 General Consideration. In discussing the pioblom of 
two bodies [Aits. 86-88] it was shown how the constants of inte- 
gration which anso when the difteiential equations are solved can 
be determined m terms of the ouginal values of the cooidmates 
and of the components of velocity, and then it was shown how 
the elements of the conic section orbit can be detei mined in tcims 
of these constants Consequently, it is natural to seek to deter- 
mine the position and components of the observed body at some 
epoch The difficulty arises from the fact that tho observations, 
which are made from the moving oailh, give only the dnection of 
tho object as seen by the obsorver, and furnish no dnect inhuma- 
tion respecting its distance An observation of apparent position 
simply determines the fact that the body is somewhere on one 
half of a defined lino passing through tho obscrvei . The position 
of the body m space is therefore not given, and, of com sc, its 
components of velocity are not determined. It becomes necessary 
on this account to secuio additional observations at other times 
In tho mtoival of timo befoio tho second observation is made tho 
earth will have moved and tho observed body will havo gone to 
another place in its orbit The second obscivation simply deter- 
mines another line on which the body is located at another date. 
It is clear that the problem of finding tho position of the body and 
the olemonts of its orbit from such data presents some difficulties 

Tho first question to settle is naturally tho number of obser- 
vations which arc necessary m ordor that it shall bo possiblo to 
dotcrmine the olemonts of the oibit. Since an orbit is defined by 
six olemonts, it follows that six independent quantities must be 
given by the observations in order that tho clomonts may be de- 
tei mined, A single eomplcto observation gives two quantities, tho 
angular coordinates of the body. Theroforo three complete obser- 
vations aro just sufficient, so far as those considciations aie con- 
cerned, to define its orbit It is at least certain that no smaller 
number will suffice If the observed body is a comet whose 
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192 INTERMEDIATE ELEMENTS. [109 

orbit is a parabola, tho eccentricity is unity and only fivo elements 
are to be found. In this case two complete obsoivations and one 
obseivation giving one of the two angulai coordinates aie enough. 

109. Intermediate Elements. The apparent positions of tho 
observed body are usually obtained by moasunng its angular 
distances and directions from neighbonng fixed stais Since the 
stais are catalogued in light ascension and decimation the results 
come out m these coordinates, but they can, of course, be changed 
to the ecliptic systom, 01 any other, if it is desiied. 

Suppose tho observations aie made at the times l h t 2 , and t S) 
and let the coriespondmg coordinates be denoted by their usual 
symbols having the subscripts 1, 2, and 3 lespectively. The right 
ascensions and declinations are functions of the elements of the 
mbit and the dates of observation. Those relations may bo 
represented by 

a i = i, w, a, e, T\ h), 

az = i, w, a, e, T; t 2 ), 

as = <p(Q> i, w, a, e , T; U), 

5i “ i, w, a, e , T ; h), 

5z « i, w, a, e, T) t 2 ), 

5S ~ %y W, a, Gy T ; h). 

The problem consists in Bolvmg tlieso six equations for the six 
unknown elements. The functions (p and \f? aro highly transcen- 
dental and involve the eloments in a very complicated fashion. 
In the caso of an ellipse tho position m tho orbit is found by passing 
through Kopler's equation, in the hyperbola tho process is similar, 
and in the parabola a cubic equation must be solved; and in all 
three cases tho coordinates with respect to the earth aro obtained 
by a number of trigonometrical transformations. Hence it is 
clear that there is no direct solution of equations (1) by oidmary 
processes. 

Although the ultimate object is to determine the elements of 
the orbit, tho problem of finding other quantities which defino the 
olemonts may bo treated first. Thoso quantities may bo con- 
sidered as being intermediate elements. It has boon remarked 
that if tho coordinates and tho components of velocity aro known 
at any epoch, tho clemonts can bo found. Suppose it is desired 
to find the polar cohrdmates and their derivatives, which dotor- 
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mine uniquely the rectangular eooidinates and then derivatives, 
at the time of tho second observation t% The equations corre- 
sponding to (1) become for this problem 


( 2 ) 


where 


“ 1 “/(«»> K P2, P*\ h, U)y 

«2 = 

<X3 = /(«2, 8i t PZ> <*l, Si, pz , tz, t S ), 

Si ~ g{as, Si, Pi, , Si, Pi, U , tz), 
62 ** 5 2 , 

= g(tt2, fia, pi, <Xi t 8%, p 2 'j U, l $ ), 


n ' - dp 
p 2 ~dt 


Since a 3 and Sz aio observed quantities only the first, third, fourth, 
and sixth equations aio to be solved for the four unknowns p 2 , a 2 ', 
5/, and p 2 '. The problem is therefore 1 educed to the solution of 
four simultaneous equations, and they are moreover much simpler 
than (1). These equations can bo put in a manageable form, and 
this is, in fact, one of the methods of treating the problem It was 
first developed and applied to the actual determination of orbits 
by Laplace in 1780, and it has been somewhat extended and 
modified as to dotails by many later writers. 

As another sot of intermediate elomonts tho three coordinates at 
two epochs may bo taken. Suppose the times h and U are chosen 
for this purpose. Then tho fundamental equations corresponding 
to (1) can bo written in tho form 

ai = at, 

as *= F(ai, Si, pi, as, <$a> psj h, U, ts), 

03 = aa, 

Si « Si, 

Si — G(a 1 , 5i, pi, aj, 5a, P 3 J ti, ti, h), 

5a “ Ss. 

In this case tho equations are reduced to two in the two unknowns 
Pi and ps, and they also can be solved. This is the line of attack 
on the problem laid out tyy Lagrange in 1778, taken up inde- 
pendently and carried out differently by Gauss in 1801, and fol- 
lowed more or less closely by many later writers. In spite of the 
14 
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hundreds ot papers which have been wntten on the theory of the 
detcimmation of orbits, veiy little that is really new or theoreti- 
cally important has been added to the woik of Laplace and Gauss 
unless more than three observations are used. 

110. Preparation of the Observations. Whatever method it 
may be pioposcd to follow, the obseivations as obtained by the 
piaetical astronomei requuo coitain slight coirections which should 
bo made before the computation of the mbit is undoi taken 

The attractions of the moon and the sun upon the equatonal 
bulge of the earth cause a small penoclic oscillation and a slow 
secular change in the position of the plane of its equator Since 
the equinoxes aie the places wheie the equator and ecliptic inter- 
sect, the vernal equinox undoi goes small periodic oscillations 
(the nutation) and slowly changes its position along the ecliptic 
(the piecession) It is obviously necessary to have all the obser- 
vations referred to the same cooicbnate system, and it is customaiy 
to use the mean equinox and position of the equator at the begin- 
ning of the yeai in which the obseivations are made. 

The observed places aie also affected by the aboi ration of light 
due to the revolution of the earth around the sun and to its lota- 
tion on its axis. Since the rotation is very slow compaied to the 
revolution, the aberration due to the former is relatively small 
and generally may be neglected, especially if the observations 
are not veiy precise. 

Suppose ao and So aie the observed right asconsion and decima- 
tion of the body at any time Then the right ascension and 
declination referred to the mean equinox of the beginning of the 
year, and corrected for the annual abci ration, are 

f a — ao — 15/ — g sin (Cr-fao) tan S 0 ~* h sin (JJ+ao) see So, 

(4) 1 

U = 5o — i cos So — g cos (G -b a 0 ) - h cos (II + ao) sin S 0 , 

where /, g, h, G, and II arc auxiliary quantities, called the Inde- 
pendent Star-Numbers, which are given in the Amoiican Ephem- 
oris and Nautical Almanac for every day of the year. In 
practice these numbcis aio to ho taken from the Ephemoris. 
They depend upon the motions of the eaitli, but their derivation 
belongs to the domain of Spherical and Practical Astionomy, 
and cannot be taken up here.* The coneetions to ao and So 
furnished by equations (4) aie expressed in seconds of arc. 

* Chauvenet, Spherical and Practical Astronomy, vol r., chap, xi, 



Ill] 


OUTLINE OF THE LAPLACIAN METHOD. 


195 


The collections foi the churnal alienation arc 
. . f A« = — 0" 322 cos <p cos ( 6 — «o) sec S 0) 

1 AS ~ — 0" 322 cos ip sill ( 0 — a 0 ) sm S 0; 

where tp is the latitude of the obsei vci, and 0 — « 0 is the hour 
angle of the object at the tune of the obseivation The second 
of these collections cannot exceed the small quantity 0" 322, 
and the fust is also small unless 5 0 is neni ± 90°. 

111. Outline of the Laplacian Method of Determining an Orbit. 
Befoio entering on the details which aie necessaiy foi the detei- 
mination of the elements of an oibit by eithei of the two methods 
which me in common use, a buef exposition of the genoial lines of 
aigument used m them will be given Fiom these outlines the 
plan of attack can be undoi stood, and then the healings of the 
detailed investigations will be fully appieoiated. 

In older to keep to tho central thought suppose only tluco com- 
plete observations aie available for tho dotei ruination of the orbit 
Lot tho dates of the observations be h, k, and ii, and hence at 
these times tho right ascensions and decimations of tho obsoived 
body as scon from the eai th aie known For the sake of definite- 
ness in the terminology let C represent tho obsei ved body revolv- 
ing around the sun, $, and obsei ved fiom the eaith J2, £, f tho 
rectangular eofiid males of C with lespect to E\ ?/, z the rectan- 
gular coordinates of C with respect to X, Y, Z tho rectangular 
. cofirdmales of S with respect to E, p the distance from E to C, 
r the distance from S to C, R the distance fiom 72 to S. Then 

f £ = p cos 8 cos a = p \ , 


(0) 


- i) — p cos 5 sin a = pp, 
J = p sin S = pv, 


Tho quantities X, p } and v, which are the diiection cosines of the ' 
line from E to C, aie known at h, h, and k. The distance p is 
entirely unknown. 

First filep Tho first stop is to determine the values of the 
fiist and second derivatives of X, p, r, X, Y, and Z at somo time 
near tho dates of observation, say at h It will bo sufficient at 
picsent to show that it can be done with considerable appioxi-t 
mation without discussing tho best method of doing it. The 
value of the fust denvativo of X during tho interval h to h averages 


Xs — Xi 
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and this is veiy nearly the value of X' at the middle of the interval 
unless X' happens to be changing very lapidly The approxima- 
tion is better the shoitei the interval. In a similai mannci X23 
is formed When the intoival k - i x equals the interval h - h 
the value of X at h is veiy neaily 

^2 ~ IPua -f" ^23] 

If the intervals arc not equal, adjustment for the disparity can of 
couiso be made. 

In a similar manner it follows fiom the definition of a denvative 
that the second denvative of X at k, in case the two intervals aie 
equal, is approximately 

— .^2 3 ~ ^ 12 
2 *(£ 3 - 0 * 

The fiist and second doiivatives of p. and v aie given approximately 
by similar formulas, and it is to be understood that when the 
intoivals are as short as they generally aie m practice the approxi- 
mations, especially as obtained by the more lofined methods 
which will be considered in tho detailed discussion, arc veiy close. 
The American Ephemens gives the values of A", 7 , and Z foi every 
day in the year, and from these data the values of then first and 
second derivatives can bo found As a matter of fact only tho 
first derivatives of these coordinates will be required. 

Second Step The second step is to impose the condition that C 
moves around S in accoidanco with tho law of gravitation. It 
will be assumed that C is not sensibly chstuibed by the attractions 
of other bodies. Hence its coordinates satisfy tho differential 
equations 

' d?x _ k 2 x 

dt*~ r 3 ' 

/ 7 \ _ hhj 

v ' 1 d& ~ r* ’ 

d 2 z _ hh 

dt 2 r 3 ’ 

But it also follows from the lolations of C, E, and S that 

' x — ph ~ X t 
'V = PM ~ T, 
z — pv — Z, 


(8) 
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On substituting these expiessions foi ®, y, and 0 m equations (7). 
they become 

f* 

(pX)" - x" = - /t,2 ^ x ~ jQ 

) 

(9) - ( w *)" - Y” = — 

(pi.)" - Z" = -- jXg - z ) 

? 3 

But since 2? also revolves around S m aceordanee with the law 
of gravitation, it follows that 

Y>t _ 

R* * 

yt, _ _ WY 

R s » 


7 „ __ __ M 
/2 3 

Therofoie equations (9) bocomo 

V + »y+[x»+£],- -*»[£-!], 

(10) ■ pp" + 2pV + [p" + *£]p - - W [i- i], 

y' + *y + [,» + £],- _ **[£_£] 

The unknown quantities m these equations aic p", p' } p, and r, 
the first three of which enter lineaily 
Third Step, Tlie third stop is to dotermme the distance of C 
from E and S by means of equations (10) and a geometrical 
condition which the three bodies must satisfy. In order to solve 
equations (10) for p, let 


X, X', X" + ^ 


(11) D 


p. p'i x" + 


*''+7T; 


X, X', X" 

/i, fi'i m" 
V, v'j v u 


The second form of the determinant D is obtained by multiplying 
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jji 

thei font column by ^ and Hubtiueting the product fiom tho thud 

(column. Tho detoiminant which ih obtained by lopluoing the 
elements of tho tlmd column of I) by tin* light memboi of (10) 

will also ho needed If tiiecommon factor ^ omitted, 

tliiH determinant m 

X, X', X 

(12) lh * - /,« ih p\ Y 

r', ft 

Tho determinanta /) and /ft involve only known quantities, 

Tho Holution of equalioiiH (10) for /> in 

„ /ft I H 

To thin equation m tho two unknown quant ilion p and r muni bt* 
added tho equation 

(14) r» « p 9 + ft* - 2pft coh ^ 

winch oxproHHCH tho fact that tho three bodioH ft, and ft form a 
liianglo. The angle \}/ i« tho angle at ft between ft and /*, and 
Huh etiuation alno Imh only the unknowim p and r. 'Pin* problem 
of Halving (1!)) ami (14) for p and r in that which count Out on the 
third atop. The Holution of thin pioblem givcw the eooidnialeH 
of C by meiuiM of equations (8) which involve only p an an unknown. 

Fourth hUcf), Tho fourth Hlep ih tin* detennmalion of tin* 
coinpononta of velocity of (\ Tt followH from (8) that 

V - A + /)X ; - -V', 

(lfi) - v' ” p'p T - V * i 

z' p'v i pv ' ft'. 

The only unknown in the right memberH of thene equal ionn ih p* 
wliieli can bo determined from (10). Tin* exploration for it Ih 


X, X, X" 
/ft -IS n, Y, A 
>, ft, e" 
Therefore y\ and z f becoino known 
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Fifth Step . The fifth and last step is to determine the elements 
of the orbit from the position and components of velocity of the 
body This is the pioblom 'which was solved in chap v. 

112. Outline of the Gaussian Method of Determining an Orbit. 
First Step The fust step m the Gaussian method is to impose 
the condition that C moves in a plane passing through S, Since 
S is the origin foi the cooidmatcs a, y, and z, this condition is 

Axx 4- Byi 4 Czi ~ 0, 

■ Axz 4 By% 4 Cz% = 0, 

^Axa 4 Byz 4 Cza = 0, 

where A, B, C arc constants which depend upon the position of 
the plane of motion The lesult of eliminating the unknown 
constants A, B ) and C is the equation 

xi, y h z\ 

(17) aa, 1/2, za = 0 
x s , ys, Zi 

The determinant (17) can be expanded with respect to the 
elements of the three columns giving the three equations 

" (2/2Z3 - z 2 y*)xi - G/1Z3 - zm)xt 4 (2/1*2 - ziy^xz = 0, 

(18) - {x z z-\ - z z x 3 )yi - (xiZz - z&dyz 4 Cd*. - Zxxf)yz - 0, 

k {Xzyz ~ y*Xa)zi - (Xiyz - y\Xz)zz 4 {x x yz - yiXz)z 3 = 0. 

Evidently those three equations aie but different forms of the same 

one, but when the nine paicntheses aie determined fiom additional 
principles and Ti, Xz, • ♦ • aio cxpiessed 111 teims of the geocentric 
cooidmatcs by (8), they become independent In the unknowns 
pi, pZf and pa. The parentheses are the projections of twice 
the triangles formed by S and the positions of C taken in Wos 
upon the three fundamental planes Since m each equation the 
three areas aie projected upon the same plane the triangles 
themselves can bo used instead of their piojections If [1, 2], 
[1, 3], and [2, 3] lopresent the tiiangles formed by S and C at the 
times M2, M3, and M3 respectively, equations (18) become 

■[2, 3]ah-[l, S]u. 4 [1,2] 85.-0, 

- [2, 3] 2/1 - [1, 3] 1/2 4 [1, 2] 2/3 - 0, 

[2, 3]«i ~ U, 3 ]z 2 4 [1, 2]z s - 0. 


( 19 ) 
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Second Step. Tho second stop oonsmls in developing the raluw 
of the tuangles as power senes ni the Omc-iulei vhIm TIhh ih 
done by integrating equations (7) an power aeries m (he* lime- 
intervals, and than substituting the results for l t\, l a, ft hi I lie 
coefficient of (18) or (10). Inasmuch an these senes me linked 
upon equations (7) the condition Hint (' mIwiII move* alioul N in 
ftceoidanco with tlio law of gravitalion lms been imposed In 
order not to piolong the discussion at Uiih point (for the del mis 
see Art. 127) the results will bo given at onea. Knr (he purpose 
of simplifying the writing, let 


( 20 ) 


' Hit ~ h) « 0», 
— it) t “ 3 Oi, 

k(U — h) « 0 s , 

. 0 ^ ** 0 \ -I- 0j. 


In this notation the ratios of the triangles (2, 3) and (I, 2] to (1, !!j 
aro found to bo 


( 21 ) 


fM 

U, 8] 



[hj\ _ 0j 

Ul|8] 0 t 


| M 0 r,» 

Fl L 1 

L 1 + o“T,' 


0 1 9 


0 s a 



i 


Third Step, Tho tliird step consists in developing etpmlioim 
for tho determination of pi, pj, and p 5 . The results of substituting 
equations (8) and (21) in (10) aro 


(22) 


*0i [ 1 + g W - + • • • ] (Xip. - A',) - 0,(X«pi - A%) 
+ 0» £ I + d- ■ • - j (X 8 /)» - A's) m 0, 

0i 1 4* g 9 ~ ^ a “ + • * ■ J (miPi TO — (gjpj *- Ta) 

+ 03 [ I + J ^ rs s ^ • j (gaps “ Ta) * 0, 

0| [ 1 "I** l ^ 0l ” + ■ • • ] (H»P« - 3|) - 0.(»W« - #l) 

+ 03 f l + J °* n n 0a d- * * | (rrn #s) •* (1 
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These equations involve the unknowns pi, p 2 , p 3 , and r 2 , the first 
tlnee of which entei hncaily Since r 2 enters only as it is multi- 
plied by the small quantities 0i 2 , 0 2 2 , or 0 3 2 , it might be supposed 
that m a first nppioximation these terms could be neglected, after 
which pi, pi, and p 3 would be deteimmed by linear equations 
A detailed discussion of the determinants which are involved 
shows, liowevei, that it is necessary to letain the terms m r 2 even 
in the first approximation 

The solution of equations (22) for p 2 has the form 

(23) Apa ” P d" ^ > 

where A is the determinant of the coefficients of p\, p 2 , and pa, 
and P and Q aio functions of the known quantities \i, X 2 , * * , 

X u Yi, • • • 

Since »S, E, and C form a triangle at t 2 the quantities p 2 and r 2 
satisfy the equation 

(24) r 2 2 ” p 2 2 "f* — 2p%Rz cos 

The solution of any two equations of (22) for pi and p 3 in terms 
of p 2 and r 2 has the form 

Mpi = Pi p 2 [ 1 - \ ~ a — + *]+&> 

Mpa = P.p,[l-i^r^+ ]+«.. 

where M, P h Pa aro functions of known quantities, and Qi and Q 3 
involve only r 2 as an unknown, 

Fourth Step. Tho fourth step consists m determining pi and p 3 . 
The quantities p 2 and r 2 are found first by solving (23) and (24), 
which is exactly the same as the third stop of the Laplacian 
method, and then pi and pa arc given by (25), 

Fifth Step. The fifth stop consists in determining the elements 
from the known positions of C at the times ti and ta> These two 
positions and that of C define the plane of the orbit without 
further work. Gauss solved the problem of determining the 
remaining elements by developing two equations involving only 
two unknowns. One equation was deiived from the ratio of 
the triangle formed by S and C at k and ta to the area of the 
sector contained between V\, fa, and tho arc of the orbit described 
in the interval kh. Tho other equation was derived from Kepler s 
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It is impoitant to know for how gieat intervals the series (27) 
aie of practical value The limits aie smaller the smaller the pen- 
helion distance and the greater the eccentricity, and moreover 
they depend upon the position of the body in its orbit at r = 0 
For a small planet whose mean distance is 2 65, which is about 
the aveiage for these bodies, and the eccentricity of whose oibit 
does not exceed 0 4, which is much greatei than that of most of 
them, the series (27) always converge foi an interval of less than 
160 days If the orbit is a paiabola whose perihelion distance is 
unity "the scries (27) converge if the intei val of time does not 
exceed 54 days Of course, the senes aie not of piactieal value 
m then whole i ango of convei genre In pi actice m the case of 
small planets an interval of 90 days is ncaily always small enough 
to secure rapid convergence of (27), and m the case of the orbits 
of comets 20 days is laioly too gieat an interval 
The cooi dinates of the eailh also aie expansible as series of the 
form of (27), and the rapid convei gonce holds for very long 
intervals because of the small eccentricity of the earth’s orbit 
Hence it follows from equations (8) that />, X, n, and v can be 
expanded as power senes of the type of (27) The lange of 
usefulness of these expansions is the same as that of the series 
for x, y , and z 

It will be sufficient to considoi the senes foi X because those 
m ju and v aie symmetrically similar The senes for X for a 
general value of r and foi n, r 2 , and r 3 , which correspond to 
i x , t 2 , and k respectively, aro 

X “ Co -b CiT + C 2 T 2 + • * •> 

Xi = Co + cm + c 2 ri 2 + * • • , 

Xs — Co + Cits + 2 2 -h * 4 * i 

X 3 = Co + Ci t 3 + Ca r 3 2 + * * 

whero o, c 1} c 2 , • • aie constants. If these equations are termi- 

nated after the terms of the second degree the coefficients c 0 , c t , 
and c 2 are determined in tonus of the observed quantities Xi, X 2 , 
and X 3 , and the time-intei vals n, r 2 , and t 3 If more observations 
aie available more coefficients can be determined, the number 
which can be dotoi mined equals the number of observations 
The simplest way of expressing X m teims of r with known 
coefficients is to set equal to zero the elimmant of 1, c 0 , c Xl and c 3 
in (28), which is 
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equation at tho epochs h and l A , Tho foimulus me complr 
but the method of solving llm two equations is a input pioee 
of suecessivo approximations, After the equations me solved tl 
elements are uniquely dotei mined without any tumble. Lai 
methods liave been devised wlnoh avoid many of the eomp)n\ili 
of that due to ( Jnuss, 


I. Tub Lapoaoian Mwtiiod of Dbtmumininu Ohiuth. 


113, Determination of tho First and Second Derivatives of tl 
Angular Coordinates from Three Observations, It was found 
the outline [Ait 111] of this method of deteimnmig mbits (hi 
the first and second deiivativeH of the angular eoonhnafeH, i 
of the direetion cosines X, n, and v will he requited 
Let k{l Iq) » r and then equations (7) heeome 
[dH a* 

dr 5 * » 1f 


(26) 


d 3 JI a _?/ 
dr 1 i' 3 ' 

iPz j _ z 
dr 8 r* * 


Hnppoae a; « ai 0 , V « ?/», as • z 9t ^ * iV, » *«' i 

r « 0 r L'he solution of equations (20) ean hi' e\pniuh k d as powi 
aeries m r which will conveigo if the value of r in not too gieat 
They will have the foiin 


(27) 


a - J'o -I- Xo't -| a(^)/’-l ••• I ,!,(''"1)/" 
V fcl 7/o ~\~ Vqt --^(2)^ 




wliere the subscript 0 on Lite parentheses indieatea that (lie deuvi 
tivea aie taken for r *> 0 The second derivatives can be lepluci 
by the rigid members of (2(1) for r « 0; the third derivatives en 
be replaced by tin* first denvalives of the right members of (2(1 
and so on. All the derivatives in this way will be expressed 
twins of * 0> xo', i/o', and z n '. 

* For tho tleletinimuion of tho exant milrn of convergence stto n paper 1 
F. 11 , Moulloa ia AHlwmmml Journal, vol 23 (J 0011 ) 
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X, 

1, 

r, 

T 3 

(20) 

Xi, 

1, 

Tlj 

ri 2 

Xa, 

1, 

ra, 

ra a 


Xa, 

1, 

ra, 

^ 13 

TV 


The expansion of thin determinant with respect to the elcinenla of 
tin' first column ih 


CIO) 

wheto 


A o 


A qX — AjXi 4“ AaXa ™ AaXa r ~ 0, 


li n, r) n 

1> r a , r i a 

L o 

t ra, tv 


(ra — ri)(ra - ra)(ri 


tb), 


and wheto A u /1 2| and A a me obtained fiom do l»v peiimiling r 
with r u ra, and r 3 respectively. Tim deleimmunt d« in dihliimt 
bom zero if n, r 2 , and ra me distinct Hence equation (30) 
becomes 

\ n ( T r a)(r ra) x , (r r-dfr r ( ) 

(111) ( ri “ T a)( r i " r a ) 1 (r a - r,()(r a t\) 1 

, (r •• r,)(r - ra) x 
(r a r i) (ra t 3 ) 


It fotlowH from the* form of ( 111 ) lhn( (Iiih equation gives X 
exactly at n, r«, and ra, for other small values of r d gives X up- 
pioximntely. Tim nwl valim of X ia given by tin infinite 1 Merit**, 



tho first equation of (28), within Urn range of its ronvw genre. 
Geometrically considered this series defines a curve, marked <7 In 
Fig. 31. The second degreo polynomial (31) defines another 
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cui vo O 2 These two cuives intersect at n, n, and r 3) but in 
geneial do not intersect elsewhere. For small values of r the 
two cuives neaily coincide, and the appioximatc value of X can 
he found from the polynomial near the oiigm 
The hist and second derivatives of X aie found fiom (31) to be 
given appioximatoly by 

fx' = 2t - (r> + Ta) 2 r - ( r a + rj)_ 

I (ri — Ts) (t 1 — r 3 ) (T 2 “ r3)(r2 — rj) 


(32) 


, 2r — (n + T 2 ) -v 
(ra — ri)(ra — ra) 3 ’ 


X"' 


" X -1 

(ti — T2) (t 1 — ra) 1 (ra ~ ra)(r2 ~ ri) 


X 2 


l (r3 ~ ti)(ts — rz) 

Theio aie similai expressions in m and v 

114, Determination of the Derivatives from more than Three 
Observations. If the observations weie pcifectly exact and 
near together, the more theie were available the moie exactly 
could X bo determined for small values of r, and the more of its 
derivatives could bo determined. Suppose there are four obser- 
vations Then X is defined by a third degi ce polynomial analogous 
to (31) which reduces to Xi, X 2 , X 3 , and Xi for r = ri, T 2 , ra, and n 
respectively. Tho explicit cxpi ossion for X is 

(\ , (t - t 2 )( t - ra)(r - u) 

. (r — ra)(r - t 4 )(t — ti) x 
+ (r s - T,)(r, - r.Kr, - r.) 

^ fr - T.)(r - ri)(r - Ti) ^ 

(ra — t 4 )(t3 - ti)(t 3 - r 2 ) 

(r - n)(r ~ r s )(r - rs) 

I + (^r 1 )(r l -r ! )(T 1 -r a ) 

from which the first, second, and third, but not higher, derivatives 
can be found. 

It ib obvious from this how to proceed for any number 01 obser- 
vations. The pioccss is unique and docs not become excessively 
laborious unless the numbei of observations is considerable The 
number of derivatives which can be determined, at least approxi- 
matoly, is one less than tho number of observations, but no 
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donvative higher than the third will in any ease ho used. If tho 
observations extend ovei a long period so that tho eonveigenco 
of (28) fails oi becomes slow foi tho laigost values of r, it is neces- 
sary to omit some of them in tho discussion Usually, owing to 
tho errors in the observations, four 01 fivo will give X and its 
first two deuvatives as accurately as any gieatoi numbei. 

115. The Approximations in the Determination of the Values 
of X, Mi v and their Derivatives. In tho applications it is im- 
portant to know the chaiactei of tho appioxunations which mo 
made, and whether all the quantities employed mo detei mined 
with tho same degree of aceui acy. It is obvious no exact numerical 
answeis can be given to these questions because tho oilnts under 
consideration arc undeteimmed But it has been insisted (lmt 
the values of r must not bo too gieat m oidoi that tho senes (28) 
shall convergo rapidly. Consequently, the values of r at tho 
times of tho observations can lie consitleieel as small quantities, 
and tho degreo of tho approximation can be described m terms 
of the lowest powers of the r, which occur in tile neglected tonns. 
This gives a definite meaning to the* older of approximation, anci 
experience shows that it is a satisfactory measure of tho accuracy 
of tho results when the time-intervals me limited as dosenbed 
m Art, 1 13 

Suppose first that only thiee observations have been made. 
Tho appioxunations in tho determination of X and its derivatives 
anso from the fact that the higher terms of (28) arc neglected. 
Tho coefficients c 0 , c i, and c 2 aio dotoimmed by 

c» T Cin c 2 n 2 = X, — C3T1 3 — cin 1 *-•»*, 

(34) - Co + Cits -{- CzrJ* = X 2 — Car 2 8 — e,T 2 l 

. Co H- C 1 T 3 + Cars 2 = X 3 ~ Cara 8 — cuV — * • *. 

The oirors of lowest degree in the ry come from neglecting tho 
tonns in the right members which are multiplied by the unknown 
constant c 8 . Lot the errors be denoted by Ac 0 , Aci, and Acj. 
Then 


1, 

ri> 

T1 2 


C 3 ti 3 *f 

Ciri’ 1 -}- ► 

* *> 

Tl 2 


rs, 

T2 2 

Ac 0 » - 

Cara 8 -f 

Cira 1 + * 

' ') Tti 

r 2 2 

1, 

n, 

ra 2 


C3T a 8 -(- 

ClTj 1 -1- • 

• 1 ra, 

T 3 2 



Tl 8 , 

Tl, 

Tl 2 


Ti l , 

Tl, 

Tl 8 

Ca 

T* 3 , 

T2, 

r 2 2 

~ Cj 

ra 1 , 

ra, 

Ta 2 


ra 3 , 

n, 

rs 2 


ra‘, 

T8, 

Tj 2 
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and similar expressions for Aci and AC2 These determinants are 
easily 1 educed by the elementary lules for simplifying deter- 
minants, and it is found that 

Aco “ — C 3 T lT 2 T 3 — ClTlT 2 T 3 (ri + T 2 + 7s) + ’ 

Aci — -j- 03 ( 7 1 T 2 4~ 7273 4~ 7a7j) 

(35) - 4~ ci(7i 4 - 72) (73 ■+■ 73) (73 + 7i) + • * *, 

Ac 2 — — Cs(7l + 72 + 73 ) 

— Cl(7l 2 + 7 2 2 + 7 3 2 4- 7172 4- 7273 4“ 737l) 4" • 

It follows fiom these equations that c 0 , ci, and c% aie determined 
up to the thud, second, and fiist oideis lespectively 

Now consider the fust equation of (28) Since Ci is multiplied 
by 7 and c% by 7 2 , each of the fiist tlnee tcims in the senes for X is 
dotei mined up to tho third older in the r, On taking the first and 
second denvatives, it is seen that X' and X" aie detei mined up to 
the second and fiist ordeis respectively. Consequently, X m 
genoial is dotei mined by tho fust teims of (28) moio accurately 
than its fust donvative, and its fust tleiivative m general is 
detei mined moic accurately than its second denvative. These 
facts must be lemembercd in the applications. 

116. Choice of the Origin of Time. The origin of time has 
not been specified as yet except that it has been supposed that it is 
near the dates of tho observations so that n, 7 2 , and 73 will be 
small Any epoch t Q which satisfies this condition can be used 
as an origin, and the pioblem at once arises of determining what 
one is most advantageous. 

Tho choice of the ongm of time which has been universally made 
is tho date of the second observation, That is, to — k and there- 
fore 72 = 0. The value of X is exactly known at 7 = 7 2 ** 0, and 
the derivative of X at t ~ k is 

W ~ Cl T 2C272 4~ • • = Ci, 

which is subject to tho on or Aci, which, by (35), is m this case 
c 3 7 S 7l And similarly, the error in Xa /; is Ac 2 ~ — c 3 [7i + 73] 
Tho on or m X 2 ' is of the second Older while that m X2" is of the 
first Older In geneial, an error of the fiist older is more serious 
than one of the second older. But it should be noticed that 
when t 0 - k the quantities 71 and 73 are opposite m sign; and if 
the intervals between the successive observations are equal, 
Tl 4. Ts « 0 and tho oiror m X 2 " is also of the second older Con- 
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sequontly, when Jo « t 2 it is advantageous to have the suceessiv 
observations separated by as newly equal time-intervals a 
posstbio. But unfavoiablo weather and othei circumstance 
generally causo the obseivations to be unequally spaced 

Suppose the epoch of tho fust obseivation is taken as the origb 
of time Tho quantity Xi is oxaetly known, The on or in X/ i 
Act = C 3 rjrs, which is of the second ordei as before, but is appioxi 
matoly twice as gieat numeiically as that in X 2 ' because ra no\ 
repiesonls k times tho whole interval between the first and tlnr 
observations Tho onor in Xt" is Ac 2 => ~ c 3 (r 2 r 3 ) wh»c 

is much larger than before because r 3 now depends on the whol 
interval covciod by tho observations, and because r 2 and r 3 i 
this case aro both positive It follows from this that it is no 
advantageous to use tho time of tho first observation ns tho origi 
of time; and for similar ronsons tho epoch of tho thud obsorvatio 
is to bo rejected 

Tho question now aiisos what should bo taken for the oiigi 
of time when tho opoch of tho second observation is not nndwa 
between those of tho other two. Binco m general tho orror m X i 
only of tho third order and that m X' is only of tho second, whil 
X" is subject to an orror of tho first order, it is clear that tho origi 
of time should ho so choson, if possible, as to make tho first ordc 
orror in X" vanish. It follows fiom tho second equation of (3G 
that this result will bo secured if 



rj T ra 4- ra 
whence Jo 


*** W\ — h) 4- k(k - Jo) *4* Kk — Jo) 
= J (Jj -|- k 4" k)> 


EM ( 


The best choice of tho origin of limo is therefore given by th 
second of (30), and this value of k becomes the date of thosocon 
observation when tho successive observations aro equally distan 
from ono another. With this olioico of k the errors in X' and X 
aro of tho second older, while X is known up to tho third older. 


117. The Approximations when there are Four Observation! 
When theie are four observations the equations which eorreapon 
to flu* last three of (28) aro 


' c o 4* err i 4* c 2 n a 4* cm 3 = X| — cin 1 T * * • , 

Co 4 . cm 4- Car 2 a 4* c 3 r 2 3 “ Xa — Ctr 2 ‘ + • • «, 

Co 4- Cir-j -h Carj 8 -|- Car/ » X 3 — Cm 1 4“ • • *, 

. c« 4- cm 4- Can 4 + can 3 ==> Xi - Can 1 4- • • •. 


( 37 ) 



117] APPROXIMATIONS WHEN THERE ARE FOUR OBSERVATIONS. 209 


The determinant of the coefficients of Co, Ci, e 2 , and c$ is 


8 = 


1, 

Tl, 

Tl 2 , 

Tl 3 

1, 

T2, 

r 2 2 , 

t 2 3 

1, 

T3, 

T3 2 , 

T3 3 

1, 

Tl, 

T4 2 , 

74 3 


- (r 2 — ri)(r3 — n)(T4 — n)(T3 — T 2 ) 
X (ri — t 2 )(t 4 — r 3 ), 


which is not zero since the dates of the observations are distinct. 

The oirois of lowest order m c 0 , Ci, c 2 , and C3 are determined 
from (37), when only the hist terms m the right members are 
known they contain c\ as a factor. Let these enors be lepiesented 
by Aco, Aci, Ac 2, and AC3, their oiders in the 77 are required The 
expiession for Acq is 



Tl 4 , 

Tl, 

2 

Tl , 

Tl 3 

- Cl 

T2 4 , 

T2, 

t 2 2 , 

7 2 3 

8 

T8 4 , 

T3, 

T3 2 , 

T3 8 


T4 4 , 

T4, 

T-i 2 , 

7, 3 


Whon the factois n, r 2 , 7a, and rj aie removed from this deter- 
minant it is identical with 8 except the columns are permuted. 
Thrco permutations of columns bring it to the form of 5, hence 


(38) ACo = “b C4 Ti 7 2 73T4. 

The expression for Acj is 

1, Ti*, 7i 2 , 7 1 3 

1, n 1 , r 2 2 , r 2 3 

1, T3 1 , 7 s 2 , 78 3 

1, Tl 4 , 7.J 2 , 74 s 

If 7 2 is put equal to n in tins detoiminant it vanishes because then 
two linos become the same. Theiefoic it is divisible by 7 2 - 71. 
Smulaily, it is divisible by 73 — ri, 71 — n, 73 — r 2 , n — 72, 
and 74 — 73, that is, it is divisible by 8 All tho elements of each 
column are of tho same degree; and since every term of the ex- 
pansion of a determinant has a factor from each column, tho terms 
of tho expansion aie all of tho same degree. The degree of this 
determinant is nine, because this is the sum of the degrees of its 
columns. Hence Aci is of tho third degree because 5 is of the 
sixth degieo Moicovei, it is symmetiical in 71, , 7 } because 

both 8 and the numerator determinant arc symmetrical in these 
quantities Each term of the expansion contains r{ only to the 
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Inst degree because r, oceuis m the numeiatoi dctcinmmnt to 
the fomth degioe as the highest, mul m fi to the tlmd degice Tin* 
numoiieal roetlieieut ot each trim in the expansion is flu* Haim*, 
because of Urn symmoliy, and it can lx* dctcnmncd by I lie con 
mdciation of a, single term It ih found by consideimg Hie piodui t 
of the main diagonal elements that it ih | I Analogous dis- 
ciiHsioiiH can lx* made foi Ary an<l Aci, and it i« found m t hin \u\) 
that 

f Acj — Ci[ri7jr,i | r a r a n I T ( nn | nnryj, 


m 


i Ar a 


I C|(nra I rtr,i | nr s d T a r 3 I ran ! nnb 


{ Ar,i - - Ci[n -| n I r 3 -) rd 


It follows fiom (38) and (311) Mint wlion then* aie four obsei- 
vatimiH X, X', X", anil X'" me d<*tcimmcd up to small ijuantilu < 
of the fomth, tliild, second, and fust older icsprrtively Oidi 
naiily X"' ih not needed, though it becomes useful when (ho solid am 
Ih double, as it may la*, in determining which of them belongs to 
the physical problem In this latter ease it ih advantageous to 
make Acj vaniHh by determining /» ho that 

J nd t 8 (“ r,t -b n - 0, wlieneo 

\k " i(b 1 ('i b k I b) 


If the Holution of (he problem ih made to depend only on X, X\ 
and X", it ih moat advantageous to choose hi ho (iiai Ary Hindi 
vanish, for then ail tin* quantities are del ei mined up to the (hud 
order Tins condition becomes 


('ll) 


fr,r 9 d-7|7;t b Tin I r»ri | r a r i {- ran t), whence 
W - H(b 1 /, 1 /., | /,)/, 1 kk 

d-bb H.b I bb i bb I i b n. 


'I’lie values of b determined by tiiis quadratic equation me of 
no practical value unless they me real. The discriminant of tin* 
(piudiatic is 

H(b H“ b I bd bV~21(t,b 1 bb ( /did kk I bb I bb) 

- n - ;i(b ~ b) a i u(b /.) 2 i 3(f, /,)* 

d™ 3(b ky i \\{k - /,) 3 i :k/» - b) a o 

Therefore the solutions are always real, and are explicitly 

:(((. ;! Ja -I f,-l /,) > V//, 


(.12) 
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In 01 dei to get a conciete idea of the nature of the results 
suppose the intervals between the successive observations are 
equal to T Then (42) gives 

(43) i(h + *« + + *i) =*=&VIbt 

The first term on the right is the mean epoch of_the obseivations, 
and the two values of k are at the distance Vl5 T either side of 
this time Since the interval between the mean epoch and 
h or t s is ^T, it follows that t 0 is between h and U and distant 
Vl5 - \)T - \T approximately fiom h, or symmetrically situ- 
ated between t 3 and U. In piactice it will be most convenient 
to choose to ~ k or to ~ U, for then X is given exactly, the coef- 
ficients of (33) aie os simple as possible, and (41) is nearly satisfied 
The discussion when there aie five or more obseivations can be 
carried out in a similar mannei . For each additional observation 
one additional coefficient in the series (28) can be determined, 
and those which weie determined previously become known to 
one older higher in the t, In each case one additional order of 
accuracy m the determination of X" can be secured by propeily 
selecting to, but it is simplest to let to equal the date of the obser- 
vation which is nearest the mean epoch of all of the observations 


118. The Fundamental Equations The fundamental equations 
of the method of Laplace aro (10), where X, p, v, X', p', /, X", p", v” 
are given by (31) and (32) and corresponding equations in \ a and v 
The solution of equations (10) foi p, p', and p" is 



where 


( 45 ) 
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Those* deteimumnls tin* mibjool to hi mill ouoih beenum* of tlio 
fact (luti. the highei terms of o<iuutionH (28) have betm ncgh'eleel, 
Af(t*r p and // have be*on appioxnnalely (loloinnnod eoueelioiiH 
onn bo mudo for those' ouuhhioiih Tho dolormimiuls mo nlMe> nub- 
je*et to small oitoih Ihm'huhoi tln*y have Ik'oh dove lopoel undoi (lie* 
laoit HSHiimplion that the* observations wise* made* from the* 
position of tho oontor of tho oarth instead of fiom one' oi moio 
pomtH on iIh mirfaoo Aftor the* appioximale* di.slane'i'H have* 
lioon d('U*rimm*d tho obsorvatiems ean bo oen looted foi the' efle'elrt 
of tin* observer'^ position on tho mirfaoo of the* oarlh 

119. Tho Equations for tho Determination of i and p. (‘em- 
sidor flit* triangle foimod by >S', 1<], and C hot 4 / ie*piosent the* 
angle at and that at C. Tlien it follows that 



m 


f H c,oh 4, - XX -l-T/i-l- Zp, 
p 


It wn 4* _*>) 

Hin tf> 1 


r 


nin \p 
Hin tp 1 


When equations (40) aro substituted in tho first equation of (44) 
tho result ih 

Ii sin + coh v -|- [" It coh * - •A,’] sin </> « 7) f { , jjj, *>. 

In order to simplify this expansion let 
f N «in m C23 li Hin 4', 


(47) 


N coh m « U cos 4 / 
M * 


T>t 
DW* 

NDRH in* 4* 
^ lh 
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wlieie the sign of N will be so enosen that M shall be positive 
With this determination of the sign of N the fust two equations 
of (47) uniquely doteimmc N and m, and the equation in <p becomes 
simply 

(48) sin 1 <p = M sin (<p + ro) 

The quantities M and m aie known and M is positive 

Now considei the solution of (48) foi <p Since p = 0, r = B 
is a solution of the pioblem, it follows fiom (48) that <p — IT — iff 
is a solution of (48) This solution belongs to the position of the 
obscivei and is to be rejected It follows fiom Fig 32 that the <p 
belonging to the physical problem, which must exist if the compu- 
tation is made from good obseivations, satisfies the inequality 

(49) (p < 7T — ^ 

The solutions of (48) are the intersections of the curves defined by 
the equations 

( ?/i = sm 4 co. 

(50) 

[Vi ~ M sm {ip 4- m). 

For m negative and near zero and M somewhat less than unity 
these curves have the relation' shown in Fig. 33 



must be positive, it follows from the fiist of (44) that m this case 
y > H Since i p is less than 180°, it follows from (47) that N is 
negative, and that m is m the third or fourth quadrant 

In case m is in the fourth quadrant the ascending branch of 
the curve ih crosses the <p-axis in the first quadrant, and, if M < 1, 
the relations of the curves are as indicated m Fig 33 If w is 
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near 180° thoie are thiee solutions, <pi, <pn, and <p 3 , one of which 
is 7r \j/ and belongs to the position of the obsei vei. It (pa^ir-rf/, 
both v?i and tp 2 fulfill all the conditions of the pioblem and it can 
not be deteimmed which belongs to the orbit of the obsei ved body 
without additional mfoimation However, it might happen that 
(Pi would give so gieat values of r and p that it would bo known 
fiom piactieal observational consideiations that the body would 
be invisible, it would be known in this case that <p 2) which would 
give a smallei r, belongs to the physical pioblem If p 2 = r ~ 
it follows fiom (49) that (pi belongs to the pioblem. The case 
(pi = 7r — cannot occur for then the physical pioblem could 
have no solution If, foi a fixed M, the ascondmg blanch of the 
curve 2/2 moves to the right the loots <pi and (p 2 approach coinci- 
dence, and as it moves faithcr to the right <p 3 alone lemams leal. 
This case, which coi responds to m far fiom 180° in the fourth 
quadrant or in the thud quadrant, cannot anse, for then the 

pioblem would have no solution Theiefore, if ~ is positive , then 

t > R, m is m the fourth quadrant, and there are one or two possible 
solutions of the physical problem according as p 2 or <p 3 equals r — if/ 

Now suppose is negative In this case r < R and m is m 

the first oi second quadrant. If m is in the first quadiant the 
descending branch of the curve y 2 ciosses the v>axis in the second 



quadrant, and for a small m and M < 1 the relations are as shown 
m Fig 34 In this case tho solution of the problem is unique or 
double according as or *? 3 equals ?r - If m is m the second 
quadrant the descending branch of the curve y 2 crosses tho ^-axis 
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in the fust quadi ant, p 2 and p 3 aie not real, and the problem has 

no solution Thercfoio, if ~ is negative, then r < R, m is m the 

first quad) ant, and there are one o? two possible solutions of the 
physical problem accoi ding as p 2 o? p 3 equals ir — 

120. The Condition for a Unique Solution The solution of 

the physical problem is unique whethei ~ is positive or negative 

if = t — </>, and otlieiwise it is double Suppose <p = tt — \p -}- e, 

where e is a small positive number When ^ is positive, it is 

aeon fiom Fig 33 that if p 2 = tt — ^ the difference yi — y 2 is 

positive foi <p — <p 2 + e, and, when ~ is negative, it is seen from 

Fig. 34 that yi — y 2 is negative foi p = p 2 + e - r - ^ -f e 
It follows from (50) that yi and y 2 can be expanded as power 
seiies m e when tp — t ~ e The fiist two terms of the 
difference arc 

yi — yi - [sin 1 — $) — M sin (ir — \ + ?rc)l 
(51) + [4 sin 3 (tt — \{/) cos (tt — \f) 

— M cos — yp -j- ?iz)]e -{- 

The term independent of e is zero because <p = 7r — is a solution 
of (48). A reduction of the coefficient of e by equations (47) 
and (48) gives 

MR [ 37)i . I , 

2/i — 7/2 = I 14-^cos^Je + 


Thei of ore the condition that the solution of the physical problem 
shall bo unique is 0 


* 3Z>i 
1 + DR [ C0S ^ 

\ . 3Di , ‘ 

1 + Mi C0S ^ 


> 0 if 


<0 if 


— < 0. 

D 


Tliis function is completely determined by the observations, and 
consequently it is known without solving (48) whether the solution 
of the problom is unique or double. 

The limit of the inequalities (52) is 

1 + M iOOS ^' = a 


(63) 
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On eliminating cos ^ and ~ by the first equations of (44) and 
(46), it is found that 
(64) 

The minimum value of the nglit member of this equation, con- 
sidered as a function of r, is aeio, theiefore for each value of r 
there is a unique positive value of p All points defined by pairs 
of values of ? and p which satisfy (54) aie on the boundaiy of the 
regions where the inequalities (52) aie satisfied These boundary 
surfaces are evidently surfaces of revolution around the lino 
joining the earth and the sun The section of these surfaces by a 
plane through the line SE is shown m Fig, 35.* 



The surfaces defined by (64) divide space into four parts, two 
of which in the diagram are shaded, and two of which are plain. 
The function (52) has the same sign throughout each of these 
regions and changes sign when the boundaiy surface is crossed 

* This figure was first given by Charter, Meddelande fr&n Lunds Observer 
ionum, No 45, 
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at any oidmaiy point. This is a special case of a general propo- 
sition which will be proved 

Suppose a. 0) yo, £o is an oidmary point on the surface defined by 
F(v, y, z) - 0 Considci the value of F at x 0 + Ax, y 0 + Ay, 
2o -f A z, whore At, Ay, and A z are small The value of the function 
at this point is 

F(x o + At, y 0 -b Ay, z Q + A z) 

— F{xo, yo, z 0 ) + Ax -b ~ Ay + — ' Az + • • • . 

The first term in the light member of this equation is zero because 
(Co, yo, *o is on the smface. Now suppose the point Xq + Ax, • • 
is on the peipendieular to the surface at x 0 , yo, 2o Then 


dF 

Vtz 


VO'-H 

'W\ 
\ Qy I 
dF 

« 

m+ 

(1) 

dF 

VTz 



Pte 


whoro p is tho distance from To, yo, 2o to To -b Ax, yo + Ay, z 0 4- As, 
because tho factois by which p is multiplied aie the direction 
cosines of tho normal to the surface. On one side of the surface p 
is positive, and on the other side it is negative The expression 
for tho value of tho function F at the point To 4- Ax, • • becomes 


F(x o + Ax, y 0 + Ay, z 0 -b A z) 

-[(g)'OMf)T 


+ P 2 [ ] + 


For p very small tho sign of tho function is detei mined by the 
sign of tho first tcim on tho light whose coefficient is not zeio 
Since To, Vo, 2q is by hypothesis an ordinary point of the surface, 
not all of tho first paitial clenvatives of F arc zeio, and conse- 
quently the sign of tho function changes with the change of sign 
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of p That is, the function chunk's sign when I lu» surface for 
which it ih jjcio is mossed, and d does not change sign at any 
olhm point because (ho Inaction ih i'iiii! muons. 

In 01 dm to find in which of the four legions of Fig. 85 the sola- 
turn ih unique, and in which it ih double, consider a pond on (lie 
line A'D to fli(> left of H At such a point f /> I A\ ^ and 
it followH that 

, , m . . 37), . 3(p 1 AT 

1 ' 1 ~ 1>H' ' HW I »/•« I »«V 

wliich m clcaily negativo for p very large Hmce in this earn* 

r > U it follows that J j y > 0, N < 0 and the hint inequality 

of (f>2) ih the one under ronMideiation Since (h<» inequality m 
satisfied the solution of the problem w unique if the obseived 
body in m (he unal aided area to the left of /'A If the mil face in 
crossed into the larget shaded area at a point foi which i ’ • A* 
(he funetum changes Higu while the sign of N is unchanged 'Then 
the find, nu'quality of (52) ih not satisfied and the solution of the 
physical problem in double. In Huh legion tin* function (fill) m 
positive and N ih negative ff the mirfueo m mossed into (ho 
Hinaller uiiKluuled mea the function (58) heroines negative, iV 
becomes positive, and the second inequality of (52), which in now 
m question, ih satiHficd. Theiefoio Hie solution ih unique in thin 
unshaded men. It ih shown similarly tlmt it. ih double m (be 
Hinaller shaded aiea. 


121. Use of a Fourth Observation in Case of a Double Solution. 
Suppose y-t 1 ir - ^ so that there are two solutions of ( IS) which 
eoi respond to the conditions of the physical pioblem. One 
method of delei mining winch solution actually belongs to the 
physical piohlrm, in case there aie foul observations, is obviously 
to develop (88), using the fomlli observation instead of one of 
the original lift re. In general, this will make the Jesuit unique. 

A heller method of lesolvmg the ambiguous ease can be devel- 
oped fiom equations ('M). Klmnnate r from I, lie second and 
third equations of (4d) by means of the liisl. The results mi* 


/ Da 

' 2 1)7 


D/>, 


P 

Ih 


Ih 


D, 

IV 


V 


Da 

2 /V 
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The cloiivative of the fiist of these equations is 
p" = P'p + Pp' = (P' + J»)p, 

winch equated to the right member of the second equation gives 

(56) D, - ^ + Dp - 0,(P' + pi) 

Since this equation is linear p is uniquely determined unless D is 
7,010. The determinant D will be examined m Art 124 Equa- 
tion (55) must be based upon not less than foui observations, for 
P f involves \ ,n , p'", and v ,n which cannot be determined, even 
approximately, from three observations. 


122. The Limits on m and M. In an actual problem of the 
clotomunatiori of an oibit the constants m and M are subject to 
the condition that equation (48) shall have three leal loots between 
0 and 7i\ The limits imposed by this condition can be determined 
from the conditions that it shall have double roots; foi, suppose 
M is fixed and that to vanes In the fiist case, represented in 
Fig 33, thoic are thieo real solutions of (48) until, the curve 
moving to the right, <p\ and become equal, and in the second 
case, represented m Fig 3d, thcie are three real solutions of (48) 
until, the ourvo yz moving to the left, and 953 become equal 
The two cases aro not essentially different foi <pi m the fiist case 
corresponds exactly to <pa in the second Similarly, if m remains 
fixed and M, starting fi om a small value, increases there are three 
real solutions of (50) until either 952 and 903 or 951 and 9*2, in the 
first and second cases lespcctively, become equal When the 
limits aro passed for which two values of <p which satisfy (48) 
me equal, there is only ono ical solution between 0 and tt. 

Tho conditions that (48) shall have a double root are 

sm 4 <p - M sin (95 + to), 

(56) . x 

4 sin 3 <p cos 95 = M cos (9 ? T to) 


Tho solution of the quotient of these equations for tan <p is 

— 3 db ^9 — 16 tan 2 m 


(57) 


tan v? 


2 tan to 


It follows at onco that to is subject to the condition 
9 — 16 tan 8 to ^ 0 

in orclor that tho double loot shall be real. Hence 
(68) 323° 8' ^ m £ 360°, 0 ^ to ^ 36° 52 


t 
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tlir fust uiugo for tn belonging to the fust rust', repiesenlid m 
Idg MM, and the second in t hr second rust 1 , icpiescnlrd m big Ml 
bor rwh m llirrr mr two vulurs of y dchned by (5 7) between 
0 mid t r In I hr lust ruse, in which Inn m is negative, lull y is 
positive wlirlhrr Ihr uppri or Ihe lowci sign is used hrfoir Ihe 
radical, and it is smallest when Ihr uppri sign is used Theiefoie 
l-lir value of y delincd by (57) when the uppri sign is uhm! is lhat 
on<* for which yn yj m J l 'ig. MM, and the one deleimincd when 
the lower sign m lined ih lhat one foi which yu yi When m has 
the landing value for which the imhcat vanishes y, y a y (1 . 
The disciiHsion is analogous in the second caae m which Ian w 
is positive 

f l'hr landing valuca of y, defined by (57), which correspond lo 
the limiting values of m us given in (58), an* lenpeetively 
(50) y - 110° y - (IM° 211', 

and for both of theae values of y> tiie vnluo of M defined by (511) 
ih M L 4M1 Thin is the maximum M for wlueh (<18) nui bine 
three real roots between 0 and 7r. In older lhat the Ihiee mots 
Hindi be leal for Huh ill the value of in nnmt be M0° 52' or M2H° 8', 
mid the three roots are then equal. 

Consider the lirat caae and HUppone m wtarlH fiom M2M W 8' and 
iiieieaHOH to MOD 0 . The two valuea of y> defined by (57) si art 
fiom 0M° 2(1'. One goes to 0 and tin* oilier to 00°, 'Hie I wo 
corresponding values of M start from 1.4M1, and one goes to 0 
and the other to unity, bor each value of m between Ihe limits 
(58) I boro are two limits between whieh Hf niuat. he m order lhat 
(48) shall have three real solutions. In eonstrueting a table of 
tin* solulions of (48) depending on the two independent parameters, 
M and m, these limits should lx* olmeived in order lo reduce Ihe 
work us much ns possible. 

123. Differential Corrections, Huppose the approximate solu- 
tion of (48) lias been found from the graphs of y x and //*. or by 
numerical trials, or from the tables of the roots of this equation. 
Let y> 0 represent the approximate solution and yo + Ay the exuol 
solution. The piohlem is to find Ay, 

Let 

((H)) Bin' 1 y 0 - M sm (yo T w) «=» i?, 

where y will be a small quantity if yo is an approximate solid ion 
of (48). If yo + Ay is substituted in (48) in placo of y, the result 
oxpandccl as a power series in Ay becomes 
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— v — [1 kin 3 y? 0 cos (po — M cos (<po + w)]Ays> + [ ] (A y?) 2 + • 

This powei scries can lie inverted, giving Ay? as a powei series m r\ 
The lesult is 


(01) A v - 4 ml — 0<J - _ h — (w + - } + [ ] o’ + • 

The only exception is when the coefficient of Ay? in the power 
series in Ays is zero This is the second of equations (56), the 
conditions foi a double root In this case the expi ession for Ay? 
proceeds in powoi s of =*= V ?7 In practice difficulty auscs if the 
coefficient of A y? is small without being zeio, for then <p 0 must be 
very close to the tiuo value of y? befoie the method of differential 
corrections can bo applied 

The higher toims of (61) can be computed without any difficulty, 
but they rapidly become moio complex, It is simpler in practice 
to neglect them and to lepeat the process with successive impi oved 
values of (pa. 

It is possible to develop a more convenient method for com- 
puting the differential collections by making use of the fact that 
the work is done with logarithms. After m and M have been 
computed from tho observational data the approximate solution 
of (48) can be determined from the diagram The curve y x can 
bo drawn accurately once for all. The bettor known sme curve, 
in this case flattened or £>ti etched vertically by the factor M, can 
bo diawn fiec hand with sufficient accuracy to enable one to get a 
very approximate estimate of the value of <p. Let it be y?o. The 
logarithms of tho right and left membeis of (48) will be computed 
and they xvill of couiso be found to be unequal Let 
4 log sin y>o — log M — log sin (y?o + tw) = e. 

In the successive approximations only the fiist and thud of these 
logarithms will lie changed. The tables give the logarithms of 
tho trigonomotuo functions Let the tabular difference for the 
logarithm of sin y?o ancl sm ( <po + 5y?) bo ei, where §y? is some 
convenient increment to y?o> and let «2 be the eoi responding tab- 
ular diffeionce for sm (yso 4* m). These quantities are taken down 
from the margins of the tables when the logarithms of sm y?o and 
sin (tpa + m)' aro taken out. Then the correction Ays is given by 


tho equation 
( 62 ) 


Ay? = 


8(p e 
4ci €2 


whore tho result is expressed in the units used for 8<p, This 
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method is so convenient in practice that a very few minutes suf- 
fices m any case to find the solution of (48) with all the accuracy 
which may he desned In the faist approximation, whcio the 
enoi is in goneial large, one dcgiee could be taken foi 5^ In the 
later approximations 10" is a convenient increment because the 
tabular chffeiences of the logarithms foi diffci cnees of 10" are 
given on the rani gins of the tables.* 

124. Discussion of the Determinant D. The determinant D } 
equation (45), enteis mto the determination of the constants M 
and m, and the solution becomes indeterminate in form if it is zero 
Consequently it is important to find under what circumstances 
it vanishes 

Suppose the determination of the orbit is being based on only 
three observations Then the values of X, X', and X", which occur 
iti D, aie given by (31) and (32). There arc corresponding 
expressions for ft, ix' } ft" , v, v\ v" After they aie substituted in 
(45) the determinant D can bo factored into the product of two 
determinants. In order to simplify the notation let 


Pi 


(63) 


- (r - r») (r — r g ) J 

(ti — t 2 ) (n — ra) * 

(r - n)(r 


Ps = 


3 (r - n)(r — r 3 ) 

2 (t 2 — r 1) (m — 7-3) ’ 

- T 2 ) 


(T 8 — ri) (r 3 ~ Ti) ’ 

and denote the derivatives of these functions with respect to r 
by accents. Then 

f D = A 1 A 2 , 


(64) 



Pi, Pu P'l 

P Ti ' p" 

2, 1 2) L 2 

T} T }' 

* 8; X 3, fj 


, 


A 2 

„ 


Xi, 

X 2 , 

X3 

Mu 

M2, 

M3 


P2, 

V3 


Consequently D can vanish only if Ai 01 A 2 is zero. 

*Tho solution of (48) depends on the two paramcteia M and m; if thcio wore 
but ono the 1 elations between it and <p could easily bo tabulated In spito of 
tho two parameters Leusohner 1ms extended a table originally duo to Oppolzoi 
from which the solution can be road directly with considerable approximation 
It is table xvi in the third (Buckholz) edition of Klmkerfuee’ Thcorcltscho 
Aslrononne 
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II will bo shown fiist that Ai is a constant which is distinct from 
55Cio Since it is formally of the third degree m r, necessary and 
sufficient, conditions that it shall be independent of t aie that 
Ai' = 0 for all values of r The denvative of a determinant is 
the sum of the determinants which are obtained by replacing suc- 
cessively the columns of the original dcteiminant by then deriva- 
tives Ilonco A/ is a sum of thiee deteimmants Since the 
derivative of the first column is identical with the second column, 
the first of these deteimmants is zeio foi all values of r Since 
the denvative of the second column is identical with the thud, 
the second dotoimimint is zeio The denvative of the third 
column is zero, and theiefoie the thud determinant is zero 
lienee A/ is identically zeio and Ai is a constant Its value, 
which is easily found foi r = 0, is 


(65) 


Ai — 



T 2 T 3 , 

T -2 ~f~ 7 3 , 

1 

2 

TlTi, 

73 + 7 1 , 

1 


7 lT 2 , 

7l -}- 7 2 , 

1 


(Tl — T2) 2 (T2 — T3) 2 (T3 “ Tl) 2 


(r 2 — ti)(t 3 — r 2 )(r 3 — n) ' 


This determinant is distinct fiom zeio and independent of the 
choice of the epoch t Q 

In oulor to interpret A 2 multiply the fiist, second, and third 
columns by p\, /> 2 , and p 3 lespectively Then, m the notation of 
equations (0), the determinant A 2 becomes 

I £i. £2, £3 1 


P1P2P3A2 — 


v\> , *)*{• 


ft, ft, ft 


Tho right member of this equation is numerically the expres- 
sion for six times the volume of the tetiahcdion formed by the 
eai th and tho throe positions of C with respect to E The volume 
of this tetrahedron is zeio only if the thiee positions of C lie m a 
piano passing through tho fouith point E This, of couise, is 
referring tho position of G to E as an origin A simplei way of 
expressing tho same icsult is, the determinant A 2 (and therefore D) 
is zero only if the three apparent positions of C as ob&eived from E 
he on an at c of a areal circle. 

It follows from (44) that if D is zero, Di and Z) 2 are also zero 
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unless It *-i» In geneial, tlio expiessmiiH for p and p' become 
mdeteummito when I) ih /eio, and they are poorly doleimmed 
when I) is mnalt. One cuhc in which A a and D me always mo is 
that in which C moves m tin* piano of the caith’s mint lint m 
this cane there me only four elements to lx* determined, and since 
each obseivntion gives a aingle coduhnale (the longitude) four 
observations are returned. 

An expression for As ran lie obtained by means of equations (0) 
After Home simple reductions it ih found Unit 

Aa 6:3 cos fit com fi a co*> 5-, [sin (« a - « t ) tan fi. 

H- nin (« 8 - «a) tan fit 1- am («t — <*.) tan fia]. 

12k Reduction of the Determinants I)\ and Da. Tho expies- 
flimiH for I) 1 and Da, equations (45), heroine aa a emutequonco of 
equatimiH (31) and (32) and corresponding expreRmoiiH for p, p\ v, 
and / 

P 1 X 1 H P'M -I DaXa, iVXi + 2VX a H JVX., X 

Di “ ” Pm ~\- Pm I- Pm, P 1 V 1 H PaVa + Pi i*» t Y » 

Pi* 1 + 2Vi + /V., PM + P/»'a ‘I D/e., Z 

DiXi 4* DfXa + P«X|, Pt"Xi -1 P a "X 9 *f Pi'%, X 

D a » + Pm -b Pm + iVi, Pi'Vi + 2VV* + /V'w, K . 

Pin + 2V. H 2V., P/V, + 2V'n + /VS, X 

If the first column of Dt iH multiplied by *j~- and Hubtraeled 
from tho second column, tho result is 

D A) (Pt'D. - D,/V)X, + (D/D. - D a D/)X a , X 
- ^ p„ yyp, - p,p,‘)„ 1 -1- avp, - r , 

' p„ (P.-p, - p,p,')v, + (p,'p, - /win, 2 

whore 

■Da«/’iXi + DaX 2 + D.X., 

“ D„ ■■ Pi/n -h 7Va "I” Dag., 

J\ « Din d- D s r 9 + D.r.. 

This cloterminivnt is the sum of tho two determinants 

P.X, + DaXa, (D/D. - P,P,')Xi + (P/P a - W)Xj, X 

- p,m. + p»«, (p/p, - p,p.')m. + (p.'p. - ivvw r 

‘ Pin + iV„ (Pi'P, - P.P,')!'. + (P/P. - P,P,'K 2 
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ancl 

Xi, (Pi'Pi - PiP.OXi + (P«'Pa - P*P«0Xt, XI 
M3, (Pi'Pg ~ PiPaOMi + (P/P 3 - P 2 P 3 ')/u 2 , 7 
*»», (Pi'Po “ PiPaOMi + (P 2 'P 3 - P^Pa')^, Z 

The terms m X 2 , m 2 , and v 2 can be eliminated in a similar manner 
from the second column of the fiisfc of these determinants Then 
each of the determinants is the sum of two others, and the reduced 


Pi 




Xi, 

X 2 , 

X 

~ (JPOV - 

- JPi'P*) 

Mi, 

M2, 

7 



ri, 

P 2 , 

Z 



x 2 , 

X 3 , 

X 

- (P 2 P 3 ' - 

- Ps'Ps) 

M2, 

MB, 

Y 



P’1, 

P3, 

Z 



X 3 , 

Xi, 

X 

- (P 3 P 1 ' - 

- P 3 7 P 1 ) 

M3, 

Mi, 

Y 



P 3 , 

Pi, 

Z 


The coefficients of those determinants are needed for 7 = 0. It 
is found from (63) that 

iVV “ Pl ' P '* = (r,,- rO^-nKr, - Tl ) ' 


2* 3 


P 2 'P 3 


T ri 2 


(r 2 — n)(r3 

P3P1' 

Thon the expression for Pi reduces to 


t 2 )(t 8 — Tl) ’ 


P t Pt * 

(r 2 — n)(T3 — ra)(r3 — Ti) 


(67) 


Pi- 


tt 

P 


Xi, 

X 2 , 

X 

Tl 2 

P 

X 2 , 

X 3 , 

X 

Ml, 

Ms, 

7 

Ms, 

Mi, 

7 

Pi, 

P2, 

Z 


Pa, 

P3, 

7 


\a, Xi, -X" 

Ms, Mx, 7 

Pa, Pi, Z 

\, P = (r 2 — ti)(t 3 ” Ta)(ra ti). 


7T 

P 


to 



m 
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In ft similar manner the expression foi I ) » loduees lo 


m 



Xl, 

Xa, 

X 


Xa, 

Xa, X 

1) „ 2ti5 
lh T 

Ml, 

Ma, 

Y 

I 2ri 

P 

Ma, 

M3, Y 


»'l, 

i>i, 

% 


»'a, 

Pa, Yi 


4* 


2ra 

P 


Xi, 

M3, 


Xi, 

Mt, 




X 

Y 

'/ 


Each of tho determinants in Min expressions for /)» and /)■, can 
bo developed in a form (tiinilxu* to (00). 


126. Correction for the Time Aberration. Since tho velooity 
of light in (inito, tho body C ut any instant m appnionlly when* it 
wttH at Homo prowling instant This introduces a nliglit onoi m 
tho data which must bo ooiioolod, if aoourato iohiiHh arc defin'd, 
after the appioxiniate distances have boon doloimmoil Since tin* 
volooity of light is vory gioat ami tho apparent motioiiH of tin* 
heavenly bodion are m gonoial Blow, it will not bo neressniv lo 
know tho distance of G with a high dogioo of amiraoy in oidoi lo 
con eel for tho finite volooity of light 
Lot P 1 1 Pi, and Pa bo tho positioim of tho obHorvor at l\, fa, 
and la respectively. Let Mu* observed diiootions of C at these 



epochs bo PiGu fiaCi, and PaGv In tho time inquired for tin* 
light to go from G to P tho former will liavo moved forward in ils 
oiblt to tho positions p lt pa, and p 3 , wlneh an* Us true places ut 
the epochs t\, k, and tv If tho distances are known the observed 
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cotiidinatca can easily be corrected for these sliglit motions j but 
tills changes all the observed data of the problem and makes it 
necessary to recompute all the determinants. 

A second method, which is more convenient in practice, is to 
correct the times of the observations. The body C passed through 
the points Ci, CT) and C 3 » not at £j, £ 2) . and £3, but at these epochs 
diminished by the time required for light to move from C h C 2 , 
and CT to Ah, AT, and AT respectively. I11 order to make these 
corrections to the epochs it is necessary to know AjCT = Pl , 
As CT 8=3 P 2 , AbCfl — p 3 . It will he supposed that (48), (46), and 
(44) have boon solved and that p and p' are known. Then the 
values of p j, p 2 , and p 3 arc given with sufficient approximations for 
present purposes by 


( 00 ) 


Pi ~ p + p*r 1 , 

pi — p + p'rt, 
w p3 = p pC- 3 . 


Lot V represent the velocity of light. Then the epochs at 
which C was at CT, CT, and CT are 




T\ 

— An = ti 

I 

1! 

j 

1 

(p -f- p'r 1 ) 

7 

(70) 

>< 

Ti 

— Ara — t 2 

„ £* _ r _ 
v " 2 

( P ~h p't?) 
V 




— Ara 3:3 r 3 

pa 

(p + p'r a) 



_____ r8 _ 

V 


Now consider the correction to D , D 1 , and D 2 . In D only the 
factor At is altered. But in the applications only the ratios of 
I) to D\ and I)% aro used, and the latter contain At as a factor. 
Therefore the only change required is to replace t u t 2 , and r 3 
by ti — At j, r 2 — At 2 > and r 3 — Ar 3 respectively in the numerators 
of the coelTicionts of the determinants in (67) and (68). 


127. Development of x, ?/, and z in Series. In order to deter- 
mine tho corrections which should bo added to X' and X", so as 
to determine tho elements of the orbit with greater accuracy, it is 
necessary to have x, y, and z developed as power series in r. These 
quantities satisfy the differential equations 
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dr’ 

— t- J 

? 1 

- ue, 

(71) 


d J d u 

dr 3 

?/ 

~ ? 3 

- tip 



d J 2 

[dr 3 

- p 

- t<2. 


II \n shown in the Lhemy of diiTeientml ioiih llml> (hr *<nlu- 
lions of dilTmenlinl r(|U»ilions of Ihis type me expansible as power 
senes of the form 


'x -Bo -l aVr I W'rH i ro"V H aVio ,v r , -| iJn *«V' | 

• V -“//o-l Ifnr I- J//o V I ,Wo"V I ^iJ/o*V -| , UVu't 1 ’ j 

2o «- 2 0 -i- Zq't *1- Jb«V H- I aW v r 4 I (So 2t>V‘ *! 

It is found fiom (71) tuid its nueeessive deuvativrs Urn!. 


(72) 


®o" c ™ M0®0» 

b</" *» - m</®o - «o«o f , 

' Bo ,v c " (™ «o" H- iio*)®o — W®o'i 

B(> V (~ «o' l# -l dUoWJjTo ' GW # — MtfOlV. 


The ooefTieienls of tin* series for y and 2 differ only in 1 1ml j/n, //»' 
and 2«, 2/ appear m place of Bo» ®o' respeelively. Theiefoie 

’ ® B * A*o -i-f/flo', 

// * /tfod {/I/#', 

(78) - ^ {?^0,, 

/ «* i — iwor 2 — JuqV — ^(ifo" '* «o*)r 4 


-- xior( ,< u ,// *“■ < li/ti»i/)r 6 I • , 
J 13 r “ J«or* ytyaoV — ’ ’ a<i?)r ft j ■ • •• 

In order to have / and fl in a form for practical tine tin* derival ivch 
of u must be expressed in Leri oh of Bo, y o, Zoi Bo', yu, and 2 /. La- 
grange bun done thiH very elegantly by Introducing p and q by the 
cquationa 

n 1 dr 3 1 1 t * j 

i*p «*» ^ ^ ®* bb # H- W + 22 , 

(m) 1 , r,„ 

n I n f ft ■ /U | 4 

r 3 !/ «* g « b' + V 4* * ~ 

Then it is found that 
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„ . f 

3 dr 

3 1 dr 2 


u — 

r 1 dr ~~ 

r 4 2r dr 

I 

OQ 

1 

II 

u t 

1 d 2 r 2 

1 dr 2 dr 


v - 

T 2r a 7i T 2 

?’ 3 dr dr 

- ff 2p 2 , 


1 d 2 r 2 dr 

1 d 3 r 2 


(j - 

? 1? dr 

“ h 2r 2 dr 3 

— — up — 

of these equations 

and their 

successive < 


2p<Z. 


coefficients ill the series for / and g can be expressed as polynomials 
in u, ]), and q. The expressions for / and g become 

f / = 1 - §u Q t 2 4 or 3 4 ^(3«og 0 ~ 15 r 0 Po 2 4 Ro 2 )t 4 
4 -ff(7«oPo 3 - 3w 0 po5o — Ro 2 po)t 6 4 • • ■ , 
9 ~ T ~ or 3 + iwoPor 4 4 t4f(9wo<?g - 45ii 0 po 2 

' 4 Ro 2 ) t 5 4 * * ** 

The derivatives of a;, y, and 2 can be determined from equations 
(73) and (75). For example 

V" - f"'xa 4 g'"x </, 

(76) -| x w « / ,v a) 0 4 {/ lv tto' } 


(75) 


128, Computation of the Higher Derivatives of X, p, v. The 
values of X, X', and X" determined by equations (31) and (32) are 
only approximate becauso C3, C4, • • • were unknown. But after 
the higher derivatives become known these coefficients are obtain- 
able, and the approximate values can be corrected. 

The third derivatives of equations (8) are 

’ {V"X 4* 3p ,/ X / 1- 3p'X" + P X ; " - x m + X”\ 


(77) 


\ P '"n 4 3pV 4 3 pV' + Pt*'" - y ut 4 F'", 


Lp"V 4 3p'V 4 3pV' 4 pv m = z"’ 4 Z'". 

The loft members of these equations involve the four unknowns 
p"', X"', p'", ancl v /#/ , the first and second derivatives having 
boon determined approximately by equations (31), (32), and (44); 
but the unknowns are not independent because X, p, v, and their 
derivatives satisfy tho relations 
rX 2 4 ju 2 4 r 2 = 1, 


XX' 4 pp ; 4 vv 1 “ 0, 

xx" + mi" + w" + x' ! + + / = o, 

.XX"' -I- mi!" 4- w'" 4- 3(X'X" + mV" V mV") — 0. 
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Consequently if equations (77) nm multiplied hy X, p, and v 
respectively and added, tlio result is 


(7H) P '" ” 3/5 ' (X,a * ** v *) ■ | " J W X " _l " mV # I eV') 

l ' ' T (*"' + -Y'")X + ({/"' + r")M I (*'" | #'>, 

which uniquely defineH Th on X'", and v"’ are delci- 

mined by (77) beeuuso y'", z m aro Riven hy (70) and A"", 
Y ( "f and Z' n oan ha found fiom the Kphemenn 
The quantities X lv , m I v » and r ,v ean ha eomputed m a Himilar 
way by taking tho derivatives of (77) and mincing hy means of 
tho lelalioiiH among X, p, and p. 

129, Improvement of the VaIucb of a*, y t z, x', y' t z\ Aflei 
7), 7Ji, and lh luwo been found from (05), (00), (07), and (OH) 
equation (48) oan ha Halved, and then a*, y, z and (lieu first denv- 
ativcH ean ho determined from (8) and their first denvulivcH 
'I'hcnn lemiltH are only appioximala heemiHO of the rums In 
which X, p, v, X', p' t and j / am Huhjeot, and tlm pioblem is In 
eorroot thorn after X'", p ,n , • • • have been determined. 

It followH from tho firat e<iuation of (28) that 

Cj « iX"', C4 a l fX ,v , 

Than equations (05) give 

Ago 6=1 — IX'^riraTs — ^jX iv nrara(ri -J- ra T r 3 ) -f* • *, 

Aci *» -I" ^"'(nra “h ra t<\ 4* ran) 

-I 2 l rX lv (n 4* Ta)(r a -|- r 3 )(ra ~| n) *h , 
Afla “ — JX /,/ (rj -(- ra -) ra) 

" AX ,v (n a -h ra a + r 8 8 -1- nra |- r 2 r» -f rjrj) + • , 

and tho expression for X becomes 

(70) X c ° ^ ^ Co ^ ^ 0l ^ Ac, ) r ( C3 + Ac s )r 3 

d iX w r»4 *X»VH « 

whore o 0 . fli, and ca am tho approximate values of the eneflicientH 
of the HcncH which am obtained fiom (31) and (02) hy putting 
r equal to zero. There ate eoircHponding equations for p and c. 
With tluw* more nearly correct valuen of X, X', X", (he de- 
tmmmunls J), J) } , and lh am computed from (45), ^ is deteunmed 
from (48), p and X from (44), and //, 2 , ?/', 2 ' from (8) and 

thoir first derivatives. Then still higher derivatives of X, p t v can 
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he computed unci atill moie ncaily exact values of X, X', and X" 
determined, or the elements can be determined fiom %, y, z, x', 
y f , z 1 by the methods of chap v 

Thoie ate two principal objections to the method of Laplace 
One ih that it is necessary to leeomputc all detciminants and 
ftUMhmies at each stage of the appioximation, each of which 
costs a very considerable amount of laboi The othei is that 
the method depends upon the motion of the obsei ver through the 
etiuntions by means of which X ", F", and Z" weio eliminated 
fiom (0) Obviously all that is ically fundamental m the problem 
is that C shall have been observed from definite known places 
and that it shall move about the sun in accordance with the law 
of gravitation 

130. The Modifications of Harzer and Leuschner. The 
method of Laplace for detei mining oibits has not been found 
veiy satisfactory m practice. The icason seems to be that the 
conditions that the hist and thud obsei vations shall be exactly 
satisfied me not directly imposed as they aie, foi example, m the 
method of Gauss 'Co lomedy this defect Haizer pioposed* the 
plan of so detei mining T, ?/, z , ?/, z* by differential collections, 
after their approximate values have been found, that the tlnee 
observations shall lie exactly fulfilled If more than tlnee obser- 
vations are under consideration, they cannot in general be exactly 
satisfied, and the adjustments are then made by the method of 
least squill es. 

It will be sufficient hero to slcotch the method of making the dif- 
ferential corrections The right ascensions and declinations aie 
expiessed in Lei ms of the coordinates and components of velocity 
at fo by 

p\ — J To "l~ 0 aV “H X, 

■ PM = I Vo -\-(]Vo + F, 

„ pv ~ Jta 4 “ ozd + * 

winch aie obtained by substituting equations (73) m equations (8). 
Tho light ascension and decimation eiHci through X, n, and v of 
equations (0). Tho result can bo indicated 

1 a ~ I‘\v o, Vo, Zo, To', Vo, Za)> 

IS 5=5 (7(fl 0) l/Oj «o, «ro , 1)o , %0 )• 

* Aatronoumcho Nachi ichten, Nos 3371-2 (1896) 
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From theao equuluma tho vniiations in <x and S, winch arc (he 
known diffci ewes between th(* obseivutiotia and I In* approximate 
theory, arc expressed m leimaof lim variations m .t fl) • * « , zo’, winch 
arc requued. Tho 1 elutions arc 


Acx 


OF 

dto 


OF 


OF 


Aro-h^Af/oH . A z Q 


Oy o 


Oza 


. W K / 
“I- lw ,AV 
di’o 


OF 

fy/o 


/ A//c/ | 


OF . , 
win 


A$ 


Off 

Ou 


A.Tn 


Off A „, , 90. . off . , . Off . , . Off v , 

¥o A !/0 + -A,„H ^.At. + fl .Aw I , w A.-„ 


In forming the partial derivative!) it niuat ha icmemlaucd that 
®o, • * , to enter through / and y hh well as explicitly. When three 
equations aro written for three datea tlu*y heeomo equal to the 
number of arbittaries, viz., Akq, • • *, Azo', and conHetjuently delri- 
mino them uniquely provided the determinant of their cocfiieicntH 
ia distinct from zero. The circumstances under which it vanishes 
have not been investigated. If then* are more* than Hum* ohaer- 
vationa tho number of equations exceeds the nuinher of acini runes 
and tho method of least aquiuea jh employed. 

When the date of tho second observation ih taken as the origin 
of timo and tho muuher of ohaervationa in only thus*, tin* number 
of equations of (‘ondition reduces to four which m general can In* 
satiafied by suitably determining A/>«, A.r</, Ay 0 ; . and A*,/. 'Huh 
ia the proeedmo adopted hy Lousehner* to abbreviate the method 
of Ilarsgr. In ita aimplilied form the method has he(*u found very 
oonvoniont in practice and ima led to highly aatiafaetory reaullH. ’ 


II. Tub Gaussian Mbtiiod or* Dktbuminino Ouiutm. 

131. Tho Equation for pa, Equations (10) are fundamental in 
tho motiiod of (hums. If tho geooeutrio coordinates are intro- 
duced by equations (8), equations (10) heeomo 

[2| 3]piXi — [i, 3]paXa -[- [1 ( 2]paXit 

- [2, 3]X, - [1, 3pr* + (1, 2]A r ., 

(80) - ~ 2]piga 

-[2,3]J / i-[l l 3]K, + [l f 2 |r, ( 

[2, 3]piCi — [1, 3}pjjCa 4* [i> 2]p 3 i/ 8 

“ (2, 8]«i - [l, 3]0t + [I, 2]3«. 

Tim loft inombers of those equations are linear in tho three un- 
knowns pi, pi, and p 3 . Their solution for p s ia 

* Publications of (ho Lick Observatory, vol vir , Part l (1002) 
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(81) 


P 2 


D 
A ' 


-[2, 3111,3m, 2] 


D « [2, 3)[1, 2] 


” [2, 3]{1,3][1 ( 2]A 2 , 


X„ X 2 , X3 

Mij M2} M3 

»'l, P2. ^3 

Xi, t2,3PT 1 -[l I 3]X«+[l,2]X. f x 3 

Mi, [ 2 , 3 ]Yi — [ 1 , 3 ]F 2 + [ 1 , 2 ]y 3j 
[2,3]Zi-[1,31^,+ [1 i 2]Z^ v 3 
The determinant D is the sum of three determinants 

D = [2,3f[l,2]B®_[2,3][l,3]U,21DO)+[2 1 3][l,2] 2 /)(», 

DID = 


(82) 


0«> = 


Xi, 

* 1 , 

X3 


Xo 

X 2f 

X3 

Mi, 

Y lt 

M3 

, Z)»> = 

Mi, 

Yu 

Ms 

i'll 

Zi, 

Va 


^ 1 , 

Z 2 ) 

J>3 

Xi, 

H ■ 3 , 

Xs 




Ml, 

Yu 

M3 

• 



>»i, 

Z* 

rs 





Consequently the first equation of (81) becomes 

[IS 

U, 3] 


( 83 ) Am.,- -Et|o<» + fl« 


D»>. 


{: 


Suppose k is taken as the origin of time. Then it follows from 
equations (73) that 

m Xi — /i(Ca 4 - OiXt!, yt — / ij/s + 2=1 = /i®a + 0122', 

, 83 “ /a£a 4 “ J/sOJa', t /3 = /a2/2 4 “ {liVt) ~ U z i + 

The expressions for the ratios of triangles then become 

[2, 3] _ n?a?/3 — niat/a _ 4~ {?3 

[1, 3] 0Jl?/3 — ®3?/l /l0B - Mi ’ 

[1, 2] = ®d/a_ 

.’[ 1 , 3 ] ®ii/a 


(84) 


_ — gi ^ 

%$}\ ' A(?s — /affi 


The numerators and denominators of the expressions for the right 
members of these equations are found from (75) to be expansible 
as power series in ri and rg. But in order to simplify (83) it 
is convenient to lot 
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(85) f ^ ~ 1 ^ ^ 73 ~ Tl <lT) 

( \ n - T -|- c, r 3 « -I- r H- c, 

where e in in general mnnll compared to r, and will he HuppoHtal to 
bo of the order of t 2 . Then tho expreHHionn Im the iuLioh of the 
Iminglen become 


[2, 3] _ 




1 

-i- - -i- 

4 ut 2 X ! 

4 uQ, 

ur»i “ 

" /if/a 

- Im 

2 

1 2 r 1 

/j 1 

12 ** 

(1, 2] _ 

_ 


1 

- 4 -i- 

4 uPP ~ 

” uQ, 

[J,8]‘ 

/if/i 

— U(ji 

2 

2r f 

4 

t i) 1 vx l 1 

P-- 

= 1 - 

6 2 

+ 

r 

A< 7, ‘ 

~ i f>p« -|- 

3f/)r* H- • • *, 

Q* 

- t - 

c 2 , 3 

T 2 " 2 ^ 

e 

— 3pe - 


7(inp«-i ir.ih/) 


-I- “/)(:)« ■!• i ‘ip" - ii'/) r ( * -I- , 


where, all tormfl up to tho Bixth order have been wiitlon 'Hie 
quantity u ih defined by u « *~i and p and (j urn defined in (7 1). 
On making ubo of equationa (80), equation (88) he(‘omeH 

(87) - K H- £i PKi + QK h 

where 


Xi, 

X l( 

^3 


Xi, 

2 , 

Xa 

1 

” 2 

Xi, 

X«, 

X., 

Ml, 

7 i, 

M3 

+ 

Mi, 

y* 

Ma 

Mi, 

Ki, 

M« 

»l, 


ra 


>'l» 

a*, 



# 8 , 

i'a 



Xi, 

X u 

x» 


Xi, 

x 8 , 

X 8 

Ki = — 

Mi, 

Y u 

Ms 

— 

Ml, 

y*. 

Ma 


ri, 

Z u 

n 


'l, 


»'J 


Xi, 

Xu 

X3 


Xi, 

x 3 , 

Xa 

Xa “ — 

Mi, 

Yu 

M3 

T 

Mi, 

Y h 

M3 


Vi) 

Z h 

H 


J'l) 

Z 3 , 

vn 


Tho right memhorB of tho expressiona for K, K tl and K% mid, 
giving tho srinplor expresBions 
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( 88 ) 


X|, 

Xi 4~ X 3 

1 

to 

X3 — 

Xi 

Ml, 

Y\ + T 3 

i 

to 

to 

M3 — 

Mi 


7j\ 4 - Z$ 

- 23 2 , 

Vs — 

V\ 

Xi, 

Xi 4 - x 3 , 

X 3 — Xi 



Ml, 

Yx + Fi, 

Ms — in 

, 


v\, 

Z\ -)- Zs, 

v s — V\ 

1 


Xi, 

X s - Xi, 

X 3 — Xi 



Mi, 

Ys ~ Y h 

M3 — Ml 



JO, 

Zs - Z u 

VS — VI 




Consider equation (87). The determinant A 2 by which the left 
nombcr is multiplied is given in terms of the « { and i t by (66), 
diieh appeared in the method of Laplace. It can also be written, 
>y properly combining columns, in the form 



Xi, X 2 , X3 


Xi, Xi + X3 — 2 X 2 , X 3 — Xi 

a 2 — 

Ml, M 2 , M3 

~ 

Mi, Mi + Ms — 2 p 2 , M3 ~ Mi 


V\, Vs 


V\ y vi 4- P3 — 2)» 2 , pa — vi 


i \i, m, Vi are replaced by the series (28), taking r 2 = 0, the 
iccond column is of the second order and the third column is of 
-ho first order in the time-intervals. Therefore A 2 is of the third 
nclor. 

Since the loft member of (87) is of the third order the right 
nombcr also must be of the third order. The second column of 
.ho expression for K, the first equation of (88), is of the second 
irder, and the third column is of the first order. Therefore K is 
if the third order. The determinant Ki is of the first order and 
is of the second order. Tho former is multiplied by r 2 , which 
s of tho second order, and tho lattor by re, which is of the third 
ml or. In a preliminary determination of an orbit the terms of 
higher ordor may be omitted, after which (87) becomes 


A2P2 — TC ~b 


r i 2 /C, 
4r 2 3 ‘ 


This equation is of tho same form as the first of (44), and involves 
the two unknowns p 2 and r 2 . They are expressible in terms of 
a single unknown <p by means of equations (46) affected with the 
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no 


I II!'.'. 


subsenpl 2. The losulting equation has OMtelly the same hum 
an (*I8), and Hh solution gives appioximale values of /»a and i j. 

132. The Equations for m and pa. Equations (80) am linear 
in /)j und pa, and these quantities can be determined iroin anv 
two of the Unco equations. The two to be used in piscine me 
thoHc for winch (lie determinant of I ho eoefhcieuls of /n und /»t is 
tlic gieatesl, for tliey will best drlonniuo these quantities 

The Holutum of the (ant two equations of (80) foi /n and pa if 
they are written first in determinant foim, and if they me then 
expanded as a man of deteinnnants, is 


(80) 



X|| Xa 


A r i, X i 

[1. 'll 

X a, X i 


MO M8 

pi » 

To Mil 

[a, :i| 

T<i, n,\ 


X„ 

X., 

. H, a| 

Xj, 

Xa 

T a> 

Ma 

h /JJ 12 , 81 

M'O 

Ml 



Xi, Xa 

„ [2, 31 

X„ A i 

fi. »i 

Xi, Ay 


Mo M3 

" Ol 

MO Ti 

~ U. 21 

MO Ty 


Xo X 8 

, (l.3| 

X,J 

x. 

Mo Ta 

1 "’ll. 21 

MO 

Hi 


The solution of the first and third equations of (80) dilTeia fiom Hum 
only in that the p, mo replaced by the c i( and (he T< by the %„ 
and the solution of the second and Hurd equations of (HO) can bn 
obtained bom (80) by changing the X<, mo X (} and T< to m»» vt, 
7„ and r A{ respectively. 

After pi, pa, and p a have been eomputed (he eouvelinu of Die 
time for the tune-aberration can be eomputed. 'Die method wan 
explained in Art, 120. 


133. Improvement of the Solution. The results ho far obtained 
aro only approximate because only the fiist term of P was tel allied 
while the term m Q was entiiely neglected Having found an 
approximate solution it m easy to correct it. Tim values of pi, pa, 
and pj aro known, and the corresponding values of r can ho found 
at oaeh of I ho throo epochs bom 


r 1 » p a 4* IP — 2plt cos ypt 

which expresses the fact that /?, and 0 form triangles at tin* 
dates of the tluco observations After n, r 2 , and r a have been 
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mnd the first and second derivatives of r at t = t 2 can be found 
y the method of Art. 113. Then equations (74) define and q 
ftci which moi e appioximato values of P and Q can be determined. 

134. The Method of Gauss for Computing the Ratios of the 
rl angles. liquation (83), which is fundamental in determining 
a and ?*2) involves two ratios of triangles. It follows from (86) 
uvt they can bo written in the form 


( 00 ) 


f [2, 3] __ 1 , e . P x 
[1,3] “2 + 27 + ^> 

( 1 > 2 ] = 1 _ P* 
l [1, 3] 2 2-r r 2 3 * 


Jonsequcntly, if the ratios of the triangles can be determined 
h aiul P 2 can be found from these equations. One of the im- 
ortant features of the method of Gauss is a convenient means of 
otermining the ratios of the triangles. In order to apply this 
letliod it is necessary to find the inclination and node of the orbit 
nd the argument of the latitude at the dates of the observations. 

Since the geocentric coordinates are all known after p X) p 2 , p a 
nvo been determined, the heliocentric coordinates can be eom- 
utod . Suppose ecliptic coordinates are used and that the 



angitudes and latitudes, as well as the distances, are known 
,t ti, ti , and I 3 , The inclination is less or greater than 90° according 
,s h is greater or less than l x . Then it follows from the spherical 
riangles C x Q,h and CzQ,h that 

{ tan i sin (l x — A) = tan Zq, 
tan i sin (h — Q>) ~ tan 63. 

lut h ~ 0 , - (k ~ h) *f (Zi — ft); therefore these equations 
>ocomo 
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(91) 


f tan % sin {h — ft) = tan b i} 


tan i cos(Zi — ft) 


tan 5 8 — tan hi cos (U— l\) 
sin (U - h) 


which determine % and ft uniquely since the quadrant of i is al- 
ready known from the sign of U — li> 

The longitude of C from the node is called the argument of the 
latitude It follows from Pig 37 that 


(92) 


"cos ( l 7 — ft) cos b } ~ cos uj, (j — 1, 2, 3), 
- sin (l t - ft) cos b 7 - sin u t cos i, 
sm 6, — sin % sin i, 


which uniquely define ui, Uz, and u 3 

Let A equal the area of the sector contained between the 
radii t*i and r 2 and the orbit Then the ratio of the area of the 
sector to the area of the tuangle contained between r\ and rz is 


(93) 


A _ ft -Vp (t 2 - h) 
[n, r 2 ] ~ n r 2 sm (u 2 — Ui) ' 


where p now 1 epresents the parameter of the come Suppose the 
corresponding 1 atios for U — h and U — tz have been found ; then 
the ratios of the triangles aie known, The method of Gauss 
depends upon the determination of these ratios Each of theso 
quantities is defined by two simultaneous equations in two un- 
known quantities 

135. The First Equation of Gauss. The polar equation of the 
come gives 

— = 1 + e cos vu 
- 1 -f e cos vz) 

whence 

-L. 

p •- / — *= 2 + e(oos Vi + cos v 2 ) 

o 1 r> f V 2 Vi\ f Vz — Vl \ 

= 2 + 2e cos I • — ^ — ) cos ( — 2 — ) ’ 

Since vz — Vt = u 2 — U\ is known, the only unknown in the right 

♦ * 1 ^2 *4"* \ 

member of this equation is e cos ( — ^ — ) > which will now be 
eliminated. From the equations of Art. 98 it follows that 
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(95) 


TUB FIRST EQUATION OF GAUSS. 

VFi cos ~ = Va(l - ej COS y , 

VrI sin ~ = Va(l + ej sin 

•vR cos ^ = Va(l - e) cos ~ , 

[ sin ^ = Va(l -b ej sin — . 
om thcso equations it is found that 
•Vi‘1 H cos ^ Vj 2 ?;t ^ = a cos ^ ~ - ae cos ^ 

„„»(?? + »■ ) - 0#C0s (ll^). 

i eliminating e cos ( - - ^ — ) and solving for e cos ( — ~ - ') , 
is found that 

e cos ^ 2 } eos ( 2 ) cos (““^)’ 

i tv consequence of this equation (94) reduces to 
2r l >’ 8 »in 2 ~ ^ 


E 2 -f~ E\ 


y 


V =■ 


, o j — / v% ~ Vi\ ( Ez — Ei \ 

r i H- r 2 - 2 Vn ?* 2 cos ( — ^ — 1 cos f — J 
\ eliminating p from this equation and (93) the equation 


(9G). i? 8 =» 


kKk - fi) a see 2 pi) 


2r,r,. J r, + r 2 -2 Vni-jcos ( ,,a 2 -) cos ( — g — )| 
obtained. In order to simplify it let 

v? - Vi - Ui — Ui - 2 /, 

= 2(7, 

&(«* - fi) 


(97) 


E* - E , 
m = 


I - 


(2 -Vri ?’2 cos/) 5 ’ 

?’i + ra 1 

ftVhf’a cos/ 2 
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137] SOLUTION OF EQUATIONS (08) AND (101). 


which becomes ns a consequence of the expression for rf 


( 100 ) 


1 

a 


25 _smjcos/\ 2 
i(k - ti) ) nH 


On eliminating a between (99) and (100), it is found that 


( 101 ) 


jf__ if _ 2 g — sin 2 g 

inf mf sm 3 g 


which is the second equation in i; and g. Theie are similar 
equations for the time-intervals U — h and U — h 

137. Solution of (98) and (101). It follows from the definition 
of i) that it is positive if the heliocentric motion m the oibit is 
less than 180° in the interval h — t\ It will be supposed in what 
follows that the observations aio so close together that this con- 
dition is fulfilled. 

Let 

- 

ein 2 £ « x t 

d° 2 ) ] „ „ 

2(7 - sm 2 g _ v 

1 - T .A. » 

L sin 3 g 


On eliminating ij from (98) and (101) and making use of (102), 
it is found that 

(103) m = (l -b ~b X(l -b 3/)®. 

The quantity X must now bo expressed in tcims of x, after which 
(103) will mvolvo this quantity alone as an unknown This will 
bo done by first expiessmg X in terms of g> and then g in terms of x 
The following aie well-known expansions of the trigonometrical 
functions. 


sin 2(7 « 2(7 — f # 3 + -fog* — sfog 1 + -giVcA 0 
sm 8 g « 0 3 - %Q b -b WW 7 - + ' * 5 


whence 


(104) X = 


1 — -f$g 2 -b Tfufl 1 ~ WWg 0 + 


1 — |(/ 2 “b iVW 1 ~ "b * * * 

" ■&(! + Aff 2 + iVirff 4 + liHhrf/ 8 "b * ' *)• 

From tho fiist of (102) it follows that 

f g = 2 sin -1 (a 1 ) ™ -b H 8 + •A-' 1 ’ 8 + ifr® 5 + 


p 2 - 4# + fa 2 + + ■U.'C 4 ~b • , 

16® 2 + W + + •• , 

0 6 = Qix Z -b frbs 1 + • * * * 


17 
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UAUhHlAN Min HOD OK l>1,nm\IINlN<l mimm. 


'Phew tho expiesmon for r}* induces to 


/ | H,< 

in which v and g aro tho unknowns. Thin in the find, equation m 
tho method of Gmihh. 

136. Tho Socond Equation of Gauss. An independent equation 
involving ij and g will now Im deuved it will lie made to 
depend upon Kepler's equation, thus insming its mdependenee 
of (08) winch whh derived without inference to Kepler’a equation. 
Tho first equations are 


whonco 


h(h - T) 


« A’j — c sin J'h, 


Mi « — - lit - o sm K 9 ; 


k(ti — t\) f) o • / “I A’l \ 

"a!”* (/ — 2a sin {/ cos ( - (> ) , 


The quantities a and c coh 




muni he eliminated m order 


to reduce this equation to the requited type. On making use of 
tho first equation following (05), it i« found that 

(00) m 2g ^ sin 2fif -| 2 — ^ rs Hin y coh/. 

It remains to eliminate «. By Art, 08 


^l — o COH Hit 


whonco 


KJ t — 0 COH l'h ! 


?’J -I- r 9 


«■ 2 ~ 2e coh y coh 


('AVI 


~ l J by tho firnt equation following 

(05) this equation becomes 


1 2 sin 9 y 

a Tl -| n - 2 V?*i?a coh g coh / ' 
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Then (104) becomes 

z ’s[-* e 


or 


1 


"s r e 

4 L 




5 7 
1 


5 7*9 


r 


Let 

(105) 


‘3 9 r 

4 10 [* 


35 


a; 2 


52 


1575 
52 


£ =14 4. _____ 

5 35*^1575 


a^-{- 
k 3 ■+■ 




If ho ]S & small quantity of the first order, x is of the second order 
and £ is of the fourth order. 

From (98) it is found that 


(106) 

Let 

(107) 


- I 


h = 


m 2 


then (101) may be written 
n - 1 « 

from which it is found that 
(108) 


* + ! + €' 


__ Yh 


h 1 


V* - v * - hr, 0 . 

If ^ were known h would be determined by (107) and » bv flOS'i 

which has but one real positive root Tn +L w 7 * y { ,. )l 
pnmnnt« h nooil ™* jZ IL root in the flret approximation 
p assuming that the small quantity £ is zero; then find the 

real positive root of (108) Or, instead of computing the root 

use may be made of the tables winch have beeifconstru ted by 

from O Zr ValU68 ° f * for of A ranging 

value off bv (105U 6 Wir £ * iS t hen ° 0mputed * ^ tl.o 
and the nm™ ^ With this value of £, h, and r, are recomputed, 

“attatf ZL rePe T d f*" 4he deSlred de « r “ * Precision 
toned Experience has shown that this method of computing 

OppolJ’aitalti™ ™ Wat " 0I1 ’ E Th ‘ oreltcal ABtrorumy, and VIII. in 
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the iatio of the sector to the ti Jangle converges very rapidly, even 
when tho time-interval is considerable. 

The species of conic section is decided at this point, the orbit 
being an ellipse, paiabola, or hyperbola according as x is positive, 

zcio, or negative; for, a = sm 2 - sin 2 - (2? a - E x ), and E> and 

Ei aio ical in ellipses, zeio m parabolas, and lmnginaiy m hyper- 
bolas. 

Gauss has mtioduced a transformation which facilitates the 
computation of l which was defined in the last equation of (97) f 
Let 

yj^ m tan (45° + w'), 0° <; w ' ^ 45°, 

whence 

“ yj^ + yjf s = tan 2 (45° + «') cot 2 (45° -f- w'), 
or 

, ^±^-2 + 4tan 2 2co'. 

•SViTz 

Then the last equation of (97) becomes 



138. Determination of the Elements a, e, and w. After g has 
been found by tho method of Ait. 137 it is easy to obtain the ele- 
ments a, e, and Tho majoi semi-axis a is defined by the last 
equation on pago 240, or by tho preceding equation for the longer 


time-interval k — k, 
(109) a - 


r i -1- n — 2 VrTra cos g cos / 
2 sm 2 g 


Tho paramotor of the orbit p is determined by equation (93). 
Since 

(110) p - a(l — e 1 ) or p — a(e z - 1) 

according as tho orbit is an ellipse or hyperbola, e is determined 
whon a and p aie known 

If tho angle v is computed from the perihelion point it is related 
to tho heliocentric distances and e and p by the polar equation of 
tho conic, 

t Theona Motus, Art. 86, 



hi: roNi) Mm hod or mmiuMiNiNo a , e, ani> w. 


till 


[I :«l 


Kitli«*r of Uu'ho oquulionH dotoi mines a value of v mure r in known 
at („ / a , mid h», and thou to ih del ei mined by 

(112) « r '» 

130, Second Method of Determining a, r, and w, The method 
nt (huiHH dopondn upon Urn complicated foimuhiH of AiK 1, 15 ami 
i;i(l if Min higher lamia of P and (J, equal miw (HU), give auf- 
itaianMy aaauiala valuaa ol Ilia miioa of Ilia 1 1 (angles, lhaia ih 
unolhar method* wluah ih mmplar and especially mlvuulageuu* 
whan Urn intervals between lha ohaai valiona mn not vaiy giant. 
The data which will lie nurd in lha Holulmn ma u f U\, i i, h«; n, »j, 
the hehoeeulue codulmalaH at l \ , h, and l\. 

The element a i and U can ha eom|mletl hy oqualmiiH (111), 
wlueli me valid foi any orhit. The ddlioullios all mine in hading 
« t r, w hat the pammalar /> ha adopted an an element in place 
of the major Hemi-nxiH a. U ih moie convenient in Mini il doe* not 
heroine minute when e oquulH unity, mid it m involved alone m 
the equal ion of arena, 

k 'fpiU c 3 Pdv 1 1 PdiL 
M'lie integral of thin equation ‘in 

(I l!l) k V/;((« h) >jT , » a rfK. 

If Y l were exproHHod in terniH of u the integral in the light niendiei 
could he found, when the value of /> would he given, tt will he 
Hhown from the knowledge of the value of r 5 when u *■ iq, »*■ »a, 
P r,* ri\ )*a a , n\ that r 5 enn he expressed in lemm of u with 
milUeienl aceumey to give a very cloae approMinalmn to the 
value of p. 

For viduen of u not loo remote from ua the funelion P ami he 
expanded in a eouveiging hoi lew of the form 

(ih!) r x * ? a H edit - »a) T raCi* - «»)* l <*«(« u *y * *"• 

In an unknown orhit the ooefiloionls of the series (IM) are 
unknown, but it will now he nlmwn how a Hiiflieiant uuudier In 
define v with the deshod degree of aeeuraey ran la* ensilv found, 
Hy hypothesis, the radii and aigumentH of latitude are known at 
the npoelm hi k, and £a. Hence (ltd) heemueH at t\ and h 

* If, K, Moulton: Tlw Anlrommml Journal, vol. xxu , No fill) (1U01). 


189 ] 


246 


SECOND METHOD OF DETERMINING a, 6, AND «. 

?’l 2 = ? 2 2 4 Ci(Ui - tt 9 ) 4 C 2 (Ui - R 2 )2 

-h c 8 (wi — •w 2 ) 3 -}- c 4 (ui — w 2 ) 4 4- t 

r 8 2 = ? 2 2 4- ci(« a - ut) 4- c 2 (u 3 - u 2 ) 2 

4- € 3(^3 — u 2 ) 3 4- c 4 (u 3 — u 2 y 4 

F 01 abbreviation let 

O 1 ~ U 3 — U 2) 

o 2 - Uz — Ui, 

(110) ■ <r 3 ” u 2 — Mi, 

Cl “ < 13(^1 ~ U\ j) 3 4- Ci(?ii ~ U 2 ) 1 4- • , 

. «3 = 03 ( 1^3 — Uz) 3 4 " Ci(u 2 — w 2 ) J 4 

Then equations (115) can be written 

f ~ Ci<r3 4 c 2 o-a 2 = i i 2 — r 2 2 — £ 1 , 
l 4- Cicri 4~ c 2 o-i 2 = r 3 2 — ? 2 2 — e 3 
On solving for Ci ancl c 3 , it is found that 

— (fi 2 — 6i)cri 2 4- (?3 2 — e 3 )o-3 2 — r 2 2 (<r 3 2 — ci 2 ) 

OlOzOz * 

(ri 2 — 6 i)°'i 4 ( ?, 3 2 — £ 3 ) 0-3 ~~ 

0l0 2 0z * 

and, on substituting the values of ei and c 8 , 

— ?’iVi 2 4- ?*sV 3 2 — r 2 2 (<r 3 2 — 0 " 1 2 ) 

ci = 

aiazoz 

— Cz<T\03 — CiO i£T 3 (<7 1 — Os) * t 

riVi 4" rg 2 (T3 — r<?a 2 

c 2 = • 

oiozoz 

— Cz(<Ti — 03 ) 4“ C 4 (3a- 1 cr 3 — o 2 2 ) — 

Having obtained these expressions for the coefficients of the 
second and thud terras of (114), let this series be substituted for 
r 2 111 (113) and the result integrated On malting use of (116), it is 
easily found that 

k Vp(£a — h) - ?* 2 2 <r 2 4- ^ (o - i s ~ o- 3 2 ) 4- ^ (o-i 3 4- o 3 3 ) 

+ “ (<Ti 4 — <X 3 4 ) 4- ^ (vi 6 4- 03 6 ) 4 






MU'ONH MIUHOI) OP DJ.II.HMINIMt H, e, *NU W. 


On substituting Hut values of r, mid r 4 given hi <117), thin rqiiul h m 
lurmm’H 

*«.-«• : 1 3 ' Vj1 1 

ocica Uffii 

(ns) • -I- ';: Vj (•-’<>, i («, «,) 

Otf t »« 

- I !("» ‘"I s I '"‘"I • 

- *IU 

If Mm ms'imd observation divides tin* wlmh' interval into two 
Hourly equal pails, ns geueiully will bo lli«' raw* in pimlue, 
and <? a will bo Hourly equal. be!. 

ci - a* - 1 c, and { cs v ‘ ci) 

wlienoo 



and a » 

<ri 

(Til | t 

i 


A* 


in « 

O'S 

2 


wliero c i« In general a very hiiiiiII quantity. On uolmt it tiling 
them* oxpreHuioiiH in Um Inal lenim of (1 1H) I Inn equatimi beenme?i 

a I'D • ,r„) e **. 

• »«’<».' I lf«’) •• • 

U. Ih found in a Himilar way on integrating between tlie lintilu 
omieHpomlmg to 1% and h that 

k Mb - (,) » I | '•''■"I 11 "' I 2» ( ) 

Hrrt \\o % 

(,20) - 

+ yj * * Jitfi o% r. d , . 

Kor tho Intemln of limn wliieli are imet! in determining an 
orbit them norien converge very rapidly, and tm approximate value 
of p, which in generally a« luscurnto uh i« dewired, ean \m obtained 
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by taking only the first thiee toims* in the right member of (119) 
By considoimg equations (119) and (120) simultaneously and 
neglecting terms in c 4 and of higher oidei, it is possible to deter- 
mine both p and c 3 . But not much increase in accuracy is ob- 
tained because the tcim m c 3 in (119) is multiplied by the small 
quantity e, while that in c 4 does not cany this factor Suppose 
the value of p has been computed, it will be shown how co and e 
can bo found 

The polar equation of the conic gives 


( 121 ) 


e cos ( u\ — w) — 2 — L 1 
r\ 

e cos (u 3 — o) ~ 

1 n 


Now Us — o) — (us — u 0 + (ui — w). On substituting this ex- 
pression for u 3 — « in tho second equation of (121), expanding, 
and reducing by the first, it is found that 


( 122 ) 


e sin (ui — «) 
e cos (ih — co) 


rs(y - ri) cos (tt a - m) - n(p - n) 
nr a am (u B - ui) 

v - n 
n 


Since e is positive these equations define c and w uniquely When 
p and e arc known, a is defined by p ~ a(l — e 2 ) or p = a(e 2 — 1) 
according as the orbit is an ellipse or an hyperbola 
If tho olemonts a, e, and w have not been found with sufficient 
approximation it is now possible to correct them It follows from 
(114) that 

_ 1 <5 3 (> 8 ) 1 <9 4 0 2 ) 

Ca 6 "duf ’ C< “ 24 du 2 i ’ 

and since 


[1 4- e cos ( u — «)]* * 

it is found that 

* For conditionB and rapidity of convergence sco the original paper in the 
Astronomical Journal, No 510 It is shown theie that the elements of asteroid 
mbits will bo given by tho fiist tlnco terms of (HO) conett to the sixth decimal 
place if tho wholo mtorval covered by tho observations is not more than 
40 days, and m tho case of comets' orbits, if tho mtorval is not more than 10 
days, When tho two collective terms defined by (123) are added the corre- 
sponding intervals aio 100 days and 20 days, 
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(123) 


C 3 


e sin (u — a>) 3e z am (u — to) cos (u - w) 


p z 3[1 + e cos {u — w)] a 


C4 __ — e cos (u u) 

p* ~ 12[1 -f e cos (u — w)] 1 * 3 

3e 2 cos 2 (u — o}) 


+ 


4[1 4* c cos (u — w)] 4 


[1 + e cos ( u — «)]* 

i 4e 3 am 3 (u — u) 
^[1 4e cos ( u — w)] 6 1 

e 2 sin 2 ( u — cj) 

[1 4 e cos ( u — w)] 4 

Ge 3 sm 2 (u — o>) cos (u — w) 




[1 + e cos ( u — w)] B 
5e 4 sm 5 (u — o>) 


[1 cos (w — »)]• ’ 


With the values of c 3 and Ci computed from these equations the 
higher terms of (119) can be added, thus deteimimng a more 
accurate value of p, after which e and o> can be recomputed by 
(122). Besides being very brief this method has tho advantage of 
being the same for all conics. 

140. Computation of the Time of Perihelion Passage. The 
methods of computing the time of perihelion passage depend upon 
whether the body moves in a parabola, ellipse, or hyperbola, and 
are based on the formulas of chap, v 

Parabolic Case . Equation (32), of chap v , is 

(124) k(t - T) = 412s* [tail | + gtan’gl , 


where 2 q — y. Since u = v 4 a>, and U\> Ut t and Us are known, 
this equation determines T 

Elliptic Case . The first two equations of (49), chap, v., givo 


(125) 


. „ Vl — e 2 sm v 

sm E — — : — ; 1 

1 4* e cos v 


cos E — 


e + cos v 
1 + e cos v } 


which uniquely define E. Then Kepler’s equation 


(126) M = n(t - T) = E - e sin E 


determines T by using v and the corresponding E at <i, or 
Hyperbolic Case The quantity F is defined by 


tanh 


F 

2 


4 


1 , v 

i rtanr 

e 4 1 2 


t 


(127) 
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after which T is given by 

ri no\ k^l m .. _ 

(128) • (t — T) — — F 4- e smh F . 

141. Direct Derivation of Equations Defining Orbits. The 
motion of an observed body must satisfy both geometrical and 
dynamical conditions. Altogethci the simplest mode of pro- 
ceduio is to write out at once these conditions They will involve 
dnectly or indnectly many of the equations of the methods of 
Laplace and Gauss, for these methods both rest in the end on the 
essentials of the problem. 

Let the notation of Art 111 be adopted. Think of the sun as 
an origin. Then obviously the ^-coordinate of C equals the 
a-cobrdmato of the observer plus the ^-coordinate of C with respect 
to the observer. Similar equations are of course tiue in the two 
other coordinates. These relations are explicitly 

X,p» “H X\ ~ X\f ('i = 1, 2, 3), 

(129) ■ — + ?/.“- y„ 

, V \P\ 4 “ — ~~ Z\ 

Those equations are subject to no errors of parallax because the 
coordinates of the observer have been used. Moreover, they 
contain all the geometrical lelations which exist among the bodies 
S, E, and 0 at h, k, and t s 

The next condition to be applied is that C shall move about S 
according to the law of gravitation This is equivalent to stating 
that its coordinates can be developed in scries of the form of (73). 
On making use of this notation, equations (129) become 

— Xipi 4* /i#o 4~ {/i>Pc/ = — Xu 

~ X 2 P 2 + fvXa 4" 02£(/ — ■” X2, 

— XsP3 + fa%o 4" ffaXo' ~ ~ Xs, 

— M 1 P 1 4"/i2/o 4" OiVo ~ ~ Yi> 

(130) - — M 2 P 2 4* fayo 4" ~ — Y%, 

~ MiPs + faVo 4“ diVv “ ” Ya‘, 

— v\p\ + /i^o 4" (7t2</ = ~ Zi f 

— P 2 P 2 4- /220 4“ O&o ~ 

. — P3ps 4“ fa^o 4- OsZo' — — 
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If the date of the second observation is taken as the origin of 
time, as is convenient in piactice, / 2 = 1 and ~ 0. 

Equations (130) contain fully the geometrical and dynamical 
conditions of the problem and are valid foi all classes of conics. 
Since they are only the nccessaiy conditions no artificial diffi- 
culties or exceptional eases have been introduced, and if m a 
special case they should fail no other mode of approach could 
succeed. 

The right members of equations (130) are entirely known, tho 
unknowns in. the left members aie pi, p%, p&, Xq, Xq, t/o, yo, z 0 , and 
%o That is, the number of unknowns exactly equals the number 
of equations The quantities pi, pi, and p 3 entoi lineally, but 
Xo) , zo occui not only explicitly but also in the higher terms 
of the /, and the g t The solution of (130) for p h pi, and p 8 is 


(131) 


where 


(132) 


f A!Pl = + Al _(Zfc 

g 3 03 


A 2 P 2 — 




/ 103 — fzQi 


B 1 + B 1 


0 1 


/i0s - fsQi 


B* 


A 2OT -=-^G 1 + Ci + Ch 


0i 


{/1 



Xi, 

x 2 , 

Xa 


X f , 

x 2 , 

x 8 

a 2 — 

Mi, 

M2, 

M3 

, A, — 

Yu 

M2, 

M3 


pi, 

P2, 

P8 


z<> 

P2, 

PS 


Xi, 

Xi, 

X 8 


Xi, 

X 2 , 

Xi 

B ( = 

Mi, 

Yi, 

M3 


Mi, 

M2, 

F, 


Pi, 

z % , 

P3 


Pi, 

P2, 

2, 


In order to complete the discussion the coefficients of the deter- 
minants in the right members of these equations must be developed, 
as they were in (86), and since A 2 is of the third order, terras of 
the right member of the third order must be retained even in the 
first approximation When applied to the second of (131), this 
leads to an equation of the form of tho first of (44). Tho details 
of this and the completion of the solution of equations (130) will 
be called out in the questions which follow Art, 142. 


142, Formulas for Computing an Approximate Orbit. For con- 
venience in use the formulas for the computation of an approxi- 
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mate oibit are collected here m the orclei in which they are used 
The numbers attached aie those occurring in the text 
Preparation of the data The observed right ascensions and 
decimations, a 0 and So, aie conected foi precession, abenation, 
etc., by 

fa ~ «q — 15/ — (I sin ( G 4* a<j) tan So ~ h sm (II + ao) sec So, 
[ 5 = So — i cos S Q — g cos ( G 4* «o) — h cos (II 4“ «o) sm So. 
The direction cosines aie given by 


( 6 ) 


’X/ « cos S, cos dj, (j — 1, 2, 3), 
- H, ~ cos S/ sin a„ 
p, — sm 5, 


The Method of Laplace Take U ~ unless the intervals 
between the successive observations are very unequal, when 
k = 4- k 4-£ a) It will be supposed that t Q = h Suppose X , 

y, and Z aie tabulated m the Ephemens for t a , h, t D where tb is 
near Z 0 > Then computo X, 7, and Z at to from foimulas of the 

type* ’ 

v «0 fc) (^0 0 V" 1 tl) (^0 t) -y 

X " «. - fc)(«a - o fl (4 - 6 

( 31 ) , «8 — fe) Y 

i ' ((. - <«)((. - (.) ' 

# 

(26) &(£/ “ * 2 ) « r/, (3 ~ 1, 2, 3, r 2 - 0). 

(67) P = — tit 8 (t 8 - Tl). 


(64, 66) 



Xi, X 2 , Xs 
Ml, M2, Ms 
Pi, P2, Pa 


(67) 


( 68 ) 



Pa ~ 4* 


2r? 


Xi, X 2 , X | 
Mi> M2, ^ 

Pi, P2, Z 

Xi, X 2 , X 

Mi, Ms, T 

pi, P 2, Z 



X 2 , 

M 2 , 


^ 2 , 



X 2 , 

M2, 

r2, 


X 3 , X 

Ms, 7 

rs, Z 
Xs, .X" 
Ms, T 
Ps, 2 


* These equations aro very simple because l a> tb, and t e differ by intervals of 
one day, but there aro athor methods of interpolation which are even simpler. 
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(M) 

(47) 

(48) 
(46) 


R cos ^ = XX Y y, H~ Zv } (0 <C ^ ^ t) 

f N sm m — R sin \j/ } 


N cos m = R cos ^ — 


A 

DR 3 ' 


M » - 


NDR 3 

Di 


sm 3 \{/ > 0. 


sm 4 ip = AT sm (p T m) 

„sin(^+y) 

^ il i P * ♦ 

Bin <p ' sm p 



(8) a; “ pX — X, y - py — Y, z ~ pv - Z 


Compute X', p', r' fiom equations of the typo 
w ~~ (t 2 -f~ tQXi __ (r 3 + n)Xa 


(32) 


(ri — t 2 )(ri ~ Tg) (Ts — T 3 )(t2 “ Ti) 

(ti -f* n)X3 


(Tg — Ti) (r3 — Ta) 

Compute X Y' y and Z f fiom equations of the type 


I 


(32) 


j. y/ (tb “f~ ie) y , 2^2 (t 0 ~{~ l n ) y 

«. - 4)(<« - g 0 + (4 - g« 6 - g h 

I 2^2 — (t a -Y tb) y 

(ie - to) (to -tb) ° 


( 8 ) 


x' = p'X + pX' - X', 
- y' = pV + PM' ~ K', 
• [ g' = p'v + pr' - Z' 


At this point the correction for the time aberration may bo 
mado by equations (70), and the approximate values of x y y, z, 
x' y y' } and z‘ may be improved by tho mothods of Arts 128 and 
129, or, the elements may bo computed at once from tho formulas 
given in chap. v. The formulas for the determination of tho 
elements will be given and the numbers of the equations refer to 
chap, v 

The integrals of areas in the equator system are 
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f xy' - yx' = b h 
(10) \ yz' - zy' - b 2 , 

^ ax' — xz' ~ bz, 


If c represents the obliquity of the ecliptic, the corresponding 
constants in the ecliptic system me 

{ «i = hi cos e — bz sin c, 

«2 “ l>2, 


tta = b i sin e 4- 63 cos e, 
and i and ft aio defined by (chap v ) 

= V«i 2 H- « a 2 -1- «3 2 cos 

(15 ) a 2 ■=» * Vai 2 + «2 2 4- «3 2 sin t sm ft, 

_a 3 = =f Vfti 2 a 2 2 + as 2 sin t cos ft. 
Tho major axis and parameter aio defined by 


(24) V J + )/' 5 + 

(22) ?c 2 p « AMI - e 2 ) - cq 2 4- «2 2 4- «s 2 * 
It follows from Fig. 37, p. 237, that 


sin x sin u « sm 6 = - , 

7 / ID 

- cost sin n 1=1 cos sin (1 — ft) ~ ~cos ft ~ ~sm 
cos w *** cos b eos (l ~ ft) 5=3 sm ft 4" "^os 
which define u. The angle v is given by 




V 


and 


1 rfi cos v 
0} = U Vk 

If tho orbit is a parabola, T is dofined by 
(32) k(l - T) - 1?)' [tan | + g tan> ~ ] . 
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If the mbit w un elhp.se, A’, n, and V me defined by 


(no) 

A’ /l e a 

tan--- \J f p fj tan ^ , 

(80) 

h 

n *- «• 1 

(12) 

n(f — 7’) « ]<] — r hIu A'. 

The eonoHpondmg cqualioiw for hyperbolic orbita 

(73) 

a -I r r -> «o eoah A, 

(73) 

?i(i T) - - A 4 e Hinh A, 


The Method of (hum. The v<*<1 data me corrected by ('0 
and {.lie direction cohuich iu*o given by (0). Tim eomdnmteH of the 
huh at b» fa, and k can bo computed from equation)* of flic type 

tf (.({ ' ' ffi) (f l “ “ f(') ir | (f{ tit) (t I “ f,) -tr 

(31) 0«- 4K4-4) * '(4 0(4- w ‘ 

, (4 -- 0(4 - 4) 

(4 - 0(4 - 4) ” 

whom A r ,„ Xi, t X* are taken from the I'lphotnonH and k ia tin* time 
noarcBt to f< for which X m given. Then 

Xi, Xai X* 

(04) Aa « Mi* Ms, Ms , 


ia given. 

Then 





x., 

Xa, X* 





Mo 

M3, Mil 

i 





e», r 3 




Xi, 

Xi 

- 

2.X 

'a. 

x s 

Mi, 

Yi 

h- v» - 

21 

r 

h 

Mfl 

>n, 


4- - 

% 


Xi, 

Ai 

4- A», 

Xs 



MO 

Yi 

+ Vi, 

Ms 

. 


i'll 

A, 

4* Zi, 

r,, 




On neglecting the last term of (87), which ia very annuli, and 
comparing tho reault with thn flint of (44), it ia aeon that Urn 
explicit formula*! for determining ?*a and p 9 are 


Hi cos ^ a *» A'jXj 4- yaws 4** #aea. (0 < 5> ir), 
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* N mn m ~ R* sin fa, 

K 

. N cos m — 7^2 cos ^2 ~ , 

| M . * > o. 

sm 4 ip — M sm (tp 4 m). 
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(47) 

(48) 
(40) 


Ri sm fa 

9 = , 

mn ^ 1 


p 2 — R* ~ 

Then pi and p 8 arc given by 


sm (fa + tp) 


mn <p 


(80; 


Xj, Xa 


Xi, Xg 

U,3] 

X 2 , Xa 

Mn M3 

Pi — 

l'o Ms 

[2, 3] 

Y 2 , Ma 


U,2] 


[2, 3] 


Xg, Xg 
^3) MJ 


"b P2 


[1,3] 


[2, 3] 


X 2 > Xg 

pi, Ms 


Xj, Xa 

[2, 31 1 

Xu X, I 

[1,3] 

| Xi, X 2 

Mi, Ms 

[1,2]! 

Mi, Y i\ 

[1, 2] 

| Ml, Y 2 


X u X 3 
Mn ^8 


+ P2 


[1,311X1, x 2 


[2, 31 


Ml, M2 


(or by formulas obtained from these by cyclical permutation of 
tho letters X, p, v and X, Y , Z), whoro 

(85) 2 r 

and 


ra — n, 

r [1, 3] r 
[2, 3] 


( 80 ) 


[ 1 , 2 ] 

[2, 3] 


[2, 3] 

U, 2] 


[1,3] 

[1, 21 


2e = r» 4* ?n 
1 

2 r ' &r* n 


e , r* 

; + <w 


6 * 
l + 7+*t 


1 +-+-, T 5 
r 2ra 3 

~ t 2 * 
1 “r + W‘ 


1 _ JC, 

2 2t ' 4r 2 3 
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— pAj 


O = 1, 2, 3), 

(8) 

Vi = P;Mj - 

- Y» 



l Z, = p 3 V, - 

ft 

— Zj, 


At this point the correction for the time 

aberration may bo 


made; the first two donvatiyes of n 2 may bo computed from the 
values n 2 , ? 2 2 , and r 3 2 by applying the formulas (32) to this case; 
j) and q may be computed fiom (74) and more approximate 
values of P and Q may bo determined fiom (86), and then the 
computation may be lepeated beginning with equations (46); 
or, the method of Gauss of Art 134 may be used to improve the 
accuracy of the expressions foi the i alios of the triangles; or, the 
elements may be computed without fuither appioximation of the 
intermediate quantities The foimulas for the computation of 
the elements will bo given Let the i octangular coordinates in 
the ecliptic system be y xt S lf and the obliquity of the ecliptic e, 

which will not be confused with the e defined in (86). Then 

0 

Xf — Xjf (j ~ 1) 2, 3), 

- y } - -f y, cos 6 +■ Zj sin e, 

J, = - Vi sin € 4- z, cos c. 


r A$ i + + Glx « 0, 

(17) j A$% + By 2 + CSz — 0, 

l + P^?3 + Gz$ = 0, 


from which 

A ' B \C - 


Vh 


Si, Xi 


*n Vi 

yi, z<i 


z 2 , 55 2 


$2, $2 


Then, from equations 
chap, v., 


conesponding to (11), (14), and (16) 


0081 -VA 2 + B* + C 2 


of 


(16) 


sin & sin ^ — 
cos A sin i = 


* B 


=F C 

~WTWT c 2 ’ 


which define & and i 

It follows from Fig. 37 that the arguments of tho latitude aro 
defined by 
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»■ 

sin i sm u/ = ^ , (i = l, 2, 3), 

• cos i sm u f — ~ cos a — — sin 

• i Vj 

cos u, ~~ sin a +^cosa. 

^ « j / j 

(116) < 7 i — W3 ~ Ui t (T% ~ U% tyj, (73 =s ^ 

(119) k 4p{k - ii) = + - l2 °'^ 2(r3 ~~ gl ) 4. ? » ,ff g(2gi - g«) 

Otrio-a 6a 3 6crx ’ 

defines p, 

'e sin («, - ») - r»(P -»■)<«» o,-n(y-n) 

(122) - _ r,,38,n< ' ! 

C COS (wi — to) = — — 

L n 

define c and w. Hence a can be detei mined fiom p and e 
Since v, *= u, — to (j *» 1, 2, 3), the time of perihelion passage 
is determined precisely as in the method of Laplace by equations 
(of chap V ) (32), [(60), (30), (42)], [(73), (74)] in the parabolic, 
elliptic, and hyperbolic cases respectively 


XVII. PROBLEMS, 

1 Take throe observations of an asteroid not separated from one another 
by more than 15 days, or tluco of a comet not separated from one another by 
more than 0 days, and compute tho dements of tho orbit by both the method 
of Laplace and also that of Gauss 

2 Prove that tho apparent motion of C cannot bo permanently along a 
great eivolo unless it moves 111 tho piano of tho ecliptic, 

3. Apply formulas (31) and (32) on a definite closed function, as for ex- 
ample * » sin i 

4. By moans of tho equation 

ft a fit -j- p 1 — 2 Ur cos ^ 

cllmlnato p from the first equation of (44) and discuss tho result by the methods 
of the Theory of Algobralo Equations, and show that the solutions agree 
qualitatively with tlioao obtained m Art 119, 

6, Discuss tho determinants D, Dj, and Z)* when there are four observations, 

6, Express A» when there are three observations in terms of tho a, and the $i 
in such a mannor that tho fact it is of the third order will bo explicitly exhibited 
18 



HlKTOHK'Ali Hivll-mi. 


iir»H 


7 IWInp tli« <-\pln*il formuliw, iihiiik tin* /•„ «'«> "• ll »'l tin’ ilotounl- 
nnul imhilioit, fur Mm ilUToiciilml I'oirontinim erf tin* iuHImmI «»r Um/n nml 
I mum Inn i 

H ( iivo a mini r mil inlnrpmtiUinii of tint vaiimluiiK of I ho umtlnluilH 

of in uuil in m nqimhoim (Hit) 

i! Hu|i|Hwn tlimi ponlilonH of (! urn known m m Ail I ill) Hlmw ( a ) llml 
tlin llirnu uijiiui IniiH 


dodno v , c, and w wIMmul unmi* Mm lntmnln of (mm m wl.ml. Mm an a two 
iIuhi rilmil, (ft) wnln uui Mm i splint foiimiliw for innipuliiur #, mul wJ 
(r) rompar.i Mmu luimMi with 1 1ml of (1M» tu»l (r*J), ami («/) mIu.w llml ,« m 
no I, w «>ll «la«li«i inintil oh H ilnpt’tiilrt upon mMon of nnmll ipmiilifiui of Mm Mum 
orilur. 

10 Kiippimn/t »' I, fit *» 0 uiulu kuhI (MUM im liimtn u.pmimim in /»., in, pu 
Xfl| x®\ i/o, |/o', «o, «•' Hmw Mml Mm ilniurmimmt of Mm ill* h ntu ih 


A ** 


|/t(/i(/t|/» 


Af/t) 


bn 

**ii 


/*«> 

»’a, 


/i» . 

*'* 


U Hlmw Mint on uhIiik Mm nxputiHimiH of tipmlioim (HO) tin* W'uoimI otiuft* 
Mon of HIM) Imnomru (H7) 

l*‘ Hiulnn finiint m from MmoipmMnn i-oiM*wpomlmK to (H7), mol /*, mul /»> 
from” (ini), allow Mint r„\ ,/«, !h\ «»' «'»» l«* •«« t. rimin,l f.om mjimMom 

(UtO). (‘limn llin olnitmiilu urn )m ilntminltmil um in tlm Duplin mu ) 


UIHTOHIDAl. HKKICII AND 1UIU.IOOUAP1IY 

Tim llml iiiuMkhI of llmlliiji Mmorl.it of n tu«l\ (nomut wwm 1*' a |wrrtl»- 
oln) frf.m tlimn olmnrvntlonw ismi .li>\if***.| l»v Niwloii, mul i* Rlvou In Mm 
I'ruinpin, Hook Mi , Prop xi i Tim m.IiiMoi, il. pi mU upon u iimplilml mil* 
Hi rin Unit, v\ I iloh, by *i»im wwlvn uppmsiumllniiw, luiul* to Mm ohwnt* Dim 
or Mm I'urlloHl npplli'uMoim of Mm umMm.1 xv.m liv llallnv to Mm .« mul xxhMi 
low uintm Imiim lilu nnum Now ton w'l'iou to Imxo lm*l hmiUt* with Min 

pmlilnni of .HnrmininK orldl*, for lm mil.l, M, ll»h laiitK » \>nU* very 

^icnt ililllmlly, l trlnl inriuv nmtlmilH of ri'UolviiiR It," Ni wl»«i» m miitwa in 
ImHlitK Itiw ilim'im'iloii on tlm fmnluumiUiil I'lriimul* of Mm pml.li'in xxrm fully 
nxplnlimil 1 >v Itiiplimn ill lilu iimnmlr on tlm phI»|*’' t 

'||,o llml nimpli'to imliiMon whli-lt ili-l rn»t Mnpninl upon a Rmphlrnl non- 
Mtnmtloii iv .mi kIvoii hv iuilnr In 17 H 1» M* THmrM Mulnum rtn^bvrymH 
rtimf forum. Bourn hit|«iir(aul inlvumw \\<*m imoln 1»\ Imiolori in 1701. 
Dp to thin Hum Mm irmMimln imn* for Mm uuwt purt »'im or Mm 

nil, or of two annum pi Imiim, wltlflt urn oiilv uppmxlumMv trim. vD, M mt 1» 
llm Inlorvnl (% /» Mm ulumnnl luulv ili»tt*rli«« a MrulKlit Hut* with uniform 

flpoctl, or llml Mat radluaal tlm Mum of tlm mnw\ nliuortniiou tlixlilm Urn 



HISTORICAL SKETCH 


259 


chord joining tho ond positions into segments which are pioportional to the 
intervals boUwn tho ohsoi vat tons In attempting to improve on the second 
of these assumptions Lamboil mndo the discoveiy of the relation among the 
lachi, choid, time-interval, anti majoi axis mentioned m Ait 92 He later 
mndo the deleimination depend upon the cuivatuie of the apparent orbit, 
whtdi is closely i dated to tho deleimmanl A*, and in this dneetion approached 
the best modem methods He had an unusual giasp of the physics and 
geometry of tho pioblem, and l cully anticipated many of the ideas which 
woro ( allied out by Ins mioeessms in bottei and moio convenient ways 

Lagiango wioto llueo moinons on the theory of oibits, two in 1778 and 
one m 1783 They aie punted Logothei in his collected works, vol iv , pp 439- 
532 As one would expect, with Lagiango came generality, precision, and 
mathematical deganoo lie detot mined the geocentuc distance of C at the 
time of the second obseivation by an equation of the eighth degree, which 
is nothing else than (87) with u eliminated by means of the equation which 
expresses tho fact that 8, E t and C foim a triangle at t 2 He developed the 
oxpiessions foi the hdioeonlnc coordmateB as powei senes in the time-mteivals 
[eqs (73)], and laid tho foundation for tho development of expressions for 
intermediate dements in powei senes Those developments have been com- 
pleted and put m foun foi numeucal applications by Chaiher, Mcddclande 
/ran Lunds A sh onomtska Obscrvatonum, No 46 The original woik of 
Lagrange was not put in a foun adapted to the needs of the computer, and 
lias not been used in pi notice 

In 1780 Laplaoo published an entirely now method in Mimoircs de VAcad- 
dmie Hoyalc dcs Sciences dc Pm is (Collected Works, vol x , pp 93-146) This 
method, tho fundamental ideas of which havo been given in this chapter, has 
Leon tho basis foi a gioal deal of later woik Among the developments m 
this lino may bo monlioncd a momou by Villarceau (Annalcs de VObserva- 
loiro do Pam , vol hi ), tho woik of liar/, or ( Aslronomischc Nachnchten, vol 
141), and its simplification by Leusehnei ( Publications of the Lick Observa- 
tory , vol vii , Fait i ) The approximations boyond tho first are not con- 
veniently carriod out m tho original method of Laplace, but tho method of 
differential corrections devised by Ilarzor and simplified by Leusohner has 
proved very satisfactory in piaoliro 

Olbois published lus classical Abhandlung liber die leichtesle und bequcmsle 
Mcthode, die Bahn cmes Komctcn zu bercchncn , in 1797 TIiib method has not 
boon surpassed foi computing paiaboho orbits and is in very general use even 
at tho picBent time It is given in nearly every treatise on the theory of 
dotm mining oibits, 

The diseovory of Cores m 1801 and its loss after having been observed only 
a short timo (how tho attention of abulliant young Gorman mathematician, 
Gauss, to the pioblem of determining tho elements of tho orbit of a heavenly 
body from observations mndo fiom tho cnilh The problem was quickly 
solved, and an application of tho method led (o the recovery of Ceres Gauss 
elaborated and poi fooled lus work, and in 1809 bi ought it out in his Theona 
Moius Corporum Coclcslium This woik, written by a man at once a master 
of mathomalica and highly skilled as a computer, is so filled with valuable 
ideas and is bo exhaust ivo that it remains a classic treatise on tho subject to 
this day, Tho later treatises all are under tho gieatest obligations to the work 
of Gauss 
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In the Memoirs of the National Academy of Science, vol iv (1888), Gibbs 
published a method of conmdoiablo ongmahty m wlncli the first appioxirnntion 
to the ratios of the mangles wan obtained more exactly by including all three 
geocentric distances as unknown from the beginning The method is also 
distinguished by the fact that it was developed by the calculus of vector 
analysis 

Tho woiks to be consulted mo 

The Thcona Molm of Gauss 

Watson’s Theoretical Astronomy (now out of print) 

Oppolzei's liahnbestimvumg, an exhaustive tieatise 

Tibs eland’s logons sui la Dtlci nnnahon desOrbites, written in the eliai- 
actciiBtically olear French style 

Bausclmigci’s Bahnbcstimmung, a loeent book of great excellence by one 
of the best authoaties on tho subject of tho theoiy of orbits 

Klinkoifues’ Thcorclmhc Astronomic (thud edition by Buchliob), m 
excellent work and tho most exhaustive one yet issued 



CHAPTER VII 


THE GENERAL INTEGRALS OF THE PROBLEM OF n BODIES. 

143. The Differential Equations of Motion. Suppose the 
bodies me homogeneous in spherical layeis, then they will attiact 
each oth 01 as though then masses wcie at then centers Let wii, 
m 2 > ) lepiosent then masses Let the cooichnates of m v 

io foiled to a fixed system of axes be y %} z t (i = 1, * , n ) Let 
?'i, / lepiosent the distance between the ecnteis of m l and m, 
Let L~ lepiosent a constant depending upon the units employed 
I hen the components of force on mi paiallel to the ^-axls aie 

_ WmoiH _ (x i — X i) * _ P m\m n (o-i — x n ) 

?2 1.2 »T,2 * 5 r\, n n, K ’ 

and the total force is their sum. Therefore 


d 2 x i 

mi lll r ~ ~~ c nh 


,Vlj 


(^1 Xj) 




and there aro corresponding equations m y and z. 

There aro similai equations for each body, and the whole system 
of equations is 


( 1 ) 


t IH % 
m% dP 


m.( 


d 2 y i 
~tW 

(l 2 Zj __ 

dt 2 ” 


' «» J 

khn t V m } ^ , (t « 1, • , », j + 1 ). 


A t , 


Each of these equations involves all of the 3 n variables % t , yi, 
and Zt, ancl the systom must, therefore, be solved simultaneously. 
There arc 3 n equations each of the second order, so that the 
piohjpm is of ordei Qn, 

Equations (1) ean bo put in a simple and elegant form by the 
Introduction of the potential function, winch in this problem will 
bo denoted by U instead of V. The constant k 2 will be included 
in the potential In chap, iv the potential, V, was defined by 

261 
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the integral V — i — In this case the system is composed of 
discrete masses, and the potential is 


U^wtt 7 ~ h > 


{% 4 s j). 


(2) U = W kkui 

The partial derivative of U with lespect to x % is 


OH ea ]A m 

dx % * m *ds i fsLr %tt 




(l 4= 3)f 


and there are similar equations in y % and Z{, Therefoie equations 
(1) can be written in the form 


(3) 


d 2 X{ 

__ ac/ 

m ' dt 2 

dXi 


dU 

m ' dt 2 

I 55 

II 

d% 

_ djL 

m% dt 2 

c )e t 


(i 1, • •, ft). 


144. The Six Integrals of the Motion of the Center of Mass. 

The function U is independent of the choice of the coordinate 
axes since it depends upon the mutual distances of the bodies 
alone Therefore, if the origin is displaced parallel to the r-axis 
in the negative direction through a distance a, tho a-coordinato 
of every body will be increased by the quantity a, but tho potential 
function will not bo changed. Lot the fact that U is a function 
of all tho 'c-cobrdinates bo indicated by writing 


U “ U (xif x%) * * , • 

After the origin is displaced the .^-coordinates becomo 
Xt = x % + oi, (i ~ 1, • • •, ft). 


The partial derivative of U with respect to a is 

&U = dU <W , DU dXj* , 4 , dU dx n ' ' 
da dXi da dx$ da dx n l da 


But « 1, (i « 1, • • •, ft), and “ = 0, because V docs not 
da wa 

involve a explicitly. Therefore, on dropping the aeoonts and 
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wilting the corresponding equations in y, and z, for displacements 
/3 and 7, it is found that 

'dU = = n 

da fci Oxy U> 

dU A dU n 

" dp S dy> °» 

dU = ” dU = 

„ dy fci dz x u * 

Therefore equations (3) give 


d 2 x { _ n 
m * di? “ °» 

m *Mi - o 
m ‘ dt 2 ' 


A d% n 

L m 'n* =0 - 


These equations aro at once intcgrable, and the result of inte- 
gration is 

f A d% x 


(4) 


A d\u __ Q 
A dz x 

ti m, di =71 ’ 


where a u jSi, 71 aio the constants of integration. On integrating 
again, it follows that 

[ ~ ait 


(5) 



m x y x = pit + Pa, 


n 

S wusi « 71^ + , V 2 * 


Let - M, and x, p, and l represent the codrdmates of 
the center of mass of the n bodies; then, by Art. 19, 



264 


THE THREE INTEGRALS OP AREAS* 


[I4ff 



~Mx, 


( 6 ) 



m t y % - My, 


n 

m, z % — Mz 


Therefore, equations (6) become 


f M35 = ait 4* ag, 


( 7 ) 


■j = |M + ft, 

[Mz = 7i t + 72i 


that is, the coordinates of the center of mass vary directly as the 
time Fiom this it can bo mfcircd that the center of mass movcB 
with umfoim speed m a straight line. Or otherwise, the velocity 
of the center of mass is 


(8) ^ - \[(t )’ ■ + (f )* ■ + (s)' 1 - h + 7A 

which is a constant, and on eliminating t from equations (7), it 
is found that 

^ Mx - a 2 ^ My -ft _ M l - 72 


ft 


which are the symmetrical equations of a sti aiglit lino in space of 
three dimensions. Equations (8) and (9) give the theorem 
If n bodies are subject to no forces except their mutual alii actions, 
their center of mass moves in a straight line until uniform speed, 
The special case V = 0 will aiiso if ai = ft “ 7i = 0. Since it 
is impossible to know any fixed point in space it is impossible 
to deteimine the six constants. 

Th6 origin might now ho tiansforrcd to the eon ter of mass of 
the system, as it was in the Pioblcm of Two Bodies, or, to the 
centei of one of the bodies, as it will bo in Art. 148, and the order 
of the pioblom reduced six units 

145. The Three Integrals of Areas. Tho potential function is 
not changed by a lotalion of the axes Suppose tho system of 
coordinates is rotated around the 2 -axis tlnough tho angle - 4>, 
and call the new coordinates ai/, yf, and */ They aio i elated to 
tho old by the equations 
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' — Xt cos <j) — 2 /t sin. <f> } 

( 10 ) ■ y% - sin. $ + y> cos <j>, 

Zi = z lf (i« 1, , n ). 

Since the function U is not changed by the rotation it does not 
contain 0 explicitly; therefore 

90 90 fef9j// 90 ~ m dz/ 30 

But from (10) it follows that 


dx / z 

a* “ - ff ‘ ’ 


04, ~ *” 


dz/ 

90 


= 0, (1 « 1, • ♦, w); 


therefore ( 11 ) becomes 

» T ,917 ,9171 _ A ' 

Vi 

On dropping the accents, which are of no further use, it is found 
as a consequence of (3) that 


ft 1 

' dhj x d 2 x t l 

y>v 

}al 

x% dt 2 V ' dt 2 J 

ft 

' d 2 z % d% 1 


Vi dt 2 * dl 2 J 

ft 

\ < 

f d 2 Xi d 2 z x 1 


L z% dt 2 x 'dl 2 \ 


Each term of these sums can bo integrated separately, giving 


( 12 ) 


ft 1 

sH 

' <*!/._ 
L 1 ‘dt 

dsj 

J 

| = Ci, 

n 

r dz x 

dy { ] 

= c 2 , 

T< m ' 

L^T" 

Zi Ht\ 

n 

r dxi 

dz{ ~] 

= c 3 

V mi 

L* dt 

Xx dt . 


The parentheses are the projections of the areal velocities of the 
various bodies upon the threo fundamental planes (Art. 16) 
As it is impossible to determine any fixed point in spaco, so also 
it is impossible to determine any fixed direction in space, conse- 
quently it is impossible to determine practically the constants 
ci, c 2 , C 3 . Yet, m this case it is customary to assume that the 
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fixed stars, on the average, do not i evolve m space, so that* by 
obseiving them, these constants can bo determined. It is evident, 
howovei, that tlieie is no moie reason foi assuming that the stars 
do not levolvo than there is for assuming that they aie not diiftmg 
through space, each being a pure assumption without any possi- 
bility of proof 01 dispioof. But it is to be noted that, if these 
assumptions arc gi anted, the constants ci, c 2 , and c 3 can be deter- 
mined easily with a high degree of pieoision, while in the present 
state of obsorvationai Astionomy the constants of equations (4) 
cannot be found with any considerable accuracy. 

Lot A X) B V) and C x lepiesent the projections of the aieas de- 
scribed by the line fiom the oiigm to the body m, upon the xy, yz , 
and 2a-planes respectively; then (12) can be written 


S 


m x 


m, 


Wf 


dA x 

dt 

dBj 

dt 

dC> 

dt 


= Cl, 


Ca, 


cs, 


the integrals of which are 


(13) 


^miA t — C\t + c/, 
« 

- a C?t + C 2 '> 


| ~ Cat + Ca'. 

Hence the theoiem 

The sums of the products of the masses and the projections of the 
areas described by the corresponding radii are proportional to the 
time; or, from (12), the sums of the products of the masses and 
the rates of the projections of the areas are constants. 

It is possible, as was first shown by Laplace, to dneot the axes 
so that two of the co nstants m equ ations (12) shall bo zero, whilo 
the third becomes Vci 2 -f c 2 2 4* C3 2 . This is the plane of maxi- 
mum sum of the products of the masses and the rates of tho pro- 
jections of areas. Its relations to the original fixed axes aro 
defined by the constants Ci, c 2 , c a , and its position is, therefore, 
always the same. On this account it was called the invariable 


a 
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plane by Laplace. At piesent the invariable plane of the solar 
system is inclined to the ecliptic by about 2°, and the longitude 
of its ascending node is about 286° These figures are subject to 
some uncci tainty because of our lmpeifect knowledge regarding 
tho masses of some of the planets If the position of the plane 
were known with exactness it would possess some piactieal ad- 
vantages ovci the ecliptic, which undeigoes considerable vari- 
ations, as a fundamental plane of reference It has been of great 
value m certain tlieoietical investigations * 

146 The Energy Integral. f On multiplying equations (3) by 
dx x dy x dz x , , . . _ 

~dt , ~dt , ~di lcs P ccilV0l y> adc bng, and summing with respect to i, 

i/ 

it is found that 


(14) 


d 2 x x dx x . d 2 y x dy x d 2 z x dz { 1 
hi dt 2 dt r dt 2 dt ^ dt 2 dt J 



^Udx^ dU^dfju . dU dz x 1 
dx x dt ^ c )y x dt dz x dt J 


Tho potential U is a function of the 3n vanables x X] y X) z x , alone, 
therefore the right membei of (14) is the total derivative of U 
with respect to t Upon integrating both members of this equa- 
tion, it is found that 



U + h. 


The left member of this equation is the kinetic energy of the whole 
system, and tho right member is the potential function plus a 
constant. 

Let the potential energy of ono configuration of a system with 
respect to another configuration be defined as the amount of work 
required to change it from tho one to the other If two bodies 
attract each other according to tho law of the inverse squares, the 


W Wi WIj 

force existing between them is ------ , 


The amount of work done 


in changing their distance apart from to r,, j is 


(10) - i] 

* See momona by Jacobi, Journal dc Math , vol ix ; Tisserand, M6e C61 
vol I , chap, xxv , Poincar6, Lea M ilhodcs Nouvelles de la Mfo Cil , vol. i , 
P 39 

f This is vory frequently called the Vis Viva integral 
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If the bodies aie at an infinite distance from one anothei at the 
start, then yW = a, , and (16) becomes 

nr k 2 m t mj . 

W », j “ • > 

1 », t 

hence 

1 n n 

u =-§£§^ 

Therefore, U is the negative of the potential energy of tho whole 
system with respect to tiie infinite separation of the bodies as the 
original configui ation. Hence (15) gives the theorem 

In a system of n bodies subject to no forces except their mutual 
atti actions the sum of the kinetic and potential eneiffies is a constant, 

147. The Question of New Integrals. Ten of the whole 6 n 
integrals which arc lcquired m older to solve the pioblem com- 
pletely have been found These ten integrals arc the only ones 
known, and the question arises whether any more of ceitam types 
exist. 

In a piofound memoir in the Acta Mathemahca, vol. xi., Biuns 
has demonstrated that, when the rectangular cooidmales aro 
chosen as dependent vanablcs, there are no new algebraic integrals, 
This does not, of course, exclude tho possibility of algebraic mtc- 
gials when othoi vanablcs aie used. Pomeaid has demonstrated 
in his pi lzo memoir in the Acta Mathemahca , vol xm , and again 
with some additions in Les MWiodes Nouvelles de la M6camque 
Celeste, chap v , that the Pioblem of Thice Bodies admits no new 
uniform transcendental integrals, even when the masses of two 
of the bodies are veiy small compared to that of the thud In this 
theorem the dependent vanables are tho elements of the orbits 
of the bodies, which continually change undei their mutual 
attractions It does not follow that integials of the class con- 
sidered by Pomcai6 do not exist when other dependent vaiiables 
are employed In fact, Lcvi-Civita has shown tho existence of 
this class of integrals in a special problem, which comes under 
Poincares theorem, when suitablo variables are used ( Acta 
Mathemahca, vol. xxx). The practical importance of the 
theorems of Bruns and Poincar6 have often boon overrated by 
those who have forgotten the conditions under which they have 
been proved to hold true, 
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XVIII. PROBLEMS 

1 Write equations (1) when tho foice varies mveisoly as tho nth power 
of the distance For what values of n do the equations nil become inde- 
pendent? The Pioblom of n Bodies can be completely solved for this law 
of foico, show that tho mbits with lespec t to the centra of mass of the system 
are all ellipses with this point as conlei Show that tho oibit of any body 
with lespect to any othci is also a conlinl ellipse, and that tho Bamc is true 
for the motion of any body with lespect to the eontei of mass of any sub- 
gioup of tho whole system Show that the ponods aio all equal 

2 What will be the definition of tho potential funetion when the force 
varies mveisoly ns the nth powei of tlie distance? 

3 Derive the equations immediately piecedmg (4) dncetly from equa- 
tions (1) 

4, Prove that tho theoiem legauhng the motion of tho center of mass holds 
when the foice vanes as any powei of the distance 

5 Donve tho equations immediately picoodmg (12) diieolly from equa- 
tions (1), and show that they hold when tho foice vanes as any powei of the 
distance 

6 Any plane Unough tho ongin can bo changed into any other plane 
thiough tho oiigm by a lotation mound each of two of tho coQnlinato axes 
Trnnsfoim equations (12) by successive rotations mound two of tho axes, and 
show that tho angles of lotation can bo so chosen that two of the constants, 
to which the functions of the now coti t dinalea smulm to (12) aro equal, are 
zero, and that the Ihitd is -fo 2 + cf'+cf (Tins is the method used by 
Laplace to piovo the existence of the invariable piano ) 

7 Why arc equations (13) not to bo regarded ns integrals of the differ- 
ential equations (1), thus making tho whole numbor of mtegials thirteen? 

148. Transfer of the Origin to the Sun. Nothing is known of 
the absolute motions of the planets because the observations 
furnish information regarding only their relative positions, or 
their positions with lespect to tho sun. It is true that it is known 
that tho solar system is moving toward the constellation Hercules, 
but it must be lemcmberod that this motion is only with lespect 
to certain of the stars The pioblom for the student of Celestial 
Mechanics is to determine the relative positions of the members 
of the solar system; oi, m particular, to determine the positions 
of the planets with respect to the sun. To do this it is advanta- 
geous to transfer the origin to the sun, and to employ the resulting 
differential equations. 
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Suppose m n is the sun and take its center as the origin, and let 
the coordinates of the body m, leferred to the new system be 
$/» V* > z{ Then the old coordinates are expiessed m terms of 
the new by the equations 

** + *», V> “ y% + Vn, + z», (i = l, • • *, n- 1). 

Since the differences of the old variables are equal to the corre- 
sponding differences of the new, it follows that 

dU_dU_ ( _ i _i\ 

axt* ax % n dy , a*, a */ 1 u ” ,ft '* 

As a consequence of these transformations equations (3) become 


(17) 


‘ dHx . d 2 x n _ <9j7 

dt 2 m v dXx ’ 

. , &V* = 1 dU 

dt 2 ' d£ 2 m t * 

dW d 2 z n = 1 dU 

dt 2 dt 2 m* da/ 7 


(» = 1» * *» » “ 1)* 


Since the origin is at = y n ' «= an 7 - 0, the first equation of 
(1) gives, on putting i — n, 


(18) 


cFto* __ Wrthxi' . WmiXi . 

di* ” r\ B + 


n " J ?n, a;/ 


^ s »■*»,» 


/c 2 7 M n — l # 7 ?,— 1 

1, n 


This equation, with the corresponding ones in y and z , substituted 
in (17) completes the transformation to the now variables; but 
it will be advantageous to combine the terms m another manner 
so that those which come from the attraction of the sun shall be 
separate from the others The differential equations will bo 
written for the body m h from which the others can bo formed by 
permuting the subscripts. 

The potential function can be broken up into the sum 


or, 

(19) 


U 



n~ 1 n— l 



m x m,j 


) 




V-Wm.y.^-+V. 

?7i n 


a *3); 
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On substituting equations (18) and (19) m equations (17), the 
latter become 


(dW i 70/ . s XI 1 dXJ ' r' 

1 «i 4 ri, n mi dxi ' r 3 - - ’ 


( 20 ) 


Let 


?. » 


+ /». 2 (wi H- m n ) « J_ 5^Z! _ fca y Ml 

dt z r 3 1, „ mi dj/i' «* _ » 

dW , , N Zi' 

tW" + 1 (wi + Wn) 3TT “ 


si r 3 ,. „ 

m' vM' 

J\ n mi dzi' jk r 3 ,, „ 1 


E 


i_djr 

7l\ dZi 

, t = %»[ — - Xl ' x,/ + j/*V + g iW | , 

^1, n j’ 


then, equations (20) can be written in the form 


( 21 ) 


d 2 Xi 


_ 1 4. IcHnu 4- m 1 - Xi = 
dt z + ^ 1 + n) r 3 !, „ { dxi' ’ 

d 2 y / , 7 „, , v yt' dEi, / 




' "- 1 aie lt , 


Let the accents, which have become useless, be dropped, and, 
in order to derivo the general equations corresponding to (21), let 


( 22 ) 


Bu = /c 2 



aye/ + v%vi + gig, 1 

r 


O' =1= j) 


Then, the general equations for relative motion are 


(23) 




d 2 z, 
k dt z 


+ & 2 (m, + m„) 




in which i — 1, • ••,» — 1. 


* 

ay< ’ 

dRij 
dz % ’ 


0 + i)» 


149, Dynamical Meaning of the Equations, In order to under- 
stand easily the meaning of the equations, suppose that there are 
but three bodies, mi, niz, and m n Suppose m n is the sun, let its 
mass equal unity, and let the distances from it to mi and m2 be 
ri and >’2 respectively. Then equations (23) are, in full, 
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(24) 




W +m+mi) n° 


A. 2 m s 


+ ,C ’( 1 + m ') ^3 “ kh>l! 

^ +m+m) vx = mni 


5 { 

1 


dxt \ 

. fl, 2 

?2 3 

9 1 

1 

xiXi+yiVt+ZiZt ’ 

dyil 

. 1 1, 2 

r 2 3 

a I 

\ 1 

XiXt+yiyz+ziZt 

! dzi 1 

L ? 1,2 

r 2 3 

3 J 

f 1 

x%x\ J cy2yi-\-z<iZ\ 

L 0X2 1 

L i 

ri 8 

d 1 

f 1 

X2Xi-^-y2Vi-\~Z2Zi 

l dy 2 ( 

l *2, 1 

n 3 

d 

f 1 

Tto*5l+1Ml+*«8l 

l dZz 

l ^*2, 1 

ri 3 


J* 

}• 

)« 

}• 

}■ 

I 


If wi 2 were zero the first three equations would be independent 
of the second three, and they would then be the equations foi the 
relative motion of the body mi with respect to m n — 1, and could 
be integrated. All the variations fiom tho puiely elliptical 
mStion arise from the presence of the right membeis, which arc, 
m the first three equations, the partial derivatives of Ri, 2 with 
respect to the variables a?i, yi, and Zi respectively On this account 
mzRt, 2 is called the 'perturbative function. 

The partial derivatives of the first teims of the right members 
of tho first three equations aie respectively 


Unit 


(Xi - a?a) 

rh, 2 


— h 2 mn 


(Vi ~ V i) 

» 3 i, 2 


A/bm 


(zi - z 2 ) 

rh, a 


which are the components of acc delation of mi duo to tho attrac- 
tion of ?tt 2 . The partial derivatives of the second terms are 


- khrtz — 3 , 
r 2 3 




— kHih --t , 
rn 3 ’ 


which are the negatives of the components of the acceleration of 
the sun due to the attraction of m 2 . Therefore tho right membeis 
of the first three equations of (24) aie tho differences of the com- 
ponents of acceleration of mi and of the sun due to the attraction 
of m 2 Similarly, the right members of the last thicc equations 
aie the differences of the components of the aocdciation of m a 
and of the sun due to the attraction of mi. If two bodies are 
subject to equal parallel accelerations their i dative positions will 
not be changed. The differences of their accelerations are due to 
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the disturbing forces, and measure these distuibances. The right 
members of (24) aie, theiefore, exactly those parts of the accelera- 
tions due to the distuibing forces. 

Xf there are ft — 2 distuibing bodies the right members are the 
sums of terms depending upon the bodies m%, • • , m n _ x sirailai to 
the right mcmbois of (24), which depend upon m 2 alone, or, m 
othoi words, the whole resultants of the disturbing accelerations 
are equal to the sums of the parts arising from the action of the 
separate distuibing bodies. 

150. The Order of the System of Equations. The order of the 
system of equations (23) is 6 n — 6, instead of 6 n as (1) was in 
the caso of absolute motion. In the absolute motion ten integrals 
were found which l educed the problem to order 6 n — 10 Six of 
these related to the motion of the center of mass, thiee to the 
areal velocities, and one to the energy of the system In the 
present case but four intogials, the three integrals of areas and the 
energy integral, can bo found, which leaves the problem of order 
6n — 10 also. 

Tho problem can be i educed to the older 6ft — 6 by using the 
integrals for tho centei of mass directly In particular, consider 
the difteiential equations foi the bodies m h • , w„_ i In the 
original equations they involve the cooidmates of m„, but these 
quantities can be eliminated by moans of equations (5). 

If the origin is taken at the eentei of mass 

£jw,x t = 0, 0, **0, 

and tho elimination becomes parliculaily simple Or, because of 
these linear homogeneous relations, tho n vanables of each set 
can be expressed linearly and homogeneously in terms of ft — 1 
new variables. Thus 

X\ ” 4 <^12^2 + 4“ fll, n-lErt-l> 

Xa » a2i£i 4 d 2 ih 4 • ' * 4 n-i£n-i> 

X n = ttnlh 4 ^n2^2 4 ' ' 4 ®»» n-l£n-l, 

and similar sets of equations for y and z The coefficients a t j are 

arbitral y constants cxeopt that they must be so chosen that every 
determinant of the matiix of the substitutions shall be distinct 
from zero; for, other wise, a lmeai relation would exist among the £, 
These constants can be so chosen that the transformed equations 
in 
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preserve a symmetrical form This method was employed by 
Jacobi in an important memoir entitled, Sur V Elimination des 
nceuds dans le probUme des trois corps (Journal de Math vol. ix , 
1844), and by Radau in a memoir entitled, Sur une transformation 
des Equations differ entiellcs de la Dynamique (Annates de VlScotc 
Normale, 1st senes, vol. v.) 


XIX, PROBLEMS 


1 Make the transformation x t - V 4- r n m the integrals (12) and (15), 

ancl eliminate x n , y„, z n> and ~ by means of equations (4) and (5) 

Piovc that the resulting expressions are foui integrals of equations (23) 

2 Derive equations (23) directly by taking the origin at m n , without flint 
making use of the fixed axes 

3. The equations (23) are not symmetrical, sinco each body loquucB a 
different perturbative function i2,, f in the right membois Construct Urn 
corresponding system of difTciential equations whore the motion of ?» n -i is 
referred to a lcctnngulai system of axes with the ongm at m n , tho motion of 
m„~t to a parallel system of axes with origin at tho center of mass of wt„ and 
m n - 1 , the motion of vi n -s to a paiallel system of axes with tho origin at the 
center of mass of m ny m„-i, and m n ~ j, and oontmuo in this way. Show that 
the results aio tho symmetrical equations 

On ~ m n i On-l ~ Mn-l 4- 

On- a = ttln-1 + ™n-l 4* ?»n, 


On d ! X n ~l _ OU 

1Hn — 1 “ j f 2 I 

On - 1 dH n -l OU 

On- 1 di? QXn-% 1 


Ot d?X i dU 

551' 


oi = mi + m a + 


and similar equations in y and 2 , whore 


* ‘ 4* m n , 


U 



m„~ i 

r n , n-l 


m n - 2 , 
r„. n~ "** * 



4- k*ni n - 1 


( m,, ~ i 4 . i 

V^n— 1, n— J Tn— l, n—t 


+ 


mi \ 
r n -i,i) 


4- A- a m a 

ri, » 

(These equations arc the same as found by Badau from a different standpoint 
in the memoir cited in Art 160 They have been employed by Tissoinnd In 
a very elegant demonstration of Poisson's Ihcorom of tho mvauability of tho 
major axes of the planets' orbitB up to pci turbations of tho aoconcl order 
inclusive with respent to the masses Pomcar6 has goncrally used this system 
m his researches in the Problem of Three Bodios.) 
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4 Derive the differential equations corresponding to (23) m polar co- 
ordinates 

b(- 


COS 3 <f>i 


d0i\ 
dt ) 


oRi i 
dOj ’ 


I ( ■ ^ ^ ■ sm * 008 *<( Ir) 1 = g «. ^ , 

( j = 1» i« - 1), (i >+* ]) 


HISTORICAL SKETCH AND BIBLIOGRAPHY, 

Tho investigations m the Problem of n Bodies are of two classes, first, 
those which load to gonoial theorems holding m evoiy system, and second^ 
those which give good approximations for a certain length of time in particular 
systems, such as the solai system Investigations of the second class are 
known as theories of perturbations, the discussion of which will be given m 
another cliaptoi 

The first general theorems are regarding tho motion of the center of mass, 
and wore given by Newton in tho Pnncipia 'The ton mtegials and the 
theorems to which they load wore known by Euloi Tho next general result 
was tho pi oof of tho existence and the discussion of the properties of the 
invariable piano by Laplaco in 1784 In tho winter semester of 1842-43 
Jacobi gave a courso of loctuies in tho University of Kdmgsberg on Dynamics 
In this ooiuse ho gavo tho results of some voiy important investigations on 
tho mtcgiation of the differential equations wlnoh anso in Mechanics In all 
cases where tho foiccs dopond upon tho coOidinatcs alono, and where a po- 
tential function exists, conditions which are fulfilled m tho Pioblem of n 
Bodies, ho piovcd that if all tho mtegials except two have been found tho last 
two can always bo found lie also showed, in extending some investigations 
of Sn Williarn Rowan Hamilton, that tho piobldm is reducible to that of 
solving a partial differential equation whoso order is one-half as great as 
that of tho onginal system Jacobi’s lectures are published m the supple- 
mental y volume to lus collected works, They are of great importance in 
themselves, as woll as being an absolutely necessary prerequisite to tho reading 
of tho epoch-making memoirs of Pomoard, and they should bo accessible to 
evoiy student of Celestial Mechanics 

It is a question of tho highest interest whother tho motions of tho members 
of such a Bystom as tho sun and planets are purely pouodio Newcomb has 
shown in an important memoir published in tho Smithsonian Contributions to 
Knowledge , December 1874, that the differential equations can be formally 
satisfied by purely periodic soiics IIo did not, however, prove tho convergence 
of these scries; and, indeed, Poincaid has shown in Les MHhodes Nouvelles, 
chaps, ix, and xn , that they are in general divoigenfc, 
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As was stated in Ait 147, Biuns has proved m the Acta Mathematic a, 
vol xi , that, using rectangular coordinates, theio are no now algebiaio inte- 
grals, and PomcniC, m the Ada Mathcmalica , vol xm , that, using the elemonts 
as variables, there are no new uniform transcendental mtegials, even when 
the mnssc 3 of all the bodies except one aie very small 

For fuither lending lcgaidmg the general differential equations m differ ent 
sots of variables the student will do well to consult Tissorand's Mtcamquo 
Cdeste, vol, i. chapters in , iv., and v. 



CHAPTER VIII. 

THE PROBLEM OF THREE BODIES. 

1S1. Problem Considered. Theie are a number of important 
results in the Problem of Tlnee Bodies which have been established 
with mathematical rigor if the initial cooidinates and the com- 
ponents of velocity fulfill ceitain special conditions While these 
special cases have not been found in natuie, theie are novel theless 
some applications of the results obtained, and the piocesses 
employed aie mathematically elegant and lead to most mteiestmg 
conclusions This chapter will contain such of these icsults as 
fall within the scope of this woik, reserving the theories of per- 
turbations, by means of which tho positions of the heavenly bodies 
are predicted, to subsequent chapteis. 

Tho first pait of the chapter will be devoted to a discussion of 
some of tho pioportics of motion of an infinitesimal body when it 
is atti acted by two finite bodies which revolve in eiicles around 
their center of mass, and will meludo the proof of the existence of 
eorlain particular solutions in which the distances of the infinitesi- 
mal body from tho finite bodies aie constants The second part 
of tho chapter will bo devoted to an exposition of a method of 
finding particular solutions of the motion of tlnee finite bodies such 
that tho ratios of their mutual distances aie constants These 
solutions include the foimer, but the discoveiable piopeities of 
motion aio so much fowoi, and are obtained with so much moie 
clifiicully, that it is advisablo to divide the discussion into two 
parts. 

Tho particular solutions of the Problem of Three Bodies which 
will bo discussed horo woro given for the fiist time by Lagrange m 
a prize meraoii in 1772. The method adopted here is radically 
different from that employed by him, and lends itself much more 
readily to a generalization to the case wheie a larger number of 
bodies is involved But, on tho other hand, the reduction of the 
order of tho problem by one unit, which was a very interesting 
fealuio of Lagrango’s memoir, is not accomplished by this method 
Ilowovor, as it has not been possible to make any use of this 
reduction, it has not been of any practical importance. 

Mathematically speaking, an infinitesimal body is one that is 
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attracted by finite masses but does not attiact them. Physically 
speaking, it is a body of such a small mass that it will disturb 
the motion of finite bodies less than an aibitrarily assigned amount, 
however small, duiing any aibitiaiily assigned time, howevei long 
To actually determine a small mass fulfilling these conditions it is 
only necessaiy to make it so small that its whole atti action, which 
is always gi eater than its disturbing foice, on one of the laige 
bodies, if placed at the minimum distance possible, would move the 
largo body less than the assigned small distance in the assigned 
tune. 

Motion of the Infinitesimal Body 
152, The Differential Equations of Motion. Suppose the 
system consists of two finite bodies i evolving in ciicles aiound then 
common center of mass, and of an infinitesimal body subject to 
their attraction. Let the unit of mass be so chosen that the sum 
of the masses oi the finite bodies shall be unity , then they can be 
represented by 1 — /x and where the notation is so chosen that 
H \ Let the unit of distance be so chosen that the constant 
distance between the finite bodies shall be unity Let the unit of 
time be so chosen that 1} shall equal unity. Let the origin of 
codrdinates be taken at the centei of mass of the finite bodies, 
and lot the du action of the axes bo so chosen that the £t?-plane is 
the plane of then motion. Let the coordinates of 1 — m, mid the 

infinitesimal body be £i> Vu 0* £ 2 , yz, 0, and £, y, £ respectively, and 


Then the 
body are 


n = Va — £0 2 4- {y ~ v\) 2 + £ 2 » 

~ V(£ — £ 2 )* + ( 1 ? — V 2 ) 2 4- £ 2 

differential equations of motion for the infinitesimal 


di 2 


- (1 - /*) 


a - go 

?’i 3 


A* 


(6 “ h) 

r 2 s 


> 


(1) 


d?y n v (y - m) .. (v — V*) 

dt 2 ^ ^ n a M r£ 

l dl 2 U M V 3 M r a 3 ’ 


As a consequence of the way the units have been chosen the 
mean angular motion of the finite bodies is 


„ _ 7 V(1 - m) + M 
n ~ h a* 


= 1 . 


152] 


THE DIFFERENTIAL EQUATIONS OF MOTION 


279 


Let the motion of the bodies be referred to a new system of 
axes having the same ongin as the old, and lotatmg m the (ty- 
plane m the dnoction in which the finite bodies move with the 
unifoim angular velocity unity The cobidinaics in. the new 
system are defined by the equations 


( 2 ) 


’ £ == x cos t — y sin t } 
- ^ sin t + V cos t, 

.r = 2, 


and similar equations for the letters with subscripts 1 and 2. On 
computing the second derivatives of (2) and substituting in (1), 
it is found that 


f fd?x 
[dt 2 


( 3 ) 


2 ^ } 003 * “ { 
- { ( 1 -;*)- 


d!y +^-v} 


dt 2 


dt 


sini 


(a, = ^0 + 1 cog t 

ri 3 ^ H 1 J 


+ { (1 _ (l) LuA + (J (2L_ll)} ain ,, 

f d 2 x n dy \ , f dhj dx 1 , 

w- 2 dt- x r u+ w + 2 Tt- v r Bt 




sini 


d 2 z , z z 

dt*~ ^ ^rg 8 ' 

Multiply the first two equations by cosi and sini respectively, 
then by — * sin t and cos t, and add; the results are 

f d 2 x dy _ * (s ~ sQ __ (a - %i) 

— x w r * t* r 3 > 


dt 2 

dhf 


dt 


m + 2 S - » - (x - _ ,kszM' 

dl 2 dt ri 3 r 2 3 

d 2 z - s z 0 

_ - 

The position of the axes can bo so taken at the origin of time 
that the !K-axis will continually pass through the contois of the 
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finite bodies, then iji — 0, yi = 0, and the equations become 


f dH 
dt 2 


(4) 


- 2~| «* a; - (! - m) 1 " “ M 


(n — a?i) _ .. (s — ?■) 

3 


Sf +2 *., _ a _ v 

d( ! + 2 df y U -- 5 


r i° 

7*1° r 2 3 


TV 


d z 2 - v 2 3 

df 2 (1 ^n 5 M r 2 3 


These aie the differential equations of motion of the infinitesimal 
body refen ed to axes rotating so that the finite bodies always he 
on the a-axis They have the impoitant property that they do 
not involve explicitly the independent variable t because the 
coordinates of the finite bodies have become constants as a conse- 
quence of the particular manner in which the axes aie rotated. 
On the other hand, m equations (1) the quantities £i, £ 2 , ip, and m 
aie functions of t 

The genoial problem of deteiminmg the motion of the in- 
finitesimal body is of the sixth older; if it moves m the piano of 
motion of the finite bodies, the problem is of the fourth order. 

153. Jacobi’s Integral. Equations (4) admit an integral which 
was first given by Jacobi in Comptes Rendus dc VAcadbime des 
Sciences de Pans } vol. m , p 59, and which has been discussed by 
Hill m the first of his celebrated papers on the Lunar Theory, 
The American Journal of Mathematics } vol i. t p. 18, and again by 
Daiwm in his memoir on Periodic Orbits m Acta Mathemahca , 
vol. xxi., p. 102. Let 

(S) = K* ! + !/•)+ + 


then equations (4) can be written in the form 


(d?x 

_2^ = 

BU 

dt * 

i dt 

dx ’ 

d 2 y 
dt 2 

+ 2* 

^ dt 

BU 

dy> 

dH 


BU 

df 2 


Bz 


dJx cl% 

If these equations are multiplied by 2~ , 2 ~ , and 2^ re- 
spectively, and added, the resulting equation can be integrated, 
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since U is a function of &, y, and % alone, and give 

m (ty +(!)■+( i)’-'—”-® 

|l ?2 

Five intcgials more are required in order completely to solve 
the piobloin If the infinitesimal body moved m the sy-plane 
only three -would remain to be found, the last two of which could 
bo obtained by Jacobi's last multiplier,* if the fiist one weie found 
Tlius it appears that only one new integral is needed for the com- 
plete solution of this special problem in tlio plane f But Biuns 
has piovcd in Acta Mathemahca , vol. xi , that, when leetangular 
coordinates aie used, no new algebraic mtegials exist, and Pom- 
car6 has piovcd in Les MUhodcs Nouvelles de la Mkcamque Ctteste, 
vol i«, chap, v , that when the elements of the orbits are used as 
variables, there are no new unifoim transcendental mtegials, 
even when the mass of one of the finite bodies is very small com- 
pared to that of the other (see Ait 147) These demonstrations 
are entirely outside the scope of this work and cannot be repro- 
duced hero. 

154. The Surfaces of Zero Relative Velocity 4 Equation (7) 
is a relation between the square of the velocity and the coordinates 
of the infinitesimal body referred to the xotating axes Therefore, 
when the constant of integration C has been detei mined numeri- 
cally by the initial conditions, equation (7) determines the velocity 
with which the infinitesimal body will move, if at all, at all points 
of tho l otating space, and conversely, foi a given velocity, equa- 
tion (7) gives tho locus of thoso points of i dative space where alone 
tho infinitesimal body can be In particular, if V is put equal to 
zero in this equation it will define tho surfaces at which the velocity 
will bo zero. On ono side of these surfaces the velocity will be 
real and on the other side imaginary; or, m other words, it is 

+ Developed in Vorlc&unycn ilbcr DynamiK, (supplementary volume to 
Jmiobi’B collected walks 

t Hill put his special equations m suoh a foim that they would bo reduced 
io quad iatu ics if asinglo vaimblo woie oxpressod in terms of the time, American 
Journal of Mathemahca, vol i , p 10 

l Pusi, discussed by Hill m his Luirn Theory, The American Journal of 
Mathematics, voi i , and again, for motion in tho sp-plane, by Dai win in his 
Peuorhc Orbits, in Ada Mathemahca, vol xxi 
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possible for the body to move on one side, and impossible for it 
to move on the othei The geneial proposition that a function 
changes sign as the surface at which it is zeio is Glossed (at least 
at a regular point of the suiface) was piovcd in Art 120 While 
it will not be possible to say m any except veiy pailicular eases 
what the oibit will be, yet this paitition of lelative space will 
show in what poitions the infinitesimal body can move and in 
what portions it can not 

The equation of the surfaces of zero relative velocity is 


( 8 ) 


fc 9 + t -1 


2(1 - fi) 

Ti 


2 /j, 
1 2 


-C, 


r i — ~ ti) 2 -{- y 2 + z 2 , 

ra = VOs ~ X 2) 2 + 2/ 2 4* z 2 


Since only the squares of y and z occur the surfaces defined by (8) 
are symmetrical with respect to the %y and az-planes, and, when 
M = ■§, with lespeet to the yz - plane also The surfaces for n 4= \ 
can be legarded as being defoimations of those for \x = \ It 
follows from the way in which z enters that a line paiallol to the 
2 -axis pierces the surfaces in two (or no) roal points Moreover, 
i>he sui faces aie contained within a cylinder whoso axis is the 
2-axis and whose radius is VC, to which ceitam of the folds are 
asymptotic at z 2 <= « , for, as z 2 increases the equation approaches 
as a limit 

x 1 + y % “ C. 


155. Approximate Forms of the Surfaces. From the properties 
of the surfaces given m "the preceding article and from the shapes 
of the curves in which the surfaces intersect the reference planes, 
a general idea of their form can be obtained. The equation of 
the curves of intersection of the surfaces with the sy-plano is 
obtained by putting z equal to zero in the first of (8), and is 


( 9 ) 


^2 M) 2 fJ, 

V(s - Xi) z -f y 2 V(s — $ 2 ) 2 + y 2 


For large values of x and y which satisfy this equation the third 
and fourth terms are relatively unimportant, and the equation 
may be written 


a*» + y* - 0 


2(1 — #) t 2jx 

V(s ~ $i) 2 + V* V(m - $ 2 ) 2 + y 2 
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where e is a small q uantity This is the equation of a circle whose 
radius is VC — e, tlieiefore, one branch of the curve m the xy- 
plane is an approximately cncular oval within the asymptotic 
eyhndei. It is also to be noted that the larger C is, the larger 
are the values of x and y which satisfy the equation, the smaller 
is £, the moie neaily circular is the curve, and the more nearly 
does it approach its asymptotic cylinder. 



For small values of x and y satisfying (9) the first and second 
terms are relatively unimportant, and the equation may be 
written 

1 — M i M x 1 + _C 
r x * r 2 2 2 2 e 

This is the equation of the equipotential curves* for the two centers 
of force, 1 — and /». For large values of C they consist of 
closed ovals around each of the bodies 1 — fx and y) for smaller 
values of C theso ovals unite between the bodies forming a dumb- 

* Thomson and Tail's Natural Philosophy, Part II , Art. 608, 
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bell shaped figure m which the ends are of different size except 
when ft ~ and for still smaller values of C the handle of the 
dumb-bell enlarges until the figure becomes an oval enclosing 
both of the bodies 

From the foregoing considei ations it follows that the approxi- 
mate forms of the curves m which the surfaces mteisect the 
plane aio as given m Fig, 38 The curves C 1, C 2, C 3, C 1, C b are 
111 the 01 dei of decreasing values of the constant C They weio 
not drawn fiom numerical calculations and are intended to show 
only qualitatively the character of the curves 



The equation of the curves of intersection of tho surfaces and 
the ,T3-plane is obtained by putting y equal to zero in equation 
( 8 ), and is 

( 10 ) # 2 4 - 2(1 — n) , , ^ (j t 

V(» — T1) 2 + z 2 ^}(x — X2) 2 + 2 2 

For large values of A and z satisfying this equation the second 
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anti thiul loims tiro relatively unimportant, and it may be written 

X* ~ C — 6, 

which in the equation of a symmetrical pair of straight lines 
jmralh'l to llio *-a\is. The laigei 0 m, the ltugoi is the value of x 
whieli, for a given value of z, satisfies the equation, and, tliciefoie, 
Hitt Hiimller is e Ifenee, the huger C the closer the lines are to the 
asymptotic cylinder. 



For small valucR of x and z satisfying equation (10) the first 
term is relatively unimportant, and the equation may be written 

i - m i a m o __ 

~ ri 2 

Thin is again tho equation of tho equipotontial curves and has the 
name properties as before. Iloneo, tho forms of tho curves in the 
az-plnno are qualitatively like those given in Fig. 30. Again, 
the curves Ci, • * '» Or, aro in tho order of decreasing values of the 
constant <7, and wero not drawn from numerical calculations 
Tho equation of tho curves of intersection of tho surfaces and 
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the yz-plme is obtained by putting x equal to zoio m equation 
(8), and is 

(11) f + i— •— 1 ■" + -= 2m ^ = C. 

■yjxi 2 -j- if + z 2 ->Jx 2 2 4- y 1 + z 2 

For laige values of y and z satisfying this equation the second and 
third terms are relatively unimpoitant, and it may be mitten 

2/ 2 = C ~ *, 

which is the equation of a pair of lines near the asymptotic cylinder, 
appioaolnng it as C mci eases 

If 1 — fx is much gi eater than y, the numeucal value of Xi is 
much greater than that of Xi, hence, for small values of y and z 
satisfying (11), this equation may be written 

2(1 - y) _ r 

— 0 — fi, 

n ’ 

which is the equation of a circle which becomes larger as C de- 
creases. Hence, the forms ot the cuives m the y 2 -plane are quali- «. 
tatively as given in Fig 40 Again, the curves C i, ♦, Cb aie 
in the order of doci easing values of the constant C 

From these thiee sections of the surfaces it is easy to infer their 
forms for the different values of C They may bo roughly cle- 
senbed as consisting of, foi large values of C, a closed fold approxi- 
mately spherical m form aiound each of the finite bodies, and of 
curtains hanging fiom the asymptotic cylinder symmetrically 
with respect to the xy- plane; for smaller values of C, the folds 
expand and coalesce (Fig 38, cuive C3), for still smaller values 
of C the united folds coalesce with the curtains, tho fiist points of 
contact being 111 every case in the rry-plano ; and for sufficiently 
small values of C the surfaces consist of two parts symmetrical 
with inspect to the ry-plane but not intersecting it (Figs. 39, 
curve Cb, and 40, curve C«). 

156, The Regions of Real and Imaginary Velocity. Having 
determined tlio forms of the surfaces, it remains to find in what 
regions of relative space the motion is leal and in what it is imagU 
naiy. The equation for the squaie of the velocity is 

V 2 = x 2 + y 2 + — - " ^ -f — - C. 

n r 2 

Suppose C is so large that the ovals and curtains are all separate, 
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The motion will be real m those portions of relative space for 
which the right member of this equation is positive If it is 
positive m one point in a closed fold it will be positive m every 
othor point within it, for the function changes sign only at a surface 
of zero lclative velocity. 

It is evident from the equation that x and y can be taken so 
largo that the right member will be positive, howevei great C may 
be; thoiefoie, the motion is leal outside of the curtains It is also 
clear that a point can be chosen so neai to either I — n or n, that 
is, either ?’i or r 2 may be taken so small, that the right member will 
bo positive, however gieat C may be, theiefore, the motion is real 
mthin the folds around the finite bodies 

If the value of C were so laigc that the folds aiound the finite 
bodies were closed, and if the infinitesimal body should be within 
one of these folds at the origin of time, it would always lemain 
there since it could not cross a suifaco of zero velocity If the 
earth's orbit is supposed to be cnculai and the mass of the rrioon 
infinitesimal, it is found that the constant C, determined by the 
motion of the moon, is so laigo that tiie fold around the earth is 
closed with the moon within it Theiefoie the moon cannot 
recede indofimtoly from the caith. It was in this manner, and 
with these approximations, that Hill pioved that the moon’s 
distance from the earth has a supenoi limit * 

157. Method of Computing the Surfaces. Actual points on 
the sin faces can be found most readily by fiist deteiminmg the 
cuivCB m the ay-plane, and then finding by methods of approxi- 
mation the values of z which satisfy (7) Besides, the cuives in 
the ay-plane are of most interest because the first points of contact 
as the various folds coaleseo occur m this plane, and, indeed, on 
tho tt-axis, as can be seen from the symmetries of the surfaces 

Tho equation of the curves in the tty-plane is 


tt 2 4“ y 2 


2(1 - m) | 

V(tt - tti) 2 + y 2 


V(tt 


2 u 

- tt 2 ) 2 + y 2 


If this equation is rationalized and cleared of fractions the result 
is a polynomial of the sixteenth degree in a and y When the value 
of ono of the vaiiables is taken arbitrarily the corresponding 
values of the other can be found by solving this rationalized 
equation. This problem presents great practical difficulties 

* Lunar Theory, Am Jour Math , vol i , p 23 
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because of the high, degree of the equation, and these tioubles 
arc supplemented by the presence of foieign solutions which are 
intiodueed by the processes of rationalization 

The difficulty from foreign solutions can be avoided entirely, 
and the degree of the equation can bo very much reduced by 
transforming to bi-polar cooidmates. That is, points on the 
curves can be defined by giving their distances fiom two fixed 
points on the x-axis This method could not be applied if the 
curves were not symmetrical with respect to the axis on which 
the poles lie Lot the centers of the bodies 1 — /x and a be taken 
as the poles , the distances from these points are n and r 2 respec- 
tively. To complete the transformation it is only necessary to 
express x 2 4* V 2 m terms of these quantities. 



Let P be a point on one of the curves; then OA — _x, AP — y , 
and, since 0 is the center of mass of 1 — pt and /x, O/x — 1 — n, 
and 0(1 — m) = - n It follows that 

■ yi = ri 2 — (# -{- = n 2 — x 2 — 2px — jtx 2 , 

y 2 = r 2 2 — [a — (1 — m)] 2 = — x 2 + 2(1 — y)x — (1 — /x) 2 . 

On eliminating the first power of x from these equations and solv- 
ing for % 2 -f y 2 , it is found that 

a 2 4- y 2 = (1 — 4- - /*( 1 - /*)• 

As a consequence of this equation, (9) becomes 

(12) * (1 — pt) ri 2 + ~ j 4- m £ r 2 2 4- ~ j = C 4* m(1 — m) — O'. 

If an arbitrary value of r 2 is assumed ri can be computed from 
this equation; the points of intersection of the circles around 
1 — ix and ju as centers, with the computed and assumed values 
respectively of ri and r 2 as radu, will be points on the curves. To 
follow out this plan, let equation (12) be written in the form 
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f » I s + ari + b ~ 0, 



(.6 = 2 


foinco h = 2 is positive theie is at least one real negative root of 
tho fust of (13) whatever value a may have But the only value 
of n which has a meaning m this problem is real and positive 
Iieneo the condition for ical positive loots must be considcied * 

It follows horn (12) that C' is always greater than M ^r 2 2 + - j 

for all real positive values of n and r 2 ; theieforc a is always nega- 
tive. It is shown in tho Theory of Equations that a cubic equa- 
tion of this form has thico distinct real roots if 276 2 -f 4a 3 < 0 
or, smeo b = 2, if 

(hi) a H~ 3 <C 0. 


Suppose this inequality is satisfied Then a convenient method 
of solving the cubic is 



ns " - 2^J~~sin ^60° + , 


whero m, rn, r i 8 are the three roots of the cubic 
Tho limit of the inequality (14) is a + 3 = 0; or, in terms of 
the original quantities, 


(10) 


' r E 3 4- ct'n *f b f — 0, 

M fi 

b f = 2. 


Tho solution of this equation gives the extreme values of n for 
which (13) has real roots. Therefore, in the actual computation 
equation (16) should bo solved first for r 2 i and n 2 . The values of 
20 
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0*2 to be substituted in (13) should be chosen at convenient inter- 
vals between these roots. 

Equation (16) will not have real positive roots for all values 
of a', the condition for real positive roots being 

a' + 3 <; 0, 

the limiting value of which is, in the original quantities, 


whence 


C ■ 3(1 --/ *)_ _ 3 . 
M T /* ' 

C' ~ 3. 


Therefore C 7 must be equal to, oi greater than, 3 in order that the 
curves shall have leal points in the rc?/-plane For C' = 3 the 
curves are just vanishing fiom the plane, and it follows at once 
that equation (12) is then satisfied by — 1, f 2 — lj that is, the 
surfaces vanish fiom the ay-plane at the points which form equi- 
lateral tuangles with 1 — n and /x, 

158. Double Points of the Surfaces and Particular Solutions 
of the Problem of Three Bodies, It follows from the general 
foims of the surfaces that the double points which appear as C 
diminishes are all in the ay-plane, Thorofoic it is sufficient in 
this discussion to consider the equation of the curves in the 
ay-plane. There are three double points on the ai-axis which 
appear when the ovals aiouncl the finite bodies touch each other 
and when they touch the oxtenor curve enclosing thorn both 
There are two moie which appear, as the surfaces vanish from the 
ay-plane, at the two points making equilateral triangles with the 
finite bodies. 

These double points are of interest as critical points of the 
curves, and it will now be shown that they are connected with 
important dynamical propoities of the system Let the equation 
of the curves be wntten 

(17) + + + = 0. 


The conditions for double points arc 


IdF ft \ 


(a #1) ($ #2) f\ 

~ — M r— = U, 

n 3 ^ r ? 3 
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The left membeis of these equations aio the same as tho right 
members of the equations (4) for 2 = 0. The expressions ~ — 

and ~ — are piopoitional to the direction cosines of the noimal 
2 dy 1 

dx tl/u 

at all ordinary points of the cuives, and since jr and ~ aie zeio 


at the surfaces of zoio velocity it follows fiom (4) that the directions 
of acceleration, or the lines of eQcctwc force, are orthogonal to the 
surfaces of zero relative velocity, Thorofoie, if the infinitesimal 
body is placed on a surface of zeio relative velocity it will start 
in its motion m the duection of the normal Bui at tho double 
points tho sense of the normal becomes ambiguous; hence, it might 
be surmised that if tho infinitesimal body wore placed at one of 
these points it would i omam relatively at rest 
The conditions imposed by (17) and (18) aio also the conditions 

that ^ and ~ , or the components of acceleration, in equations 

(4) shall vanish. Hence, if the infinitesimal body is placed at a 
double point with zero relative velocity, its oobrdmales will identically 
fulfill the differential equations of motion and it will remain forever 
relatively at rest , unless disturbed by forces exterior to the system 
under consideration Thcso are particulai solutions of tho Pioblcm 
of Three Bodies, and aio special cases of the Lagiangian solutions, 
Considoi equations (18), the second of which is satisfied by 
y — 0. The double points on tho T-axis, and the straight line 
solutions of the pioblcm aro given by the conditions 


(19) 


(u — (1 


\ (x - ®i) ( X - x 2 ) 

[(* - *,)*]• M [(a;-*7) 1 ]* 



0 , 


[ 2 = 0 . 


The left member of tho first equation considered as a function 
of ai is posifcivo for 05 = -f « ; it is negative for % = 032 + whore e 
is a very small positive quantity; it is positive for 0 ; = 05a — e; 
it is negative fdr x = 05i + e; it is positive for x = Xi — e; and it 
is negative foi t-= ~* ». Since the function is finite and con- 
tinuous excopt when x = 4- 00 , xz, $ 1 , 01 — «, it follows that 
the function changes sign three times by passing through zero, 
(a) oneo botween + 00 and ojj, ( b ) once between 05a and «i, and 
(c) once between aq and - <». Theiefore, there arq tluco posi- 
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tions on the lme tlnough 1 — p and p at which the infinitesimal 
body will lemam when given piopoi initial piojection 

(a) Let the distance fiom p to the double point on the a-axis 
between -b « and x% be lepiesented by p. Then v — Xi — p, 
05 — Xi ~ ? i = 1 -b p, in — 1 — p H~ P) theicfore the fiist equation 
of (19) becomes aftei clearing of fi actions 

(20) p s + (3 - m)p 4 + (3 - 2 p)p 3 - pp 2 - 2pp - p « 0. 

This qumtie equation lias one variation in the sign of its coef- 
ficients, and hence only one leal positive loot The value of this 
loot depends upon p Considei the left membei of the equation 
as a function of p and p For p = 0 the equation becomes 

p a (p 2 + 3p + 3) = 0, 

which has three roots p = 0, and two others, coming from the 
second factor, which are complex It follows fiom the iheoiy 
of the solution of algebraic equations that, for p diffoiont from 
zero but sufficiently small, thiee loots of the equation are ex- 
pressible as power senes m pi, vanishing with tins paiameter,* 
The one of these thiee roots obtained by taking the real value of pi 
is leal, the other two arc complex Therofoio, the ical root has 
the form 

p — Rip! "b U2P^ "b Ugp^ “b * *• 

On substituting this expression foi p in (20) and equating to zero 
the coefficients of corresponding powers of pi, it is found that 


3» 31 

o 1 “ T » a i—~K) 

1 

a 3 27 , 

Henco 


(21) . n = p= {l)' + K 


Ji - 1 -bp. 



The corresponding value of C' is found by substituting these 
values of n and r s in equation (12) 

(b) Let the distance from p to the double point on the x- 
axis between and Xi be represented by p Then m this case 
a; _ Xi ~ — p, x — «i — ri = 1 — p, x ~ (1 — p) — p; therefore 
the first equation of (19) becomes 

p 6 — (3 — p)p 4 -b (3 — 2 p)p 8 — pp 2 + 2 pp p — 0, 

* See Harkness and Moi ley’s Theory of Functions, chapter iv. 
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On solving as in (a), the values of r 2 and ?*i arc found to be 



The corresponding value of G f is found by substituting Ihcso 
values of i 1 and ? 2 in. equation (12). 

(c) Lot the distance fiom 1 — /t to the double point on the 
a-axis between %i and —oo bo lepiesented by 1 ~ p In this case 
a - = - 2 4 - p, $ — %i — — 1 -b p, x ~ — /i — 1 H- p f and 

the first equation of (19) becomes 

P fi - ( 7 + /Op 1 + (19 + 6/Op 3 ~ (24 + 13 m )p 2 

* ~b (12 "b 14/Op — 7 {a ~ 0. 

When n = 0 this equation becomes 


p 6 - 7 p 4 + 19p 3 - 24p 2 + 12p « 0, 

which has but one root p — 0. Therefore p can bo expressed os a 
power series m p which convorges foi sufficiently small values of 
this parameter, and vanishes with it. This root will liavo the 
form 

p — C\y, "b C 2 M 2 H- Cs/i 8 "b Ci/t 1 d~ ’ * 1 • 


On substituting this oxpicssion for p in (23), and equating to zero 
the coefficients of the vanous powers of /t, it is found that 



7 


23 X 7 2 


Cl 12' 

c 2 — 0, 

cs 12 , , 

Hence 






f 7 - 

23 X 7 a „ , 



'“1 Z^ + 

u * " +•••• 

(24) 


1 l « 1 — p, 




. r 2 = 1 + ri 

= 2 - p. 


The corresponding value of O' is found by substituting these 
values of r i and r 2 m equation (12). 

If tho values of fi and r 2 given by the first three terms of the 
series (21), (22), and (24) aie not sufficiently accuiate, more 
nearly collect values should be found by difforonliu.1 corrections. 

In oi dei to find tho double points not on tho ^•'axls consider 
equations (18) again They, or any two independent functions 
of them, define tlio double points Since y is distinct fiom zero 
in this caso the second equation may bo divided by it, giving 
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Multiply this equation by x — $ 2 , and x — ah, and subtract the 
products separately from the first of (18). The results aie 


\ (®2 a?i) ft 

32 - (1 - M) ^3 “ 

(si - a?») _ n 

31 - M " 71 


»y 


2-0. 


But = 1 — 3 i = — v, and a* - *1 « 1, therefore these 
equations reduce to 

X - i = 0, 

ri 3 

■i+ri“°* 

ty 

z = 0. 


The only real solutions are n = 1, n = 1, and the points form 
equilateral triangles with the finite bodies whatever theii rolative 
masses may be As was shown in the last of Art 157, they ocoui 
at the places where the surfaces vanish from the xy~p\mo. 


XX. PROBLEMS. 

1 The units defined in Art 152 arc called canonical units, what would 
the canonical unit of tune be in days for the earth and sun? 

2 Show on d priori grounds that, when the motion of tho systom is referred 
to axes rotating as m Art. 162, tho differential equations should not mvolvo 
the time explicitly 

3 Why cannot an integral corresponding to (7) bo derived from equations 
(1) at once without any transformations? Piovo that there is an integral 
of (1). 

4 What aro tho surfaces of zero velocity for a body projected veitically 
upward against gravity? For a body moving subject to a conti ftl forco 
varying inversely gs the square of the distance? 

6 Show by direct reductions from (13) and (14) that 

(n — m)(n - n*)(n - ns ) ** n 8 + an + & “ 0 

6 Prove that the solution of (18) gives the extreme values of n for which 
(14) has real roots. Hint Consider tho graph of y - ri + a'n + V 
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Ih J „ Ir i ?Z fi l °i 00 ? dl r 10na 0n (12) thafc C ' 8ha11 b0 a — rn and show 
Umt it is satisfied only foi n - 1, „ - 1, and that the minimum value of C' 


S Why aro not the lines of effective foroo orthogonal 
of constant velocity? 


to all of the surfaces 


0. Piovo that tho double point between p and 1 
tho ono between and -h « 


~ m is nearer n than is 


10 Piovo that, as C diminishes, tho fust double point to appear is the one 
between » and 1 - n, the second, tho one between M and + «o , the third, 
the one between 1 - ,uand —w; and tho last, those which make equilateral 
mangles with tho finilo bodies 


11 If fi = 1 — |U 

(24), and (12) 


" lin d tho values of r,, r h and O' from (21), (22), 


f (21) r s =» 0 340, n = 1 340, C » 3 636; 

yl«8. i (22) rj = 0 270, n « 0.724, C" = 3 063, 

l (21) 1 1 » 1 047, rj 0 047, C - 3 173 

12 Fiom the appioxunato values of tho last example find by the method 
of differential connections inoio acouiate values 



‘(21) 

>» 

« 0 347, 

n « 1 347, 

V - 3.634, 

AIjis. - 

(22) 

Vt 

« 0 282, 

00 

r- 

o 

U 

C' ~ 3 G63, 


.(23) 

i* 

« 1 947, 

ri = 0 047, 

Q 

II 

CO 

1-. 

-j 

CO 


13, Considering tho earth's orbit to bo a circle, find the distance in miles 
from tho earth to I ho double point which is opposito to tho sun. Would an 
infinitesimal body at this point bo eclipsed? 

-Ana, 030,240 miles, 

159. Tisserand’s Criterion for the Identity of Comets * Comets 
sometimes pass near tho planots in their i evolutions around the 
sun, and fchon the elements of their orbits aro greatly changed. 
Tho planet Jupiter is especially potent in producing these per- 
turbations becauso of its groat mass and because at its distance 
fcho attraction of tho sun is much loss than it is at the distances of 
tho earth-like planets. Since a comet has no characteristic 
features by which it may bo recognised with certainty, its identity 
might be m question if it were not followed visually during the 
lime of tho pei turbations. 

One way of testing the identity of two comets appearing at 
different epochs is to take the orbit of the earlier and to compute 
tho perturbations which it undeigoes, and then to compare the 
derived elements with those determined from the later obser- 

* Bulletin Aalronomique, vol vi , p 289, and Mic Oil , vol iv , p 203, 
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vations , or, the start may be made with the elements of the latei 
comet, and by inverse piocesses the earliei elements may be com- 
puted and the companson made. One ox the other of Iheso plans 
has been followed until recent years. 

But the question arises if there is not some relation among the 
elements which lemams unalteied by the perturbations This 
is the question which Tisserand has answeied in the affirmative in 
one of his characteristically elegant and impoitant papeis on 
Celestial Mechanics. 

Let the eccentricity of Jupitei’s orbit be supposed equal to zero, 
and the mass of the comet infinitesimal While both of these 
assumptions are false they are very nearly fulfilled, and the error 
introduced will be inappreciable, especially as the comet will be 
near enough to Jupiter to suffer sensible disturbances only a very 
short time Undei these suppositions, and when the units are 
<•” pioperly chosen, the integral 

holds true This is an answer to the question; for, when tho 
elements are known the velocity and coordinates can be computed 
at any tune, and the motion referred to rotating axes by equations 
(2) Hence, to test the identity of two comets, compute the 
function (7) for each orbit and see if the constant C is the same 
for both If the two values of C aie the same, the probability is 
very strong that only one comet has been observed; if they are 
diffeient, tho two comets are certainly distinct bodies. 

The process just explained has the inconvenience of involving 
considerable computation. This can be largely avoided by ex- 
pressing (7) m termB of the ordinary elements of the orbit. The 
first step is to express (7) m terms of cooidinates measured from 
fixed axes The equations of transformation are the mvorse of 
equations (2), viz , 

‘ x = -j- £ cos £ + i? sin £, 

. y — — £ sin t 4 - V cos £, 

' U-r. 

From these equations it is found that 

i/ a « e + 
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(SHJMIHSM Sf)'-(i)- 

Hence equation (7) becomes 

= m) . ^ 

ri r 2 

Let r represent the distance of the comet from the origin, and i 
the angle between the plane of its instantaneous orbit and the 
£q-plane Then equations (24), Art 89, give 

My /dry = 2_i 

\dl ) + \dl) h \dl ) r a’ 


K 


£ “ V 37 ) = Va(l - e 2 ) cos i 


dt} 

dt 


d£ 

dt 


Hence equation (26) becomes 


(26) ~~~-2a/u( 1 - c 2 ) cos * = Mi — ^ + Mi 

ICl Vl ? 2 


a. 


In the case of Jupiter and tho sun n is less than one-thousandth 
Therefore the oiigm. is very near tho centor of the sun, and n is 
sensibly equal to ) . In both instances the elements will be deter- 
mined when tho comot is far fiom both Jupiter and the sun so that 


y- + 
n 


Mi 

Ti 


will bo so small that it may be neglected without 


important error; then (26) reduces to the simple expression 


, i+2 Va( 1 — c 2 ) cos i — 0. 

a 

It will be noticed that tho elements of this formula are the 
instantaneous elements for motion around a unit mass situated 
at the center of mass of the finite bodies. The actual elements 
used in Astronomy are tho elements referred to the center of the 
sun, with the sun as the attracting mass. Nevertheless, on 
account of the small relative mass of Jupiter the two sets of 
elements are very nearly the same, and if the two orbits are of 
the same body, the equation 
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(27) — + 2 Vai(l — ei 2 ) cos ^ s= — - 2 Va 2 ( 1 - e 2 2 ) cos i 2 

a i ^2 

must bo fulfilled, where the elements are those in actual use by 
astronomers, Such is the criterion developed by Tisserancl, and 
employed later by Schulhof and others 

160. Stability of Particular Solutions. Five particular solutions 
of the motion of the infinitesimal body have been found. If the 
infinitesimal body is displaced a very little from the exact points 
of the solutions and given a small velocity it will either oscillate 
around these respective points, at least for a considerable time, 
or it will rapidly dopai t from them In the first case tho particular 
solution from which the displacement is made is said to bo stable; 
in the second case, it is said to be unstable. 

The question of stability must be foimulated mathematically. 
Consider the equations 


_§ +a $ -><•■>> 


Suppose x = Xo, V — 2/o, where x 0 and 2/0 aie constants, is a par- 
ticular solution of (28) That is, 

f(x 0, 2/o) ■ 0, qUo, 2/0) = 0. 

Give the body a small displacement and a small velocity so that 
its coordinates and components of velocity are 

x = x Q + x', 

y = 2/0 + y', 

(29) \dx = M 

dt dt 

dy ^ 

* dt dt * 

where x', y', —• , and ~ aie initially very small. On making 
these substitutions in (28), the differential equations become 


W~ 2 W~ f( - x ° + x '’ + 

Tie + + x ’’ v ° + y,> ' 
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When the right mombeis are developed by Taylor’s formula, they 
take the form 


/(to + vo 4- y ') = /(to, Vo) 4- f 4- 4- * • , 

(yf(to + 2/0 + 2/0 = 2/o) + §^' -1- f-y' + • • 


In the partial denvatives t — xo and y — 2/0 Tho fust terms in 
the light members aie lcspectively zero , hence equations (30) 
become 


(31) 


dV _ d£ a[_ , , a[_ , , 
dd z d« to' ^ 

dV 4 - 2 ^ - is. ^ -I- «/ 4- 

dt 2 + ^ di to' 1 1 


If a;’ and y‘ are taken veiy small on tho slait tho influonoo of 
the higher poweis in the light membra s will he imtppioomblo, at 
least for a considei able time If tho pai Is which involve second 
and higher degree toims in %' and y’ am noglocled, tho diflraontinl 
equations reduce to tho linear system 


(32) 


! ' dV _ 9 dtf „ jj£ / 
cW dt to ' 1 



d 2 ?/ 
L dfi 


4" 2 


<ti „ is ... 

di da;' 



1 


Tho solutions of a system of linear diffoi ential equations with con- 
stant coefficients can in general be expressed in terms of exponen- 
tials in tho form 

f x f ~ aie* 11 * *T « 2 C A,i 4- cue^f 

|_2/ / 1=3 j3ie Ali 4~ /32e x,{ 4- 4~ /3iO Xt S 

where ai, • • «i are the constants of integration, and j3i, • • •, /3* 
are constants depending upon them and tho constants involved in 
the diffei ential equations If Xj, •**, Xj aio pure imaginary 
numbers, then x' and y' aie expressible in poriodio functions, and 
the solution fiom which the start was made is said to bo stable; If 
any of Xi, • • • , are real or complex numbers, then x* and y r 
change indefinitely with t, and tho solution, is said to bo unstable. 

There are exceptional cases where tho solution contains constant 
terms instead of exponentials, they arc of course stable if all tho 
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exponentials are purely imagmaiy There are other exceptional 
eases m which the solution contains exponentials multiplied 
by some power of t, these solutions aie usually regaided as 
unstable. 

161. Application of the Criterion for Stability to the Straight 
Line Solutions. The definitions and general methods of the last 
at tide will now be applied to the special cases which have arisen 
m the discussion of the motion of the infinitesimal body The 
original differential equations were (Art. 162) 




dt 2 




The straight line solutions occur foi 

x = ft/Q») y — Q) ^ 

wheie i =* 1, 2, 3 according as the point lies between + 00 and /*, 
ix and 1 - m, or 1 - m and - «, and wheie these values of x, y, 
and z satisfy equation (19). Make the substitution 



1 

‘ ft! = To, -f X 

,/ 

’ ) 

V 

= v'> 


z — z' } 




dx _ dx^ 


dy 

- v 


dz __ dz' 




dt ~ dt ’ 


dt 

~ dt 

1 » 

dt ~ dt 


Then it 

is found that 








'df 

dx' 

x ' + $v ,+ 

3L t 

dz' 

■ « 

x' + 

2(1- 

K^o.- 

-mV , 

2 ax' 

(33) - 

d(l 

dx' 


dz' 


y' - 

(1- 

[('Co** 

1 

i 1 

Ml’ 


dh 

> i dh ft 

dh 



(1- 

-/*y 

lit 1 


dx' 

* +^1V + 

dz'' f 

= 


[(*0, 

-ftJi) 2 ]3 

[(*«-*•)*]'’ 


Let 

(34) + 


Then the equations corresponding to (32) become in this case 
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(35) 


d 2 x' 


dt 2 

( 

SL 

<*Y 

dt 2 

dx' 

+ 2 it- 

dh' 


dt 2 



(1 4- 2 A x )x' t 
(1 - A,>/, 
— A, z f 


The last equation is independent of the first two and can be 
treated separately. The solution is (Ait 32) 


(36) 


s # = -j- c 2 e“ J - lJx < ( 


Therefoio the motion paiallcl to the 2 -axis, for small displace- 

2tt 

ments, is pei iodic with the period — 

VA, 


Consider now the simultaneous equations 

f d 2 x' _ dy^ _ 
dt 2 


(37) 


dt 


(1 4~ 2 A % )x' } 


c }.Vl _l 2 — = (1 — A )v f 
l dt 2 ^ dt u 4 


To find the solutions let 
(38) 


f x 1 « JC<^ f 
I y’ = Lew 


where IC and L are constants On substituting theso expressions 
in equations (37) and dividing out e Kt , it is found that 


[X 2 - (1 + 2A,)]JC - 2 XL = 0, 
2 \IC + [X 2 - (1 - A,)]L - 0. 


In older that equations (38) shall be particular solutions of (37) 
equations (39) must bo fulfilled They are vciified by K — 0, 
L — 0; but in this case x' = 0, y' ~ 0, and the solutions i educe 
to the straight line solutions Equations (39) can be satisfied by 
values of K and L different from sseio only if the determinant 
of the coefficients vanishes. This condition is 


(40) 


X 2 - (1 + 2 AO, - 2X 

4- 2X , X 2 - (1 - A,) 


This equation is the condition upon X that equations (38) may be 
a solution of (37). There are four roots of this biquadratic, each 
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giving a particular solution, ancl the gencial solution is the sura 
of the four particular solutions multiplied by arbitiary constants, 
that is, if the four loots of (40) are Xi, As, As, A 4 , the general solu- 
tion is ^ 

| %' = ICie Xil + Krf* + + IC je^, 

\ y' - + L &* 1 + L 3 e* 8< + L 


where the K] are the arbitrary constants of integration, and the 
h i aie defined m terms of them respectively by eithei of the 
equations (39). The A, depend of course upon the subsciipt i on 
A, but the notation need not be burdened with this fact since the 
equations all have the same form whether i is 1, 2, or 3 

It remains to determine the character of the roots of the bi- 
quadratic (40) It follows from (34) and (21), (22), and (24) 
respectively that 


(42) 


A , s-“ f* 


M _ 


A* = 


Ae 


(l +u ) 3 1 n s 

l ~ fx | H 


2 « 3 


(1 - 1 2 ) 8 ri 


b rrs = 4 -f 2-3 


(O' 

(!)‘ 


f^+W=ld‘ = 1+ili + '' 


M 


It follows from (42) that, for small values of (x, the torm of (40) 
which is independent of A satisfies the inequality 


1 -f A, — 2A< 2 < 0, (»«1, 2, 3); 

and, indeed, this relation is true for values of y, up to the limit 
as can be veiified easily.* Therefore the biquadratic has two real 
roots which are equal in numerical value and opposite in sign, and 
two conjugate pure imaginanes It follows from the definitions 
given that the motion is unstable. If the infinitesimal body were 
displaced a very little from the points of solution it would in 
general depart to a comparatively great distance. 

162. Particular Values of the Constants of Integration. The 
constants of integration will now be expressed in terms of the 
initial conditions, and it will be shown that the latter can be 
selected so that the motion will be periodic. 

Suppose Xi and A 2 are the real loots of equation (40); then 
Xi = — A 2 , The lmagmaiy roots are 

*H C. Plummer gave a general proof in Monthly Not of Roy, A&tr, Soc , 
vol. iiJcn (1901) 
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X 3 — + "V“ lv, 

-j , 

a* = - V" lfff 

where a- is a real number The L, aie expressed in terms of the 
K } by equations (39), and me 


(43) 



(1 + 2 A Qj 


2X, 


Kj - c } K h 


c= 


1,2,3; \ 
1, 2, 3, 4 / * 


Since the are equal in numoiical value but opposite in sign 111 
pans, and the last two aie imaginary, it follows that 


(44) 


Cl — C2, 

■ 03 = 4-V" lc, 

-C\ = - V— 1 c, 


whore c is a real constant depending on i . 

Let x 0 ', yo', , and ~~ be tho initial coordinates and com- 
ponents of velocity; then equations (41) givo at t *** 0 
' = 7C X + X* + X. + K 4) 

yo = Ci(iC t - IU) + J=Tc(K 3 - IU), 

‘ = X,(1C, - IU) + V^TcK/f. - IU), 

- c.XtCJCi + IU) - + IU)- 

The values of the constants of integration are found in terms of 
the initial coordinates and components of velocity by solving these 
equations. 

The values of x 1 and y' increase in gencial without limit with tho 
time, but if the initial conditions are such that ICi — Kb ~ 0 they 
become purely periodic. This case will now be considered. Tho 
initial coordinates, yo, will determine K$ and K 4 , by means 

of which and ~~ are defined. Thus 
at at 

JW - Kb + K ti 
W - c(iu - Ka); 


whence 
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Xa 


iv 3 

2 

2c 

Ki 



2 ^ 

h 2c 


2/o', 

I/o'. 


The equations (41) become 

3 > + ,-*>=>»<) - _ e -«»i) 

/ , . Vo i 

= Xo cos at t • — sm at , 

(46) c , __ _ J 

y> = a/^Ts ^ + e-' U,rf ) 

x= — cxo' sm + 2/o' OOS erf. 

The equation of the orbit is found by eliminating t from these 
equations. Solve foi cos at and sm at, then square and add, and 
the result, after dividing out common facto: s, is 


(46) 


& 


vx 


; 2 + v? 


= i 


This is the equation of an ellipse with the major and minor axes 
lying along the cooidmate axes, and with the center at the origin. 
Since Xa is imaginary it follows fiom (43) and (44) that c 2 > 1; 
therefore the major axis of the ellipse is parallel to the ?/-axis. 
The eccentricity is given by 


C 2 s= 



i 


which, for large values of c, is very near unity. The orbits have 
the remaikable property that their eccentricity is independent 
of the initial small displacements, depending only upon the dis- 
tribution of the mass between the finite bodies, and upon the one 
of the three straight line solutions from which they spiing. 

It is obvious that this discussion is not completely rigorous 
because the terms of higher degree m the right members of the 
differential equations have been neglected The linear terms 
alone do not give sufficient conditions foi the existence of peiiodie 
orbits, and consequently when the discussion is thus restricted it 
answers only the question as to the stability of the solution Bui 
in the present case periodic orbits actually exist about all three 
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points for all 0 < m ^ I Some special examples for n = fa wero 
found by Darwin in his memon in Acta Mathemahca, vol 21. 
The complete analysis for these oibits, including the much more 
difficult case in which the finite bodies descnbe elliptical oibits, 
was given by the author in the Mathematische Annalen, vol 
lxxiii. (1912), pp 441-479, and in the Pubhcaiio?is of the Cm ncgie 
Institution of Washington, No. 161, Pei iodic Oibits, ehaptcis v., 
vi., and vii. 

163. Application to the Gegenschein, If the constants K\ 
and Ki aic zeio the infinitesimal body will revolve m an ellipse 
around the point of equihbiium. If these constants are not zero 
but small in numerical value compaicd to Kz and K i} tho motion 
will be nearly in an ellipse for a considerable time, but will eventu- 
ally depait very far from it It would bo possible to have any 
number of infinitesimal bodies revolving around tho samo point 
without disturbing one another. 

Consider the motion of the earth around tho sun. It is in a 
curve which is neaily a circle. One of the stiaight line solution 
points is exactly opposite to tho sun, and if a meteor should pass 
near it with initial conditions appioximatoly such as havo been 
defined in the last article it would make ono or moie circuits mound 
this point before pursuing its path into oiliei legions. If a very 
great number wore swaiming around this point at ono time they 
would appear from tho earth as a hazy patch of light with its center 
at tho anti-sun, and elongated along the ecliptic This m the 
appeal ance of tho gegonsohoin which was discovered independently 
by Brorsen, Backhouse, and Bamatd in 1865, 1868, and 1876 
respectively. 

The crucial question scorns to be whether or not thore are enough 
moteors with the approximate initial conditions to explain tho 
observed phenomena, but no coitain answer can bo given How- 
ever, it is certain that the meteors aio exceedingly numerous, as 
many as 8,000,000 striking into the cai Hits atmospheie daily 
according to II. A. Newton; and jit is only reasonable to sup- 
pose that they cause tho zodiacal light which is very bright com- 
pared to the gegenschein. Tho suggestion that this may bo tho 
cause of the gogonsehoin was first made by Gyldhn in tho closing 
paragraph of a memoir in tho Bulletin Ash onomique, vol. r., on- 
titled, Sur un Cas Particulier du PiobUme dos Tiois Corps.* 

* Seo also a papm by F It Moulton in The Astionoimcal Journal , No 483. 

21 
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164. Application of the Criterion for Stability to the Equilateral 
Triangle Solutions. The paiticular solutions of the ongmal differ- 
ential equations m this case aie r\ — 1, r<i — 1 The equations 
corresponding to (33) are 

§' * + v ' + * = ix> + ^ (1 ~ 

& *' + S V + £ *' ~ (1 - + W, 


dy' 


dz ' 


ah . . ah ak . , 

+W V+ ^ 

and the diffeiential equations up to terms of the second degree are 
d 2 x' 0 dy' , , * 3 V3 n w 

2 dT"^ + “T (1 “ 


(47) 


dP 


dhf ; , ^da;' 3V3 n 0 «. .. 0 , 


dV 

di 2 


= — 2'. 


The last equation is independent of the first two, and its solution is 




ci sm t -f C 2 cos t. 


Therefore the motion parallel to the 2 -axis, for small displace- 
ments, is periodic with penod 27 t, the same as that of the revo- 
lution of the finite bodies 
To find the solutions of the first two equations let 


(48) 


Cx' = Ke ", 
ly = Le Kt , 


On substituting these expressions in the fiist two equations of (47) 
and dividing out common factors, it is found that 


(49) 


[X 2 -|]iC - [21 +^(1 — 2„)1 L = 0, 
[2X - ^p(l - 2 M ) ] K + [X s - \\L - 0. 


In order that solutions may be obtained other than x' — 0, y 1 — 0 
the determinant of these equations must vanish. That is, 
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(60) „ Jn = X 4 +^ 2 + Vi* (1 — li) ~ 0* 

2X- ^-<1 - 2 M ), X 2 - ft 

Let Xi, X 2) X 3 , X* be the loots of this biquadratic Then the 
general solutions of (47) are 

rV = Kie^ + K*eW + K&™ -f K^, 
l y' = Lie Al< + L%€r Kit + L s e Aa( 4 - h ifi M , 

where Jfi, if 2 , if 3 , if 4 aie the constants of mtegiation, and Li, L 2 , 
L s , L 4 aie constants 1 elated to them by either of equations (49) 

It is found from (50) that 


The number /u never exceeds and if 1 — 27jw(l — /a) g* 0 tho 
roots aie pure lmagmaiies in conjugate pairs; if this inequality 
is not fulfilled they aie complex quantities. Tho inequality may 
be wntten 

1 — 27/*(l “ M-) “ Q 

whore e is a positive quantity whose limit is zero The solution of 
this equation is 

(51) m — i ^ 

Since ix represents the mass which is loss than one-half the nogativo 
sign must bo taken. At the limit e ~ 0, y — .0385 • Tlioie- 

foie if ix < 0385 • * tho loots of (50) arc pure imaginaries and 
the equilatetal tnanglo solutions aro stable, if ix > .0385 * tho 

roots of (J60) aro complex and tho equilateral tnanglo solutions 
aro unstable. 

XXL PROBLEMS. 

1 If a comet appioachmg tho sun in a pmahola should bo disturbed by 
Jupiter so that Its oibit remained a paiaboia while its peuholion distanco was 
doubled, what would bo U10 relation between the now inclination and the old? 

V2 

™ ~ COB It 




Am 


cos x% 
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2 Piovo that if a comet’s oibit, whose inclination to Jupitei’s oibit is 
zero, is changed by the pertuibntions of Jupitoi fiom a parabola to an ellipse 
the paiameter of the oibit is neccssanly deoi eased Investigate the changes 
m the parametois for changes in the majoi axes of the other species of conics. 

3 Suppose a comet is moving in an ellipse in the plane of Jupitei’s oi bit J 
and that the pertuibmg action of Jupitei is mappieciable except foi a shmt 
time when they aie neai each othei Piovo that if the peituibalion of Jupitei 
has incicased the eccentucity, the peuod has been lneieased oi doeioascd 
accoiding as tlio product of the majoi serm-axis and tho squat o loot of the 
pammotci in tho ouginal ellipse is gieatoi oi less than unity when cxpiessod 
in tho canonical units 

4 A particle placed midway between two equal fixed masses is in equilib- 
rium Investigate the chaiactei of the equilibiium by tho method of Ait 101 

5 Suppose 1 — n and n are tho sun and enith respectively, find tho period 
of oscillation painllel to the 2 -axis foi an infinitesimal body slightly displaced 
from the 'cy-plane neai tho stimght line solution point opposite to tho sun 
with lespect to tho earth ns an ougm 

A ns 183 304 mean solai clays 

0 In the same case, find the peuod of oscillation in tho 'cy-plano 

A?is 139 0 mean solai days 

7 Provo that in gencial foi small values of n tho peiiods of oscillation 
both parallel to tho 2 -axis and m tho n#-plnne, ai e longest foi the point opposite 
to m with respect to 1 — n as ongin, next longest foi tho point opposite to 
1 — n with respect to n as origin, and shortest for tho point botweon 1 - n 
and p 

8 Find tho eccentricity of the orbit in tho ay-plano opposite to tho sun in 
tho case of tho sun and earth 

0 The differential equations (35) admit tho integral 

m +(%)' + (f )’ - <> + + <1 - - A **+c t 

discuss the meaning of this mtogial after the manner of articles 154-150 

10 What can be said legal ding tho independence of equations (39) affcor 
tho condition has been imposed that tho deloimmant shall vamsh7 

11 If the explanation of the gegcnschem given m Art 163 is true what 
should bo its maximum parallax in celestial latitudo for an obseivor in lati- 
tude 45°? 

A ns Roughly 16'. (Too small to be observed with certainty m such an 
indefinite object ) 

12 Suppose p — $ and reduco the pioblem of finding tho motion of tho 
infinitesimal body through tho origin along tho z-axis to elliptic integials 
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Case of Three Finite Bodies 

165, Conditions for Circular Orbits. The theorem of Lagiange 
that it is possible to start thiee finite bodies in such a maimer 
that then oibita will be mmilai ellipses, all dcsenbed m the same 
time, will be piovecl m tins section It will bo established fust 
for the special ease in which the Dibits are ouelos It will bo 
assumed that the three bodies aio pi ejected iti the same plane 
Take the oiigm at their centei of mass and tho ^ -plane as the 
plane of motion Then the differential equations of motion aie 
(Art 143) 

d% ^ X dU 
dl 2 m v 1 


(52) 


(i == 1, 2, 3), 


d% L dU 
dl 2 m % dr\ y 1 

U — Wmim* l? m^rtt hhnmi 


r i t 2 


1 2 , 3 


J'S, 1 


The motion of the system is referred to axes rotating with tho 
uniform angular velocity ? i by the substitution 


(53) 


{ f v — x % cos nt — y x sin nt } ( i — 1, 2, 3), 

ij, — sin nt + yi cos nt. 


On making tho substitution, and reducing as in Art. 152, it is 
found that 


(64) 


dl 2 


2n 


dpj 

dl 




_L 

m % dx x 


£v. + 2 n--* - n 2 m - — °- 
L dl 2 + n dt 1 Vi w, dy x 


- 0, 

- 0, 


If the bodies aro moving in circles mound the origin with tho 
angular velocity n, their coordinates with icspeet to the i dating 
axes aro constants. Since tho first and second derivatives aro 
then zero, equations (54) become 


( 55 ) 


- n 2 x i 4- Wniz — a — — 4 k 9 n -JHli == o, 

i i, 2 ? i, a 

- 4 /cbai + m 7ls k’XfjA « o, 

rh, a i* 2,8 

- nHs 4- Wrn 4 —■ - 3 - — - o, 

^ * 1,8 1 2 , 3 



310 


EQUILATERAL TRIANGLE SOLUTIONS 


1166 


(55) 


- n^i 4- k 2 m 2 4 A ??n s ~ Jl = 0, 

} i ,2 r 3 1 , 3 ’ 

- n 2 yz 4 h*mt ~f ^ - h 7 ~ 0 , 

n, 2 r 3 2, 3 ' 

- n 2 y 3 4 k 2 m l ~ Vz ~' Vl ^ 4 A. 2 m 2 - ^ 3 ~ y? ^ - 0. 


r 3 1, a 


3 


And conveisely, if the masses and initial piojcctions aie such 
that these six equations are fulfilled the bodies move in circles 
around the ongin with .the unifoim angular velocity n 
Since the origin is at the centei of mass the coordinates satisfy 

/( .„ x f Wi'Ci 4 W2T2 4 m 3 x 3 = 0, 

(56) 

1 miyi 4 ?«2i/2 4 w 3 y 3 = 0. 

If the first equation of (55) is multiplied by m h the second by wh, 
and the pioducts added, the sum becomes, as a consequence of 
the first equation of (56), tho third of (55), In a similai manner 
the last equation of (56) can be derived from the otheis in y and tho 
last of (56) Therefoie the thud and sixth equations of (55) can 
be suppressed, and equations (56) used in place of them, giving a 
somewhat simpler system of equations. 

The units of time, space, and mass are so far aibitiaiy. It is 
passible, without loss of generality, to select them so that n, 2 = 1 
and k 2 = 1. Then necessary and sufficient conditions for the 
existence of solutions in which the orbits are cncles are 


niiXi 4 2 4 M3T3 = 0, 

- n 2 x 1 4 w 2 (#i — t 2 ) + m s — — = 0, 

> i, 3 

- nH a H- Wi(* a - Xi) 4 w a 7 = 0, 

(57) \ r 2 ’ 3 

miVi + m*y % 4 m 3 y 3 = 0, 

- riy 1 4 m%{vi - y t ) 4- w 3 — „ 0 , 

„ ^ 1, 3 

- n 2 V 2 4 mi(y t - y x ) 4 m 3 -- h -~ - y ^ = 0 

r \ 3 

166 Equilateral Triangle Solutions There is a solution of the 
problem foi eveiy set of real values of the vaiiables satisfying 
equations (57) It is easy to show that the equations are fulfilled 



167 ] 


STRAIGHT LINE SOLUTIONS. 


311 


if the bodies Ho at the veitices of an equilateial triangle. Then 
2 5=3 n, 3 = r lt 3 ~ 1, and equations (57) become 

j rniXx 4- m 2 a: 2 -{- m 3 x z ~ 0, 

(?n 2 4- ^3 — n 2 )xi — m 2 X 2 — m 3 x 3 ~ 0, 

J ( ni i 4* m 3 — n 2 )x 3 — mm — m 3 x 3 ~ 0, 

mxyx 4- W2I/2 4- m&y a ~ 0, 

(w 2 4- m 3 ~ n 2 )yx — m 2 ?/ 2 — m 3 y 3 = 0, 

. (Wi 4- m - n 2 )y a - mxyx - m 3 y 3 = 0 

These equations are linear and homogeneous in % l} x 2) •, y 3 . 

In oidor that they may have a solution different from x x - cc 2 
* * * - ?/a =* 0, which is incompatible with n, 2 = r 2 , 3 - n, 3 - 1, 
tho determinant of their coefficients must vanish. On letting 
M — mi 4- w s 4- m 3i it is easily fpund that this condition is 


m£(M — n 2 Y = Oj 


from which n 2 — M, Then two of the x t and two of the y % are 
aibilrary, and hence the equations have a solution compatible 
with ?',,/= 1 Theicfoie, the equilateral triangular configuration 
vnlh pr oper initial components of velocity is a particular solution of 
the Problem of Three Bodies , and , if the units are such that the 
mutual distances and k 2 are unity, the square of the angular velocity 
of revolution is equal to the sum of the masses of the three bodies 
167. Straight Line Solutions. The last three equations of (57) 
are fulfilled by yx — y 2 = 2/3 = 0, that is, if tho bodies aie all on the 
aj-axis Suppose they I10 in the order Wi, ?a 2 , m 3 from the negative 
ond of the axis towaul the positive Then x 3 > f %z > £1 and 
ri, a = X 2 •— Xi = 1, and the first three equations of (57) become 

f mxXx 4- m 2 (l + tO 4- m 3 x 3 = 0, 


( 68 ) 


— nit 4 


wi 2 4" 


m 3 


m 3 


(its - ah ) 2 


4- n 2 x 1 - 0, 


0»a - xx - l) 2 


4 r 2 (1 4- *ti) — 0 


On eliminating & 3 and n 2 , it is found that 


(59) 


m 2 4- (mi 4- m f)xi + 


m 3 8 ( 1 4- ah) 
(Mx 1 4* m 2 ) 2 


m£x 1 

(MaJi+ma+ma) 2 


If this equation is cleaied of fiactjons a quintic equation in Xx is 



312 


DYNAMICAL PROPERTIES OP SOLUTIONS. 


[168 


obtained whose coefficients aie all positive Theiefoie there is 
no leal positive root but there is at least one real negative loot, 
and consequently at least one solution of the pioblem 
Instead of adopting xi as the unknown, ^3 — % 2) which will bo 
denoted by A, may be used The distance Xi must be expiessecl 
in toims of this new vanable The lelations among Xi, x 2) x 3i 
and A aie 

f miXi + rtizXz + m 3 r 3 ~ 0, 


whence 


X% Xi 1, 

x 3 — ~ A, 


Xi = - 


mi 4~ m 3 -f- m 3 A 
M 


On substituting this expression for X\ in (59), dealing of fractions, 
and dividing out common factors, the condition foi the colhnoar 
solutions becomes 

(60) ^ Wl + + ^ 3wi + + (3m! 4- m 2 )A s 

— (m 2 4- 3??z.a)-d 2 — (2 m 2 4" 3 m 3 )A — (m 2 4- m3) = 0. 

This is precisely Lagrange’s qumtic equation in A ,* and has but 
one real positivo root since the coefficients change sign but once. 
The only A valid m the problem foi the chosen oidei of the masses 
is positive; hence the solution of (60) is unique and defines the 
distribution of the bodies in the straight line solution of the 
Problem of Three Bodies. It is evident that two more distinct 
stiaight line solutions will be obtained by cyclically permuting 
the order of the three bodies 

168 . Dynamical Properties of the Solutions. Sinco the bodies 
revolve m circles with uniform angular velocity around the .center 
of mass, the law of areas holds foi each body separately, thoiefore 
the resultant of all the forces acting upon each body is constantly 
directed toward the center of mass (Art 48) 

Let the distances of mi, 7yi 2} and m3 fiom their center of mass 
be ax, a 2 , and a 3 respectively Then the centrifugal acceleration 
1 V 2 

to which m, is subject is a t — , where V x is the linear velocity 

of m„ But this may be written a v = n 2 a, The centripetal force 

* See Lagrange’s Collected Works, vol. vi , p. 277 , and Tisserand’s M6c CM , 
vol 1 , p 166, 
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exactly balances the centrifugal, therefore the acceleration toward 
the center of mass is 

on = n 2 a x ; 

that is, the accelerations of the various bodies toward their common 
center of mass are directly piopoitional to then respective distances 
/? om this point 

169 . General Come Section Solutions. The solutions of the 
problem of three bodies which have been discussed are char- 
acterized by the fact that their oibits are circles It will be shown 
that corresponding to each of them there is a solution in which 
the orbits are conic sections of arbitiary eccentncity These 
solutions aro characterized by the fact that m them the ratios of 
tho mutual distances of the bodies are constant, though the dis- 
tances themselves aie variable. 

The diffoicntial equations of motion when the system is referred 
to fixed axes with the ongin at the center of gravity of the system 
aio 

* = _ m2 (Si H h) _ m 3 (£i ~~ £3) 

dt 2 ? 3 i, 2 r*i , 8 ’ 

d 2 n _ nhfai - 172) __ - ys) 

dt 2 r 3 i , 2 r 3 i , 3 ’ 

d 2 !; 2 _ Wh(£a ~ £1) _ m 3 (£2 ~~ £s) 

( 81 ) \ W '*■•* ’ 
d 2 ni _ _ Wi (?72 — y 1) _ msjr)* — 7 73) 
dt 2 r 3 1,2 J 3 2,8 * 

dfbz _ _ Wi(^3 -- £1) __ m 2 (£3 ~ £ 2 ) 
dt 2 r 3 1,3 ^2,3 ’ 

d% _ _ mi (y 3 — m) _ wta(r?a ~ y*) 

- dl 2 r 3 i,3 r 3 2,3 

Suppose tho coordinates of mi, m2, and m 3 at t — U aro respec- 
tivoly (nii, yi), (x», yf), and (tc 3 , Vs), and let tho lespeetive distances 
from the oiigin bo r t m , 1 2 (0> , and r 3 (C) . Suppose the angles that 
r 4 <0) , and r 3 <0) make with tho £-axis are pi, p 2 , and p 3 . Then 

{ £1 = ? i <0) cos pi, ,Ta “ f2 (0) cos p 2 , t 3 = r a (0) cos p 3 , 

« ri W) gin ^1, 7/2 = )’ 2 (0) sm p 2 , y s = r 3 (0 > sin p 3 

Now lot tho coordinates of the bodies at any time t be (£i, rji), 
(fo, V2), and (£ 3 , yo)> Suppose the ratios of the mutual distances 
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are constants; then the mutual distances at t are 
p n, 2 , p r 2( a, p n, 3 , 

where p is the factor of propoitionality. Since the shape of the 
figure formed by the three bodies is unaltered, it follows that 

(63) Ti ~ ri^p, r 2 — r 2 (0) p, r\ = ri (0) p. 



Moreover, the radii ri, r 2 , and Vz will have turned through the same 
angle 6 Hence 

$i = ri (0) p cos (9 + vn) = {x\ cos 0 — yt sm 9)p, 

V\ = rd 0) p sin ( 9 + <p t ) = ( Xl sin 9 + y t cos 0) Pi 

(64) - ^ ~ r ^° )p C0S ^ ^ ~ cos 0 — y 2 sm 9)p, 

Vi = r 2 <°>p sm ( 0 + <p 2 ) » (x 2 sm 6 + y 2 cos 0)p, 

= f3 (0) p cos (9 -f- <pt) a (e 3 cos 0 — y s sin 9)p } 

-Vs « r 3 <«p sm (6 H- <p 9 ) = (® 8 sm 0 + y a cos 6)p, 

If equations (61) are transformed by means of (64) they will * 
involve only the two dependent variables p and 0, and they will 
be necessary conditions for the existence of solutions in which the 
ratios of the mutual distances are constants. It follows from 
the first two equations of (61) and (64) after multiplying the results 
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of the transformation by cos 0 and sm 0 and adding, and then by 
— sm 0 and cos 0 and adding, that 


(65) 


Let 

(66) 

Then 


d 2 p „ dp dO 


d 2 0 

'dP 


m%{x i — x a ) ^ w 3 (.Xi — $ 3 ) \ 1 


r 3 i, 3 


d 2 p . n dp 
Vi dl2 + 2®i dt 


(S) 

__ f i - 

1 r*i, 
dO ( d0\’ 
dt Vlp \dt) 

_ J ~ 2/a) , Wia(l/i — 2/a) \ 1 

I ? 3 i, a r 3 i, 3 j P 2 


2 , d 2 0 

+x,i> di? 


2 d° 

= *• 


t dp dO | cPO _ 1 d^ 
dt dt + p d/ 2 “ p dt 1 


2^™4-o— = -~ o^— V 

^ ’■ ’• “ P . ,n > P \ / ^3 > 


2 ^2 
P Z 


and equations (65) become 

I d 2 p yi # *p 2 If wa(gi~a?a) , ?n, 3 (;s l -S 3 ) 1 _1 

di 2 «i/) ctt p 3 Til r 3 1,2 ? 3 i , 3 Jp 2 ’ 

= __ M V a) , mi(?/i~;/a) 1 1 _ 

d/ 2 "^ip d/ p 3 ?/i 1 r\a r 3 i, 3 J p 2 ‘ 

And the equations whioli are similarly derived from the last four 
equations of (61) and of (65) arc 

d^p mifa ~ a? i) , m a (a? 2 — s s ) 1 _1_ 

d« 2 a 2 p d/ p 3 Xal ? ,3 i,2 p\ 3 Jp 2 ' 

/ ~ fli ) i WjQ/ 2 - T/ a) 1 1_ , 

^ d / 2 ^ 2/2P dt p 3 2/2 1 rVa ? 3 a, a j p 2 ’ 

LI rcfrfca ~ Si) , m 8 (a a — a? 2 ) 1 

dt 2 ® 3 P dt p 3 ®a\ t 1 !,* h »*a,a Jp 2 ’ 

~~ ?/i) I ffla(ya ~ 2 /a) 1 j_ 

dP^ywdl p J 2 / 3 1 » 3 i, a r\a Jp 2 ' 


Equations (67) and (68) arc necessary conditions foi’ the exist- 
ence of solutions in which tho i atios of the distances of the bodies 
are constants. Thoro aro but two variables, p and \p, to be do- 
tei mined The first gives the dimensions of the system by means 
of (63), and tho second its orientation by moans of (66). In orclor 
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that the solutions m question may exist these equations must be 
consistent In pans of two they define p and ^ when tho initial 
conditions are specified In order that foi given initial con- 
ditions the p and $ shall be identical as defined by each of the 
tluee pans of diffeiential equations, tho coefficients of coire- 
sponding terms m p and \p must be the same This can bo pioved 
by considcnng tile expansion of the solutions as powoi senes m 
t — to by the method of Ait 127 In oidei that the solutions 
shall be the same the coefficients of corresponding powers of 
t ~ to must be identical, and in ordci that these conditions shall 
be satisfied the coefficients of corresponding teims in tho differ- 
ential equations must be identical Therefore the conditions for 
the consistency of equations (67) and (68) aie either 


(69) 
or 

(70) 


Vi = y% = 2/3 

®i *Ca T 3 ' 



and the system of six equations 


(71) 


i — ® a ) 

, m 3 (x i - * 3 ) 

r a i, 2 

+ j3 i, a 

mi(x z — #i) 

■ m{v 2 - x a ) 

r*i,« 

r\ 3 

mi(x 3 — Xi) 

■ rriiivs “ x z ) 

r 3 !, 3 

a 

wafoi - y 2 ) 

. m s(Ui - y 3 ) 

r 3 1,2 

r*i, 3 

mi(y a - j/0 

, m(Vi - ?/ a ) 

7*1, 2 

+ f*. 

Wi(lfa ~ Vi) 

1 m 2 (y 3 - 2 / 2 ) 

r 3 1 , a 



— vPxi, 




n l x 2 , 


~ n?Xa, 


n*y lf 


n 2 y 2 , 


= n*y s, 


where n 2 is the common constant value of the biackets in tho right 
members of (67) and (68) And it follows from equations (71), 
as well as from the original definitions of the x % and the y {) that 
the center of mass equations 


| miXi 4 m z x 2 4 ~ m 3 x 3 = 0 , 

l miiji + m 3 y z 4- m 3 y 3 = 0, 


are fulfilled, 
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Equations (69) aie satisfied only if the three bodies are m a 
sliaight lme at l - t 0 Since, by hypothesis, the shape of the 
configui ation is constant, they always remain m a stiaight lme 
m this case. The position of the axes can be so chosen at t - t Q 
that yi « y-i ~ 2/3 = 0 and the conditions foi the existence of the 
solutions l educe to the fust thicc equations of (71) These 
equations are the same as (55) of Ait 165, and it was shown 
m Ait. 107 that they have but three leal solutions 

Suppose equations (69) aie satisfied and that the bodies remain 
colhnear, theiefoie the lesultant of all the foices to which each 
ono is subject is directed constantly toward the centei of giavity 
of the system, and consequently the law of aieas with lespect to 
this point holds. Hence 


JO 


dO 


?1 fa ” *2 rlt ~ C2, 


dt 


n Jt = c ‘< 


whore Ci, c 2 , and c 3 are constants It follows from (63) that 
P a ^ , and then fiom (66) that ~~ = 0. Hence equations 

(60), (67), and (68) become in this case 


(72) 


d 2 p 
dt 2 


V 2 1 

= Co = constant, 

dO _ \£> __ Co 
dt p 2 p 2 


Theso are the differential equations in polar coordinates for the 
Problem pf Two Bodies Except for differences of notation, they 
are the same as equations (05) of chap v Therefore p and 0 
satisfy the conditions of conic section motion undei the law of 
giavitation, and it follows fiom (63) and the definition of 0 that the 
tlueo bodies describe similar conic sections having an arbitral y 
cccenti icily. Theso solutions include the straight line solutions 
in which the orbits aie circles as a special case. 

Supposo equations (09) are not satisfied; thon the bodies are 
not eollmoar But if the bodies aie not collinear equation (70) 
must hold in order that equations (67) and (68) may be com- 
patible. It follows fiom equations (66) and (63) that the law of 
areas with lespect to the origin holds foi each body sepaiately. 
It was shown in Art. 160 that equations (71) are satisfied if the 
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bodies are at the vertices of an equilateral triangle It is easy to 
show that, unless they aie collineai, theie is no other solution, 
tn the case of the equilatcial triangle solution equations (67) and 
(68) also reduce to (72), and the orbits aie similar conic sections 
of arbitrary eccentncity. 

XXH PROBLEMS 

1 Take ns an hypothesis that a solution oxists in which the three bodies 
are always colhnear Prove that the law of aicas holds for each body sepa- 
rately with lospoot to the centei of mass of the system, with icspcct to either 
of the other bodies, and with respect to the center of mass of any two of tho 
bodies 

2 Wnte the conditions that tho accelerations (o which the bodies nro 

subject shall bo directed toward their common center of maB8 and piopoitional 
to their respective distances - 

/Ins. Equations (55) 

3 The resultant of the forces acting on each body always passes fclnough 
a fixed point Piovc that the equilatcial tuanglo configuration is tho only 
solution, of equations (56) unless the bodies he m a sbi night lmo 

4 Suppose m.\ ~ mt ~ viz — 1, and that the bodies move according to 
the equilateral tnangutar solution Find tho ladius of the cnclo in winch a 
particle would involve around one of them m tho peiiod in winch they lovolvo 
around then center of mass 

/bis R = 3 * 

5 Prove that tho equilateial triangular circular solutions hold when tho 
mutual atti actions of the bodies vary as any powei of the distanco 

6 Find the number of collinear solutions when the foico varies as any 
power of the distance 

7 Prove that when tho force vai ics inversely as the fifth powei one solution 
is that each of the bodies moves m a cnclo though their con tor of mass in 
such a way that tho three bodies are always at tho vortices of an equilateral 
triangle 

S Prove that if the three bodies are placed at rest m any one of the con- 
figurations admitting cnculnr solutions, they will fall to Choir center of mass 
in the same time in straight lines. 

9 Find the distribution of mass among the three bodies foi which the time 
of falling to their center of mass will be the least, tho greatest. 

10 Prove that if any four masses are placed at the vertices of a regular 
tetrahedron, tho resultant of all tho forces acting on each body passes through 
the center of mass of the foui, and that the magnitudes of the accelerations arc 
proportional to the respective distances of the bodies fiom then centoi of mass 

11 Prove that there aio no circular solutions m the Problem of Four 
Bodies in which the bodies do not all move m tho same piano 

, Investigate the stability of tho triangle and straight lino solutions 
o the Problem of Three Bodies when all of the masses are finifco. 
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HISTORICAL SKETCH AND BIBLIOGRAPHY 

The first pai tioular solutions of the Problem of Three Bodies wore found 
by Lagrango in lus prize memoir, Essen sur le Pioblbme dies Trois Corps, which 
was submitted to tho Paris Academy m 1772 ( Coll Works , vol vi , p 229, 
Tissorand’s Mic C61 vol i, chap > 111 ) The solutions winch ho found nro 
precisely tliose given in tho last pait of tins chnptoi His method was to 
divide the pioblem into two paits, (a) tho determination. of tho mutual dis- 
tances of tho bodies, {b) having solved (a), the detei ramation of the plane 
of the triangle in spaco and the oucntation of the tnanglo in tho plane He 
proved that if tho pait (a) woie solved the pait (b) could also bo solved 
To solve (a) it was nccessaiy to denvo three differential equations involving 
the three mutual distances alone as dependent vauables lie found three 
equations, one of which was of the thud ordei, and the remaining two of tho 
second ordei each, making the wholo pioblem of the seventh ordei The reduc- 
tion of the goneial pioblem of three bodies by the ton mtegials loaves it of the 
eighth order, honce Lagiango’s analysis reduced tho pioblem by ono unit lie 
found that ho could intogiato tho diffeienlial equations completely by assuming 
that the latios of tho mutual distances were constants. Tho demonstiation 
was repeated by Laplace in tho Mtcamque Cbleslo, vol v , p 310 In l’ Expo- 
sition du Systbmc du Monde ho lomailccd that if tho moon had been given to 
the earth by Provideneo to illuminate the night, os somo lmvo maintained, tho 
end sought has been only impiufcotly attained, foi, if tho moon woio proporly 
started m opposition to the sun it would always remain there relatively, and 
tho wholo eailh would have oithor tho full moon 01 tho sun always in view 
The demonstiation upon which ho based lus rommk was niado under tho 
assumption that tlioio was no distuibing foiee If them woio distuibmg 
foices tho configuration would not bo presoivcd unless the solution woro stable, 
which it is not, as was pioved by Liouville, Journal dc Math6matiqucs , vol vii , 
1846 

A number of momone lmvo appeared following mom 01 less closoly along 
tho lines marked out by Lagtange Among them may be mentioned one by 
Radau in the Bulletin Aslronomique, vol. hi , p 113, by Lmdstedt m tho 
Annalcs de Vficole Normale, 3ul senes, vol 1 ., p 85, by Allop ol in tho Journal 
de MalMmaliques , 1876, p 277, by Bom in the Joui nal de VEcole Polylcchniquc, 
vol xxxvi , and by Mallueu m tho Journal de MathdmaUqurs, 1870, p, 346 

Jacobi, without a knowledge of tho woilc of Lagrange, 1 educed the gonoral 
Pioblem of Tlueo Bodies to the seventh oulci m C? clle's Journal , 1843, p. 115 
{Coll Works, vol iv , p 478; It has novel been 1 educed fuithoi 

Concerning tho solutions of tho pioblom of moio than thteo bodies in which 
tho latios of the mutual distances aio constants a numboi of papers have 
appeared, among which aio ono by Lchmann-Filhes in the Aslronotmschc 
Nachnchlcn, vol oxxvn , p 137, ono by F It Moulton in The Transactions of 
tho American Mathematical Society, vol 1 , p 17, and ono by W It Longlcy in 
Bulletin of the American Mathematical Society , vol xm , p 324 

No now ponodto solutions of tho pioblem of three bodies wero discovered 
aftor those of Lagtango until IIilI clevoloped his Lunar Theory, The American 
Journal of Mathematics, vol 1 (1878) Those solutions of Hill are of im- 
mensely greater practical value than those of tho Lagrangum typo It should 
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be stated, however, that they are not strictly pei iodic solutions of any actual 
case, because a small pait of tho poituibmg action of the sun was neglected. 

The next important advance was made by Poinciud in a memon m tho 
Bulletin Astronomigue , vol i , in which he pioved that when tho masses of two 
of the bodies are small compared to that of the thud, theie is an infimto 
number of sets of initial conditions tor which the motion is ponochc These 
ideas weie olaboiated and the results extended in a momoir crowned with 
the prize offeied by the late King Oscai of Sweden This momoii appeared 
m Acta Malhemahca , vol xm The methods employed by Pomcai 6 tiro 
incomparably more profound and poweiful than any previously used m 
Celestial Mechanics, and mailc an epoch m the development of tho science 
The woi'c of Poincar6 was recast and extended m many directions, and pub- 
lished in three volumes entitled, Les MClhodcs Nouvcllcs do la Micanxque 
Cdestc It is written with admirable dneotness and clearness, and is given 
w sufficient detail to make so piofound a work as easily read as possible 

An important momoir on Periodic Orbits by Sn George Darwin appealed 
in Acta Malhemahca, vol xxi (1899) In this investigation it was assumed 
that one of the three masses is infinitesimal and that tho finite masses, hav- 
ing the ratio of ten to one, revolve in circles A largo number of periodic 
orbits, belonging to a number of families, woio discovcied by numoricni ex- 
periments The question of their stability was anaweted by using essen- 
tially the method employed by Hill in Ins discussion of tho motion of the 
lunar pengec 

A considerable number of investigations m tho domain of poriodio mbits, 
employing analytical pi o cesses based on tho methods of Pomcartf, have boon 
published by P R Moulton and his foimer studonts Daniel Buchanan, Thomas 
Buck, P L Griffin, Wm R Longley, and W D. MacMillan These papers 
have appeared m the Transactions oj the American Mathematical Society, tho 
Proceedings of the London Mathematical Society, tho Malhcmalische Annalcn, 
and tho Proceedings of the Fifth International Congress of Mathematicians 
Besides containing tho analysis for a great vailoty of ponodic orbits, they 
show the existence of infinite sets of closed orbits of ejection which form the 
boundaries between different classes of periodic orbits These investigations 
are published under tho title “ Ponodic (Dibits” aB Publication 101 of tho 
Carnegie Institution of Washington 



CHAPTER IX. 

PERTURBATIONS — GEOMETRICAL CONSIDERATIONS 

170 Meaning of Perturbations. It was shown in chapter y 
tlmt if two sphencal bodies move under the influence of their 
iriutual atti actions each deseiibes a conic section with lespect to 
their center of mass as a focus, and that the path of each body 
with respect to the other is a conic The converse theorem is 
also true; that is, if the law of aioas holds and if the orbit of one 
body is a conic with respect to the other as a focus, then if the force 
clopends only on the distance it vanes inversely as the square of 
the distance (sec also Ait 58) If thcro is a resisting medium, 
or if either of tho bodies is oblate, or if there is a thud body at- 
ti acting the two under consideration, or if theie is any force acting 
upon the bodies oilier than that of the mutual attractions of the 
two sphoics, their orbits will cease to be exact conic sections 
®upposo tho coordinates and components of velocity are given at 
a definito instant to, thon, if tho conditions of the two-body problem 
"were piccisoly fulfilled, the orbits would be definite conics m 
which the bodies would move so as to fulfill the law of areas. 
Tho diffoionccs between tho coordinates and the components of 
velocity in tho actual oibits and those which the bodies would 
havo had if the motion had been undisturbed aio the pet tuvbahons, 
Ibis necessary to include the changes in the components of velocity 
aa perturbations, for tho paths described depend not only upon 
the relativo positions of the bodies and the forces to which they 
are subjeot, but also upon the rolativo velocities with which they 
aro moving. 

Several methods of computing portmbations have been devised 
depending upon tho somowhat different points of view which may 
be takon Of these the two following are the ones most frequently 
used, 

171. Variation of Cobrdinates. Tho simplest conception of 
porturbations is that the cobrdinates are directly perturbed For 
examplo, if a planet is subject to the atti action of another planet 
tho cobrdinates and components of velocity of the former at any 
time t differ by definito amounts from what they would have been 
22 321 



322 


VARIATION OF THE ELEMENTS 


[172 


if the sun had been, the only souice of attraction, and these differ- 
ences are computed by appropriate devices No attempt is made 
to get the equations of the cuive described, and usually no general 
information as to what will happen in the course of a long tune is 
secured This method is applied only to comets and small planets. 

172. Variation of the Elements. This method is vauously 
called the Variation of the Elements , the Variation of Parameters, 
and the Variation of the Constants of Integration. According to 
this conception, a body subject to the law of giavitation is always 
moving in a conio section, but in one which changes at each instant. 
The variable conic is tangent to the actual orbit at eveiy point 



of it; and further, if the body were moving undisturbed in any 
one of the tangent conics it would have the same velocity at the 
point of tangency which it has m the actual oibit at that point. 
This conic is said to osculate with the actual orbit at the point of 
contact The perturbations are the differences between the ele- 
ments of the orbit on the start, and those of the osculating conic 
at any time An obvious advantage of this method is that the 
elements change very slowly, since in most of the cases which 
actually arise in the solar system the perturbing foiccs are small 
But if the perturbations were very large, as they are in somo of 
the multiple star systems, this method would lose its relative 
advantages. 
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The conception of perturbations os bemg variations of the 
elements arises quite natuially m consideung the factois which 
determine the elements of an oibit It was shown in olmp. v. 
that the initial positions of the two bodies and the dncotions of 
projection determine tho plane of the oibit, that the initial posi- 
tions and the velocities of piojection dotcimmo tlie length of tho 
majoi axis, and that the initial conditions, including the direction 
of projection and the velocities, determine tho eccentricity and 
the line of the apsides 

Suppose a body m is projected fiom P 0 , Pig 43, in the direction 
Qo with the velocity Fo* Suppose iheie aie no forces acting upon 
it except the attraction of S; then, in accoidanco with the lesulls 
of the two-body pioblem, it follows that it will move m a conic 
section Co whoso elements aie uniquely determined, Supposo that 
when it arnves at Pi it becomes subject to an instantaneous 
impulse of intensity /i m the dnection PiQi, this position and the 
new velocity and dnection of motion doleimino a now conic C i m 
which the body vail move until it is again disturbed by somo 
external force. Suppose it becomes subject to the impulse / a m 
the dnection P 2 Q 2 when it arnves at P 2 J it will move 111 tho new 
conic C 2 . This may be supposed to continue indefinitely. Tho 
body will be moving in come sections which chango from time to 
time when it is subject to the distuibmg impulses. Supposo tho 
instantaneous impulses become very small, and that the intervals 
of timo betwoon them bccomo shorter and shorter. The general 
characteristics of the motion will lemain tho same. At the limit 
the impulses become a continually disturbing force, and tho oibit 
a conic section which continually changes 

173. Derivation of the Elements from a Graphical Construction. 
It was shown in Art. 89 that tho majoi semi-axis is given by tho 
veiy simple equation 

(i) k\s + »»)(?- i), 

whore F is the initial volooity, l 2 tho Gaussian constant, S 4- m 
tho sum of tho masses, r the initial distance of the bodies from 
each othoi, and a the majoi semi-axis. Suppose the major semi- 
axis has been computed by (!) , it will be shown how the remaining 
elements can bo found by tho aid of very simple geometrical 
constructions. The initial positions of S and m, and tho direction 
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of projection of m, determine the position of the plane of the 
orbit, and theieforc Q> and i 

Suppose m is at the point P at the ongm of time, and that it is 
projected m the direction PQ with the velocity V The sun S is 
at one of the foci. It is known fiom the piopeities of conic 
sections that the lines fiom P to the two foci make equal angles 
with the tangent PQ Draw the line PR making the same angle 
with the tangent that SP makes. Let fi leprcsent tho distance 



from S to P, and Ti the distance from P to tho second focus. 
Therefore n n — 2a; or, ? % ~ 2a — fi, which defines tho 

SO 

position of Si Call the mid-point of SSi, 0 ; then e — “ . 

Suppose S& is the line of nodes, then the angle &SA — w, and 

t = w + Q>, 

The only element remaining to bo found is tho time of penhclion 
passage The angle ASP, counted in the direction of motion, 
is v. The eccentric anomaly is given by the equation (Art, 98) 

(2) t a n|=^^tan|. 

After E has been found the time of perihelion passage, T, is defined 
by the equation (Ait 93) 

(3) n{t-T) = E-e sin E. 

174. Resolution of the Disturbing Force. Whatever may bo 
the source of the disturbing foiee it is convenient, in otdor to find 
its effects upon the elements, to resolve it into thiee rectangular 
components It is possible to do this in several ways, each having 
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advantages foi pai ticular pm poses The one will be adopted 
here which on the whole loads most simply to the determination 
of l ho nuinnoi in which the elements vaiy when the body under 
considoiation is subject to any disturbing force It would bo 
possible without much difficulty to dcuve fiom geomctiieal con- 
siclci atioiis the expulsions foi the latcs of change of the elements 
foi a-uv distuibmg foices, but the object of this chapter is to 
explain the natuio and causes of portuibations of various soits, 
and llu* attention will not lie divided by unnecessary digressions 
on methods of computation This pait falls natuially to the 
methods of analysis, which will bo given in the next chapter 

The distuibmg foico will be resolved into three rectangular 
components, (a) tho orthogonal component ,* S , which is pei- 
pencil oil lat* to tho plane of tho orbit, and which is taken positive 
when dnectod toward the noilh pole of the ecliptic, (6) the 
tangential component , T, which is in the lme of the tangent, and 
which is taken positive when it acts m the dnoclion of motion, 
and (c) tho normal component , iV, which is perpendiculai to the 
tangent, and which is taken positive when directed to the interior 
of the orbit 

Tho instantaneous effects of those components upon the various 
elements will bo discussed scpaiately, and, unless it is otherwise 
stated, it always must be uncleistood that the icsults refei to the 
way in which the elements are changing at given instants, and not 
to tho cumulative effects of the distuibmg forces Although the 
effects of the different components aie considered sepaiately, yet 
when two or more act simultaneously it is sometimes necessaiy to 
estimate somewhat carefully the magnitude of theii sepaiate 
porturbations, in order to dotoimmo tho character of their joint 
effects. 

I Effects of the Components of tiie Disturbing Force. 

175. Disturbing Effects of the Orthogonal Component. In 
order to fix the ideas and abbreviate the language it will be sup- 
posed that the disturbed body is the moon moving around the 
earth. The portuibations aiming fiom the distuibmg action of 
tho sun are very gicat and present many featuies of exceptional 
interest. Besides, this is tho case which Newton treated by 
methods essentially tho same as those employed here f The 

* A designation duo to Sir John Iloischel, Outlines of Astronomy, p 420, 

t Pnncipia , Boole i , Section 11, and Book in , Props xxn -xxxv 
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charactor of the perturbations aiismg fiom positive components 
alone will be investigated, in every case negative components 
change the elements m the opposite way 
1 ^ ^ at once evident that the orthogonal component will not 
change a, e, T, and w, if w is counted from a fixed line m the plane 
of the orbit But the w in 01 dinary use is counted fiom the 
ascending node of the oibit, hence if the negative of the late of 
increase of ft be multiplied by cos % the lesult will be tho rate 
of increase of w due to the change m the origin from winch it is 
reckoned Consequently it is sufficient to consider tho changes 

m ft and i when discussing the perturbations duo to the orthogonal 
component 



Fig 45 


Let AB be in the plane of the ecliptic, PoQo in the plane of tho 
undisturbed orbit, and ft o and %q the corresponding node and 
inclination. Suppose there is an instantaneous impulse PqRq 
when the moon is at Pq, it will then move in the diiection P 0 Pj, 
and the new node and inclination will be fti and i\ It is evident 
at once that > u and fti < ft 0 Suppose a new instantaneous 
impulse P iSi acts when the moon arrives at Pi Tho now node 
and inclination are ft 2 and i%, and it is evident that in < i\ and 
ft2 < fti If Pofti = ftiPi, PqSq = PiSi t and the velocity of 
the moon at Po equals that at Pi, then i Q = i 2 The total lesult 
is a regression of the node and an unchanged inclination. 

From the corresponding figure at the descending nodo it ia 
seen that a negative S before nodo passage and a symmetri- 
cally opposite positive £ after nodo passage will pioduce tho 
same results as those which were found at the ascending nodo. 
Therefore, a positive S causes the nodes to advanco if tho moon is 
m the first or second quadrant, and to regress if it is in tho third 
or fourth quadrant, and a positive S causes tho inclination to 
increase if the moon is in the first or fourth quadrant, and to 
decrease if it is in the second or third quadrant 
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The following quantitative results may be noted The late of 
change of both SI and i is pioportional to S The rate of change 
of Si is gi eater the smallei ^, foi % ~ 0 evidently SI is not defined, 
but in this ease m such pioblems as the Lunar Theory 8 vanishes 
For a given i the rate of change of SI is gieater the neater the point 
at which distui banco occuts is to midway between the two nodes. 
The iato at which i changes is greatci the neater the point at which 
the disturbance occuts is to a node. 

176. Effects of the Tangential Component upon the Major Axis. 
Instead of denying all the conclusions dnectly from geometncal 
constructions, it will be bottei to make use of some of the simple 
equations which have been found m chapter v If It weie desued 
the thcoicms contained in these equations could be denved from 
geometrical considerations, as was done by Newton m the Pnn- 
cipia, but this would mvolvo consideiable labor and would add 
nothing to the understanding of the subject 

Tho majoi semi-axis is givon in tonns of the initial distance and 
the initial velocity by equation (1), viz , 

7* = W(E -[- m) (J - . 

In an elliptic orbit a is positive, henee, since a positive T inci eases 
7 2 and does not instantaneously change r y a positive T mo eases 
the major semi-axis when the moon is in any pail of its orbiL It 
also follows from this equation that a given T is most offoctivo in 
changing a when V has its laigest value, or when the moon is at 
the pongee, and that tho iato of change is more rapid the laigcr a. 

Expressed in terms of paitml denvatives, tho dependence of a 
upon T is given by 

3a ^ 3a dy = 2 a 2 y dV 
dT dVdT k\E -f- m) 0T‘ 

177. Effects of the Tangential Component upon the Line of 
Apsides. The tangential component increases or decreases the 
speed, but does not instantaneously change the diicetion of 
motion The focus E is of course not changed, r\ is unchanged, 
and, according to the results of tho last article, a is mei cased. 
Since r 2 =* 2a — ri while the dhoction of r 2 romams tho same, 
it follows that the focus Ei is thrown forward to E\ } Fig. 46 Tho 
line of apsides is rotated forward from AB to A'B', Hence it is 
easily scon that a positive tangential component causes the line of 
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apsides to rotate forward during the Jiist half i evolution, and hack - 
waid during the second half revolution 
The instantaneous effects are the same for points which are 
symmetrical with respect to the major axis When the moon is 
at IC or L the whole displacement of the second focus is per- 
pendicular to the line of apsides, and at these points the lato of 



rotation of the apsides is a maximum for a given change in tho 
majoi axis But the majoi axis is changed most when the moon 
is at perigee, therofoie the place at which tho line of the apsides 
rotates most rapidly is near IC and L and between these points 
and the pengee The rate of rotation of the line of apsides 
becomes zero when the moon is at perigee or apogee. It should 
be remembeied that the whole problem is complicated by tho 
fact that the magnitude of T depends upon tho distances of botli 
moon and sun, and these distances continually vary, 

178. Effects of the Tangential Component upon the Eccentricity. 

The ecccntncity is given by the equation e = Fig. 40 

When the moon is at the perigee EE i and 2a are increased by tho 
same amount Since EEi is less than 2 a tho occentiicity is 
mci eased at this point. When the moon is at apogee 2 a is in- 
creased while EE i is decreased equally, henco the eccentricity is 
deei eased Consequently there is some place between pengoc 
and apogee where the eccentricity is not changed, and it is easy 
to show that this place is at the end of the minor axis Lot 2Aa 
represent the instantaneous mciease in 2a when tho moon is at 
C or D, Fig 47. Then r 2 will be increased by the quantity 2 Aa, 

and EE i by &E If 6 is the angle CE X E. cos 0 — ~ — — c 

2a 2a 


i 
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and, moreovei , A 2U ~ 2A a cos 0 — 2eAa. Therefore 
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EE) + AP __ 2 ae + 2eAa 
2 a H- 2Aa ” 2a + 2Aa 


or, the eccentucity is unchanged by the tangential component 
when the moon is at an end of the minoi axis of its oibit 
The changes in tho time of perihelion passage depend upon the 
changes in the period and the dueclion of the major axis, as well 
as on the dnect pertuibaiions of tho longitude in the orbit. Since 
the period depends upon the major axis alone, whose changes 


o 



havo been discussed, tho foundations for an investigation of tho 
changes in tho time of perihelion passage havo been laid, except 
in so far as they are direct perturbations in longitude ; but furthoi 
inquiry into this subjeot will bo omitted because geometrical 
methods are not well suited to such an investigation, and because 
the time of poiihelion passage is an elemont of httlo interest in 
tho present connection. 

179. Effects of the Normal Component upon the Major Axis. 
It follows from (1) that the major axis depends upon tho speed 
at a given point and not upon the direction of motion. Since 
the noimal component acts at* right angles to tho tangent, it 
does not instantaneously change tho speed and, therefore, loaves 
the major axis unchanged. 

180. Effects of the Normal Component upon the Line of Apsides. 

Consider the effect of an instantaneous normal component when 
the moon is at P, Fig. 48. Let PT 1 cpresent tho tangent to tho orbi t. 
The effect of tho normal component will bo to change it to PPL 
Since the radii to the two foei make equal angles with the tangent 
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the radius r 2 will be changed to r% , and, since the normal com- 
ponent does not affect the length of the majoi axis, ? 2 and rf 
will be of equal length. Consequently, when the moon is in ike 
legion LAK a positive not mat component will rotate the line of 
apsides forward , and when it is m the region KBL, backward . At 



the points K and L the normal component does not chango the 
direction of the line of apsides. 

In the applications to the pertui ballons of the moon it will be 
important to determine the relative effectiveness of a given normal 
force m changing the line of apsides when the moon is at the two 
positions A and B When the moon is at eithei of tlioso two 
points the second focus E x is displaced along the lino KL. The 
effectiveness of a force in changing the dncelion of motion of a 
body is mveisely proportional to the speed with which it moves; 
but by the law of areas the velocities at A and B are mvoiscly 
pioportional to their distances from IS Lot IS a and IS u represent 
the effectiveness of a given foico in changing the dhoclion of 
motion at A and B respectively, and let Va and Vn represent the 
velocities at the same points Then 

Ea Eb — * V a ~ a(l — e) . a(I + e). 

The rotation of the lme of apsides is directly proportional to 
the displacement of JS i along the lme KL. The displacements 
along KL are directly proportional to the pioduets of the lengths 
of the radii from A and B to JSi and tho angles thi ough which they 
are rotated But the angles are proportional to IS a and E n , and 
the lengths of the radii to Ei to a(l + c) and a(l - e). There- 
fore, letting R a and R* represent tho rotation of the lino of apsides 
at the two points, it follows that 
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Ra . Rj, = a( 1 + e)]$A a(l - e)^ « 1 1, 

01 , tftfuaZ instantaneous noimal faces produce equal, but oppositely 
directed, i otatwns of the line of apsides when the moon is at apogee 
and at pongee. 

Suppose the forces act continuously ovei small arcs. Since the 
linear velocities aio inversely as the lacln, the effectiveness, m 
changing the direction of the line of apsides, oj a constant face acting 
tin o ugh a small aic at A is to that of an equal face acting ihiough 
an equal arc at B as a(l - c) is to a(l + e) In piactice the 
distiu bmp; foices aie not instantaneous but act continuously, 
then magnitudes depending upon the positions of the bodies, 
consequently, unless the noimal component is smaller at apogee 
than at pongee the avciage lotation of the line of apsides due to a 
normal component always having the same sign is m the duection 
of the rotation when the moon is at apogee 

181. Effects of the Normal Component upon the Eccentricity. 
If 2 a rcpi esents the major axis, the eccentricity is given by 


After the action of tho normal component the eccentricity is 




EE / 
2a ’ 


tho major axis being unchanged It is easily seen from Fig. 48 
that a positive noimal force dew eases the eccentricity during the first 
half i evolution and increases it during the second half, EE X being 
loss than EE X in the first case, and gieatei m the second The 
instantaneous change in the eccontncity vanishes when the moon 
is at A or B. 

It follows fiom Fig. 48 that a given ehango in the direction of r 2 
pioduccs a greater change in the eccentricity when the moon is 
in tho second oi tlmcl quadrant than when the moon is m a 
co l responding part of the fust or fourth quadrant Besides this, 
the moon moves slower tho farthei it is from the earth, and conse- 
quently a given normal component is moie effective m changing 
the direction of motion, and theieforo of r i} when the moon is near 
apogee than when it is neai perigee Hence a given normal com- 
ponent causes greater changes m the eccentricity if the moon is near 
apogee than it does if the moon is near perigee. 
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182. Table of Results. The vaiious results obtained will be of 
constant use in the applications which follow, and they will be 
most convenient when condensed into a table The icsults arc 
given foi only positive values of the distuibing components, for 
negative components they aie the opposite m eveiy case. 



Fig. 49 


The orthogonal component, S, is positive when directed toward 
the noi th pole of the ecliptic 

The tangential component, T, is positive when directed in the 
dhection of motion 

The noimal component, N, is positive when dnected to the 
interior of the ellipse. 


Component 

S 

T 

N 

Nodes 

Advance m first 
and second quad- 
rants, legless, m 
thud and fouilli 
quadiants 

0 

0 

Inclination 

Inei eases in. first 
and foul th qund- 
lants, doci eases 
in second and 
third quadrants 

0 

0 

Major Axis 

0 

Always mci eases 

0 

Line of Apsides 


In interval ACB, 
for waul. 

In mtcival BDA, 
backward 

In intei val LAK, 
forward: 

In intei val KBL, 
baekwai d 

■ 

0 

In interval DAC, 
increases; 

In interval CBD, 
decreases 

In intei val ACB, 
decreases, 

In interval BDA, 
increases 
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183. Disturbing Effects of a Resisting Medium. The simplest 
disturbance of elliptic motion is that ansing from a lesisting 
medium. The only disturbing force is a negative tangential 
component, which has the same magnitude for points symmetri- 
cally situated with icspcct to the majoi axis. Theicfoie, it is 
seen from the Tablo that (1) & and % aie unchanged, (2) a is 
continually deei eased, (3) the line of apsides undeigoos penodic 
variations, idaling backwaid dining the fust half levolution, 
and minting foiwmd equally duung the second half, (4) the 
eccentueity dooi eases while the body moves thiough the mteival 
DAO, and inei eases dui mg the remaindei of the revolution It 
takes the body longer to movo thiough the are CBD than thiough 
DAC , but, on the other hand, if the lesistance depends on a high 
power of tho velocity, as experiment shows it docs for high veloci- 
ties, the change is much gioatci at pongee than at apogee, and 
the whole effect in a i evolution is a doorcase in the eccentricity 
The application of those results to a comet, planet, or satellite 
lesisted by meteonc matter, or possibly the ethei, is evident. 

184. Perturbations Arising from Oblateness of the Central 
Body. Consider tho case of a satellite revolving around an oblate 
planet in the plane of its equator It was shown m equations 
(30), p. 122, that the attraction under these cncumstances is always 
gi eater than that of a concentric sphere of equal mass, but that 

a 


A 


Fig. 50 

the two attractions approach equality as the satellite recedes 
The excess of tho attraction of tho spheroid over that of an equal 
sphoro will be considered as being tho disturbing force, which, 
it will lie observed, acts m tho line of tho radius vector and is 
always directed toward tho planet. Therefore the normal com- 
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ponent is always positive, and is equal in value at points which 
aie symmetrically situated with lespect to the major axis If the 

2 7 7 °n tl l e .° rblt 18 not klge the tangential component is 
relativdy small, being negative in the interval ACB, and positive 

(a) Effect upon the period This is most easily seen when the 
s a cnee. The attraction will be constant and greater 
mn it would be if the planet weie a sphere This is equivalent 

therefor a 7 S * ' *7 acceleratlon P er mass at unit distance; 
therefore it is seen from the equation 


P = 


2-Tra^ 


h V mi -f m 2 


that for a given orbit the period will be shorter, and for a Riven 
sphere ^ d ‘ Stanoe grcator ’ thiul lt would bo if the planet were a 

Jn\^ dS ,nZ n th \ ekmentS • 0n lefem ”S to the Table, ,t is 
& and 1 are un< *™ged, (2) a deci eases and in- 
creases equally m a revolution, (3) the line of apsides rotates 
orwaid during a little more than half a revolution, and that while 
e disturbing force is of greatest intensity; and (4) the eccentricity 
is changed equally m opposite directions in a whole revolution. 

a “ c 1 are rtsolutely unchanged, a and e undergo periodic 
onotons wind complete their period m a . evolution; and the line 
of apsides oscillates, hut advances on the whole 

The effects will bo the greater the more oblate the planet and 

th® t Thai ! he S fx! lte ~ Tho oblatenoe » of the oaith is so small 

The ,w , f ,tt ° m rotatin K the m °on’s lino of apsides. 
The most striking example of perturbations of this soit in tho 

sola, system is in the orbit of the Fifth Satellite of Jupiter This 

“ “j a “ d *‘ le sat0llitc ’ 3 0lb “ > s so small that its 
line of apsides advances about 900° in a year, 
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xxnr PROBLEM& 

X A body subject to no foices moves m a stiaight lino with uniform speed 
The elements of this oibit aio tho constants which define tho position of tho 
line, vu , the speed, the dncction of motion m tho line, iuul tho position of 
tho body at the time T Show that they can be expiossod in teams of mx 
independent constants, and that it 13 permissible m the problem of two boil ten 
to regard ono body as always moving with lespoct to the olhet m a stuught 
line whoso position continually elianges Find the ox pi eanmn of thene lino 
elements in terms of the titno m the ease of elliptic motion 

2 Show fiom genoral eonsidoiations based on pioblom 1 that tho moth 0 tin 
of the variation of coordinates and tho vanat.ion of pnrnmeleitf aio essentially 
tho same, differing only in tlio vnuables used in defining the eodrdmatcs and 
velocities of tho bodies 

3 Suppose the Bun moves through space in the lino Jj, 01 fchogonal to tho 
piano 3T Take n as the fundamental plane of lofoieneo TjOt tho point 
whero the planet P, passes through tho piano II in the tin option of tlui motion 
of the sun be tho ascending node, and, beginning at Hub point, divide Iho 
orbit into quadrants with respect to tho sun as center Suppose tho oilier 
and scattered motcono matter slightly letard tho sun and tho planets, but 
neglect the retardation arising fiom tho motion of tho planotB in theh mbits 
around tho sun. 

(a) If tho resistance is pioportional to tho masses of tho roaponlivo bodies, 
show that the nodes and inclinations of their Dibits nio unchanged 

( b ) Let <r and R ropiosont tho density and ladius of tho sun, and and R( 
the conespondmg quantities foi the planet P, Tlion, if tho U'flisliuieo is 
propoitional to the surfaces of tho respective bodies, show thnt with lospoot 
to tho piano n the inclination and lino of nodes undergo tho following vmt* 
ations. 

(1) If <r,7?, < oR> 


Quadrant 

1 

2 

3 


Inclination 

doereases 

moi eases 

increneoH 

decroftsos 

Lino of nodes 

1 egresses 

regresses 

advances 

advances 


(2) If c t Ri > cR 


Quadrant 

1 

2 

3 

4 

increases 

Inclination 

nici oases 

deot oases 

dc 01 cases 

Line of nodes 

advances 

advances 

regresses 

1 ogresses 
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(c) If the 01 bits were oireles the various changes m both cases would 
exactly balance each other in a whole 1 evolution IIow must the lines of 
apsides in the two cases lie with respect to the lino of nodes in oulcr that, for 
a few i evolutions, (1) the inclination shall deciease the fastest, and (2) the 
line of nodes advance the fastest? 

(d) Is it possible to make the relation of the lmo of apsides to the Imo 
of nodes such that, for a few revolutions, the inclination shall deoroaso and 
the line of nodes advance? 

(e) If the line of apsides remains fixed m tho plane of the orbit is it possible 
for the line of nodes tp rotate indefinitely in one direction? 

4 Suppose tjie orbit of a comet passes near Jupitei’a orbit at one of its 
nodes, under what conditions will tho inclination of tho oibit of the comet 
be decreased? Show that if tho majoi axis romains constant while tho in* 
clmation is decreased the eccentricity is mcioaaed (Use Art 169 ) 

6 What is tho effect of the gradual accretion of meteoric matfcoz by a 
planet upon the majoi axis of its oibit? 

6 Considei two viscous bodies revolving around their common contor of 
mass, and rotating in the same direction with ponocls less than thou period 
of revolution They will generato tides in caoh othot wlnoh will lag Tho 
tidal protuberances of each body will exeit a poaitivo tangential and a positive 
normal component on the other, theso components being gioaler the noarer 
tho bodies are together Moreovei , the rotation of each body will bo i olarded 
by the action of the othei on its protuberances, Suppose tho bodies are 
initially near each other and that then oibitB aro slightly oihptic; follow out 
the evolution of all of tho elements of then orbits. 
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II. The Lunar Theory 

fT,u 18 f , r?! 0metrical Resolution of the Disturbing Effects of a 
Third Body. The problem of the disturbance by a third body 
is much moio difficult than those treated in Arts 183 and 184 
because the disturbing force varies in a very complicated manner! 



Supposo the thrco bodies aic S, E, and m, and consider S as 
disturbing the motion of m around E. Two positions of in are 
shown at viy and niz, and all the statements which are made apply 
foi both subscripts. Lot JSN r opiesent in magnitude and dnoetion 
the acceleration of S on E. The oidei of the letters rndreates the 
direction of the vector representing tho force, and the magnitude 
of tho vector depends upon tho units employed In the same 
units lot viK represent in direction and amount the acceleration 
of S on m The vector mJCi rs gieater than EN because m : S is 
loss than ES, and DI 2 K 2 is less than EN because vizS is greater 
than EE. By tho law of gravitation they arc pioporlional to the 
inverse squares of tho lospoctivo distances. 

Now lcsolve mK mto two components, mL and mP, such that 
wL shall lie equal and parallel to EN. Since mE and EN are equal 
and parallel these components will not disturb the relative posi- 
tions of E and in, Thaefove the disturbing acceleration is mP 
One important result is ovidont from Fig 51, viz , that the 
disturbing acceleration is always towaid tho lmo joining E and S, 
or toward this lino extended beyond E in tho direction opposite 
to E when mS is greater than ES, Similar considerations applied 
to movable particles on tho surface of tho earth show why there 
tends to lie a tide both on the side of the earth toward the moon, 
and also on the opposito side. 

23 
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186. Analytical Resolution of the Disturbing Effects of a Third 
Body. Take a system of rectangular axes with the oiigm at the 
eaith and with the aiy-plane as the plane of the ecliptic. Let 
(x, y, z ) and (X, Y, 0) be the cooidmates of the moon and sun 
respectively lefened to this system. Let r, p, and 11 icpresent 
the distances Em, mS, and ES respectively Let F Zi F V) and F t 
repiesent the components of the disturbing accoleiation parallel 
to the x, y, and 2 -axes lespectively It follows fiom equations 
(24) of chapter vii , p 272, that m the present notation 



( 4 ) 


[]- [- ? + x (? ' - si)] • 


F 


: = RSl r 1 

OZ |_ p 


xX+yY ] 
IP 




In order to get the components of the disturbing acceleration in 
any other directions it is sufficient to project these three com- 
ponents on lines having those directions and to take the respective 
sums. 

Let F r represent the component of the disturbing acceleration 
m the direction of the radius vector r; let F v represent tho com- 
ponent m a lme perpendicular to r in the piano of motion of wtj 
and let Fa represent the component which is perpendicular to 
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both F r and F v The component F r will be taken as positive when 
it is directed from E, the component P, will be taken positive when 
it makes with the duection of motion an angle less than 90°, and 
the component F N will be taken positive when it is directed to 
the hemisphere which contains the positive end of the z-axis 
The expiession for F r is 

Fr ~ F x cos (xEm) 4 F v cos (yEm) 4 F, cos (zEm) 

The expression for F « can be obtained from this one by replacing 
the angle Q>Ein by Q,Em 4 90°, because ? will have the direction 
of the tangent at m aftei the body has moved forward 90° in its 
orbit. The expression foi F* can be conveniently obtained by 
first projecting F x and F v on a line in the ty-planc which is per- 
pendicular to ER, then projecting this result on the line perpen- 
dicular to the plane Q,Em, and piojecting F z dnectly on the 
same final line Let the angle Q>Ein be lepresented by u t then 
it is found from Pig 52 by spherical tngonometiy that 

Fr = 4* -FJcos u cos £1 — sm u sin ft cos i\ 

+ PJeos u sm ft 4 sin u cos ft cos i] 

4 F, sin u sin i, 

F v = 4 P*[ — sin u cos ft — cos u sin ft cos i] 

4 F v [~ sin u sin ft 4 cos u cos ft cos i\ 

4 F, cos u sm i, 

Fn — + F x sin ft sm i — F v cos ft sm % 4 F» cos i 

Let U repiesent the angle ft ES; then, since the sun moves in 
the ay-plane, 

x « r[cos u cos ft -sinu sm ft cos i], 
y = r[cos u sin ft 4 sm u cos ft cos i\ } 
z = r sm u sin 

X - i2[cos V cos ft — sin XJ sin ft], 

Y = Jffcos U sin ft 4 sm U cos ft], 

2 - 0 . 

On substituting the expressions foi F X) F V) and F x in (5), making 
use of (6), and reducing, it is found that 
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F t = A ?S | ~ ^3 + R £eos U co bu 
+ sm U sn 

F, = m {o + r[- cost/ sill u 


+ sm U sin u cos i 
cos U sm u 
+ sm U cos u cos % 


■][*-*])• 

][?-»])• 


r . r j 1 1 1 

F$ — AAS | 0 — R sm U sin i j . 

The geometry of equations (7) is important foi a complete 
understanding of the pioblcm Considci a system of axes with 
ongm at E, one axis ducctecl towaid w, anotlici at light angles 
to it and 90° forward in the plane of the oibil of m, and the thud 
perpendicular to the other two Then it follows from the figure 

that the coefficients of k 2 SR ~3 ~ j (?) me respectively the 

cosines of the angles between thoso axes and the lino ES There- 
fore F „ vanishes if the line through E parallel to the perpendicular 
to the radius is also perpendieulm to Eg, and F N vanishes if m 
is m the plane of the orbit of S They both vanish also if r = p 

7,2 Cf 1 

and in tins case F r becomes simply — -™ , 

Let ip represent the angle between ? and R\ then 

> r . M {_' + Bco .,[i_y) f 

(8) - p 2 — R 2 -}- r 2 — 2 Rr cos 

1 _ 1 Ti 2 r , , ? n-8 1 r r 1 

L’-ffL R Qmf + w\ = ;+ + 3 I 003 '*'" J. 

Theiefore the expression for F r becomes 
/n\ tt, h 2 S fr l 


,{^[1 +3cos2^] -j- j. 


Consequently F T vanishes, if the terms of higher order are ne- 
glected, when 

( 10 ) 1 1 + 3 cos 2\p - 0 , whence 

1 = 54° 44', 125° 16', 234° 44', 306° 16' 

Now consider the problem of finding the tangential and normal 
components of the disturbing acceleration. Let P leprosent a 
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geneial point in the mbit, Fig. 53 Let PT be the tangent at P 
and P N the peipendiculai to it It follows fiom the elemental y 
piopeities of ellipses that PN bisects the angle between n an(J r 2 . 



Then the tangential and noimal components of the disturbing 
acceleration aie oxpicssod in terms of F r and F v by 

j T - 4 Fr sin 0 4 Fv cos 0, 
l N - — Fr cos 0 4 F v sin 0 . 


In order to complete the cxpiessions for T and N the faotors 
sin 0 and cos 0 must bo expressed m terms of v It follows from 
the geometrical propeitios of the ellipse find fiom the triangle 
BPE X that 

’ _ ~ e a ) 

L i . y 

I “b 6 COS V 

Vi 4 ~ 2a, 

.fi a + »* a 2 — 2rii* 2 cos 20 = 4a 2 e 2 . 


When Ti and r 2 arc eliminated from these thiee equations, it is 
found that 

„ e sin v 

sin 0 ~ 


Therefore 

(12) 


T 

N 


•vr+ e 2 4- 2e cos v ’ 

1 4 fi cos v 
Vi + e 2 4* 2 e cos v ' 

g sin v 


cos 0 — 


- *■ + a + C cos iQ 

Vl 4 c 2 4 2e cos v Vl 4 "c 2 4 2e cos v Vi 


(1 4 e cos a) 


■ F r 4 


6 sin v 


Vl 4 c 2 4 2c cos v Vl 4 c 2 4 2 g cos v 


Fv 
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On making use of (7) and the relation u = w -f v, the final 
expressions for the tangential and normal components of the 
disturbing acceleration become 


(13) ] 


T - 


VS 


t(- 


r 

e sin v -T 
P 3 


N ~ 


•Vl 4* e 2 -j- 2e 
•+• £ — cos U (sin u + e sin w) 

4- sm U cos % (cos u + e cos w) ] b [p s B»]}’ 

M f i r 

vr+> 4- 2e cos v 1 P 8 
— j^cos U (cos it -|- e cos o>) 

4* sm U cos i (sin w 4 c sin w) J R £ ~ — •— J J , 


All the circumstances of the variation of T and N can be infoncd 
from these equations 

187. Perturbations of the Node. By definition, the orthogonal 
component S is identical with F#, theiefore by the last of (7) 


(14) Oi thog. Comp. => S = — VSR sin U sm 1 — — — J , 

The sign of the right member depends upon the signs of sm U and 
' 1 11 

p® B 2 I * ^ofh w ^ c h can be either positive or negativo 

..n ordei to determine which sign prevails in the long run so as 
to find whether on the whole theie is an advance or letrog cession 
of the line of nodes, it is necessaiy to expand the last factor of (14), 
On making use of the last equation of (8), it is found that 


(15) 


ry 3 V Sr TT 
» — jy- sm U sm i cos \p 4- 

3 VSr 


~RT ' sin ^ sm ^°os ^ cos u + sm U sin u cos i\ 4- 


where the S m the right member represents the mass of the sun, 
The angular velocity of the sun in its orbit is slow compared to 
that of the moon; hence, m order to simplify the discussion, it 
may be supposed to stand still while the moon makos a single 
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rplflhnn °f» ' S ? Ce th f ° pcil0{ls of the mo( > n and sun have no simple 
re ation the values of am 17 and eos 17 m the long run will be as 

o en decreasing as moieasmg, and hence the assumption will 
cause no important enoi. F 

wlforo P ° S8 8 ' S bl0ke “ UP mt ° the SUm ° f tW0 partS| Sl ““d 

O _ WSr 

sin % sm U cos U cosw, 


(16) 


S 2 = - 


3 WSr 


sin 1 cos % sin 2 U sin u. 


In order to get the greatest degiee of simplicity suppose the orbit 
of the moon is a circle so that r is a constant and u = nt. Suppose 
U has a definite value and consider the effects of Si during a revo- 
lution of the moon, starting with the ascending node It follows 
from the table of Art 182 that the effects of Si m the fiist and 
second quadi ants are equal and opposite because cos u has equal 
numerical values and opposite signs in the two quadrants. It 
is the same in the third and fouith quadrants Therefore Si 
produces only periodic perturbations m the line of nodes 

Now considoi the effects of S 2 . In the fust half i evolution, 
starting with the node, S 2 is negative because sm u is positive 
and all the othor factors are positive In tho second half revo- 
lution S 2 is positive because sm u is negative. Theiefoio, it 
follows fiom tho table of Ait 182 that S 2 causes a continuous , but 
megidar, regtession (except when it is temporal lly zeio) of the line 
of nodes . The complete motion of the line of nodes is the resultant 
of tho poi iodic oscillations duo to Si and the pcnodic and con- 
tinuous changes produced by S z 

The poriod of revolution of the moon’s lino of nodes is about 
nineteen years. Since eclipses of the sun and moon can occur 
only when the sun is near a node of the moon’s oibit, the times of 
tho year at which they take place arc earlier year after year, the 
cycle being completed in about nineteen years. 

188. Perturbations of the Inclination. The expression for the 
orthogonal component is given in (16), which may again be broken 
up into tho two parts Si and S 2 . It follows fiom the table of Ait. 
182 that a positive S increases the inclination in the fust and fourth 
quadrants and decreases it in the second and thud quadi ants. 

Consider the effects of Si. If sin U eos U is positivo the effect 
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m each quadrant is to deci ease* the inclination. But this case 
can be paned with that in which sin U cos U is negative and of 
equal numerical value Since all possible situations can be paired 
m this way, Si pioduces only penodic changes in the inclination, 

The case of S* is even simpler than that of Si Since sin u is 
positive in the fiist two quadrants, the effect in the second quad- 
rant offsets that m the fiist Similaily, the effects m the third 
and fourth quadrants mutually destioy each othei. The) ef ore the 
inclination undergoes only penodic vanations . 

Some things have been neglected in this discussion to which 
attention should be called No account has been taken of the 
eccentricities of tlie orbits of the moon and earth When they 
are included the terms do not completely destroy one another m 
the simple fashion which lias been described Moreovei, each 
perturbation has been considered mdopondontly of all other ones. 
As a matter of fact, each one depends on all the othei s, For 
example, if the node changes, the effects on the inclination are 
different fiom what they would othei wise have been, ancl con- 
versely It is cleai that a very lefined analysis is necessary in 
order to get accurate numeueal results. But this does not moan 
that common-sense geometrical and physical considerations are 
not of the highest importance, especially in first penetrating 
unexplored fields. 


189. Precession of the Equinoxes. Nutation, Suppose the 
largest spheie possible is cut out of the earth leaving an equatorial 
ring Every particle in this ring may be considered os bomg a 
small satellite; then,, from the principles explained in Arts. 186 
and 186, the atti actions of the moon and sun will exercise dis- 
turbing accelerations upon them which will torn! to shift them 
with respect to the spherical coie. But the particles of the ring 
are fastened to the solid eaith so that it partakes of any dis- 
turbance to which they may be subject. Since their combined 
mass is very small compared to that of the spherical body within 
them, and since the disturbing foiees aio very slight, the changes 
m motion of the eai th will take place very slowly 
From the results of the last article it follows that the nodes of 
the orbit of every particle will have a tendency to regress on the 
plane of the disturbing body The angle between the plane of 
the moon b orbit and that of the ecliptic may be neglected for the 
moment as it is small compared to the inclination of the earth’s 
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equator They communicate this tendency to the whole earth 
so that the plane of the eat th’s equator turns in the letiogiade 
dncction on the piano of the ecliptic On the other hand, it follows 
fiom the symmotiy of the figuie with lespect to the nodes of the 
mbits of the particles of the equatonal ling that theie will be no 
change in the inclination of the plane of the equatoi to that of 
the ecliptic or the moons oibit The mass moved is so great, 
and the foices acting are so small, that this retiogradc motion, 
called the precession of the equinoxes, amounts to only about 
50" 2 annually, oi, the plane of the earth’s equator makes a revo- 
lution m about 2Q,000 yoais. 

The moon is very near to the earth compaied to the sun, and the 
orthogonal component ansmg fiom its atti action is grcatei than 
that coming from the sun s attraction, The mam regiession is, 
therefore, on the moon’s orbit, which is inclined to the ecliptic 
about 5° 9' Since the line of the moon’s nodes makes a revo- 
lution in about 19 yeais, the piano with lespect to which the 
equator rogresses performs a revolution m the same time. This 
produces a slight nodding in the motion of the pole of the equator 
around the pole of tho ecliptic, and is called nutation 

The quantitative agi cement between theory and observation of 
the rato of piecession proves that the equatoi ial bulge is solidly 
attached to tho lemamder of the eaith. If the earth were a 
relatively thin solid crust floating on a liquid interior, as was once 
supposed, it would probably slide somewhat on the interior and 
givo a moro rapid procession, 

190. Resolution of the Disturbing Acceleration in the Plane of 
Motion. It follows fiom tho tablo of Ait. 182 that the orthogonal 
component does not produce perluibations in the major axis, 
longitude of pengeo, and eccentricity, except mdheetly as it 
shifts the line of nodes fiom which the longitude of the perigee is 
counted. Consequently an idea of tho way these elements are 
peiturbod can bo obtained even if tho inclination, with which the 
orthogonal component vanishes, is supposed to be zero But it 
must bo remembered tho lesulls obtained under these restrictions 
aic not rigorous because T and N depend on the inclination, But 
the approximation is fully justified because it lesults in great 
simplifications winch aid couespondingly m understanding the 
subject 

On taking^ » 0 equations (13) bccomo 
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(17) 


T = 


N = 


MS 


= - 


e sin V' 


Vl + e l 2 + 2e cos t> l />" 

— R [sin ( u -U) + e am (« - C7)] T-g - — J , 
MS 


■yjl + e 2 -{- 2e cos v } P 3 
- R [cos {u - 17) + 6 cos (*> - CO] ^3 


Tangential Component. 



When i equals zero \fr — u — U, and on using the last equation 
of ( 8 ), it is found that 


T = 


k*S 


VT+ e 2 4- 2e cos 


s v ( 


e sin v 


_r. 

R> 



sin (to — U) cos ( u — 


U) 


(18) 


~8in2(«- C0 + - •}, 


N = 


k 2 S 


■Vl -j- e 2 4" 2e cos i> 


3e cos (« — U) cos (n — 17) 


l 2R 3 ^ 3 cos 2(w — E7) ]+ * * J* 

In the orbit of the moon e is approximately equal to and 
consequently a good idea of the numerical magnitudes of T and N 

and the Circumstances under which they change sign can be 
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obtained by neglecting those terms which have e as a factor. If 
these terms are neglected it is found that T vanishes at u- U = 0 
IT j3f , ; 

2 ’ Vf ancl 2 ’ Jt 18 negatlve m tlie and third quadrants, and 

positive m the second and fourth quadrants Under the same 
circumstances N vanishes at 54° 44', 125° 16', 234° 44' and 
305° 16'; it is negative fiom - 54° 44' to + 64° 44' and" from 
125° 16' to 234° 44', and is positive from 64° 44' to 125° 16' and 
from 234° 44' to 306° 16' If the teams depending on e and the 

Normal Componont 



Fig 55. 


higher terms in the expansion of pr z are retained, the points 
whore T and N vanish aie m gcncial slightly different fiom those 
which have been found, but tho differences aro not impoitant in 
a qualitative discussion whoso aim is simply to exhibit tho general 
charactcnstics of the results. 

Tho signs of T and N for tho moon in different parts of its orbit 
ai e shown m Figs 64 and 66. 

191. Perturbations of the Major Axis, If tho perigee were 
at wii or mg tho tangential component, which alono changes a, 
would bo equal and of opposite sign at points symmetrically 
situated with lespeet to the major axis In this case a would bo 
unchanged at tho end of a complete revolution. But this con- 
dition of affairs is only realized instantaneously, for the distuibing 
body 8 is moving in its oibit; yet, in a very laigo nutnbci of revo- 
lutions, whon tho periods aro incommensurable, an equal number 
of equal positive and negativo tangential components will have 
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oxoi tod a distuibmg influence The icsult is that m the long 
lun a is unchanged, although it undeigoes penodic vmiations 

192, Perturbation of the Period. The noimal component is 
not only negative moie than half a i evolution, but the negative 
values ai e gi eater numci leally than the positive ones. If the terms 
involving e aie neglected, it is seen fiom the second equation of 
(18) that the greatest positive value of N is twice its numei ically 
gieatest negative value One effect of the whole icsult is oquiva- 
lent to a diminution, on the average, of the attraction of E for m, 
that is, to a diminution of h 2 , the acceleration at unit distance. 
The i elation of the peiiod to the intensity of the atti action and 
the major axis is (Ait 89) 

p = 27ra* 

hWTm' 

Hence, for a given distance, P is increased if k is decreased. In 
this mannei the sun s disturbing effect upon the orbit of the moon 
increases the length of the month by more than an hour (Com- 
pare Art 184 (a) ) 

193, The Annual Equation. Since the orbit of tho earth is an 
ellipse tho distance of the sun undeigoes considerable vauations. 
The f ai tiler the sun is from the eai th the fcebloi ni e its distm bing 
effects, and in particular the power of lengthening tho month 
considered in the preceding aiticlo Theieforc, as the earth moves 
fiom peiihelion to apholion, the distuibanco which mo'eases the 
length of the month will become less and less; that is, the length 
of the month will become shorter, oi the moon’s angular motion 
will be accelerated. While the earth is moving fiom aphelion to 
peiihelion the moon's motion will, for the opposite reason, be 
retarded. This is the Annual Equation amounting to a little 
moie than 11', and was discovered from observations by Tycho 
Brahe about 1590. 

194, The Secular Acceleration of the Moon’s Mean Motion. 
In the early part of the 18th century Halley found fiom a com- 
parison of ancient and modern eclipses that the moan motion of 
the moon is gradually mci easing. Neaily 100 yeais later (1787) 
Laplace gave the explanation of it, showing that it is caused* by the 
gradual average decrease of the eccentiicity of the earth's orbit, 
which has been going on for many thousands of years because of 
pertuibations by the other planets, and which will continue for a 
long time yet befoie it begins to increase 
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One effect of a change m the eeccntueity of the earth's mbit is 
to change the average distuibmg powei of the sun on the mbit of 
the moon It will now be shown that if the eccentricity deci eases, 
the aveiage chstmbmg powei dcci cases 
The effect upon the moon’s penotl is due almost entirely to the 
noimal component, because it alone acts neaily along the radius 
of the mbit, and thciefoie m this discussion eomidei ation of tho 
tangential component may be omitted Tho average value of 
N m a 1 evolution of the moon, foi 11 and U constant and c placed 
equal to zeio, is found fiom the second equation of (18) to be 


(19) 


Average N — ~ \l z S 


2ir 

R 3 2ttJq LA 


3 cos 2 (nt - U)]dt 




That is, tho noimal component of tho distuibmg acceleration on 
the aveiage is very neaily piopoitional to the radius of the moon’s 
orbit and tho invorso third powei of the radius of the earth’s orbit. 
But if tho eai Ill’s orbit is ecceninc, the lesult for a whole year 
depends upon the ecccntucity When tho natuie of the depend- 
ence of the aveiage N upon the oceenlncity of the earth’s orbit 
has been found, the effect of an incieaso or decioaso m this ec- 
contncity can bo determined 

Let N represent tho average N for a year. Then if follows 
from (19) that 1 


( 20 ) 


_i^ C<U 
Y 2 P X R 3 ' 


wheio P is tho earth's period of lovolution By tho law of areas 
it follows that licit - R 2 d0, hence equation (20) becomes 

m _ I WSr f u clO _ 1 /r 2 A>r (1 + o' cos 0) 

2 Ph Jo R 2 l>hX a'(l — e'") ’ 

__ — h'tfivir 

" Pha'(l -l**)' 

where a' and e' aro the major semi-axis and ccccntrioity of tho sun's 
orbit. But it follows from tho problem of two bodies that 

2 yq/ a 

h Vl + M 


h — &V( 1 4- in)a'( 1 — <? /a )> P 
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Theiefore the expression for N becomes 


( 21 ) 


_ - k 2 Sr 

N ~ 2a /3 (l - e (i ) r 


As e' decreases N numerically decreases; theiefore, as the eccen- 
tucity of the earth's orbit decreases, the efficiency of the sun in 
decreasing the attiaetion of the eaith for the moon gradually 
dccieases, and the mean motion of the moon mci eases corre- 
spondingly The changes aie so small that the alteiation m the 
oibit is almost inappreciable, but m the couiso of centimes the 
longitude of the moon is sensibly increased The theoietical 
amount of the acceleration is about 6" in a contuiy. The amount 
denved fiom a discussion of eclipses vanes fiom 8" to 12". It 
has been suggested that tidal letardation, lengthening the day, 
has caused the unexplained pait of the apparent change, but tho 
subject seems to be open yet to some question. 

The veiy long pcnodic vanations in the eccentricity of the 
eaith’s oi bit, whose effects upon the motion of tho moon have 
just been considered, are due to the pertuibations of the other 
planets Although their masses aie so small and they aie so 
remote that their direct pei turbations of tho moon’s motion are 
almost insensible, yet they cause this and othei important varia- 
tions inclnectly through then distuibanees of tho mbit of tho 
earth This example of mdiiect action illustrates the groat 
mtueacy of the pioblem of the motions of the bodies of tho solar 
system, and shows that methods of the greatest refinement must 
be employed in oidei to denvo satisfactoiy numerical results. 


195 , The Variation. There is another important perturbation 
m the motion of the moon which does not depend upon the eccen- 
tricity of its orbit. It was discovered by Tycho Brnho, from 
observation, about 1690. Newton explained tho cause of it in tho 
Pwicipia by a direct and elegant method which elicited tho praiso 
of Laplace 

It can be explained most readily by supposing that the undis- 
turbed motion of the moon is in a circle As has been shown, tho 
normal component of the sun’s disturbing acceleration is negative 
m the intervals mmtfnz and with maximum values at 

mi and m 6 . Suppose the undisturbed motion at m i is m a circle, 
that is, that the acceleration due to the attraction of the earth 
exactly balances the centrifugal acceleration There is no tan- 
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gential component at this point but a large negative nonnal com- 
ponent The lesult is that the force which tends toward E is 
diminished and the orbit is less curved at this point than the 
cnole Theiefore the moon will recede to a gi eater distance 
from the earth in quadratuie than m the circular orbit. At the 
point m 3 the tangential component is zero, the force which tends 
towaid E is increased, and the curvature is greater than in the 
circle The conditions vaiy continuously fiom those at m x to 



Pig. CO 

those at m 3 in the intorval mm 3 The coi responding changes m 

the remainclei of tho orbit aie evident. The whole lesult is that 
the oi bit is lengthened m the direction perpendicular to tho lino 
from tho earth to the sun. If tho sun is assumed to be so far dis- 
tant that its disturbing effects in the interval are equal 

to those in tho mtoival np,mmz, the orbit, under proper initial 
conditions , is symmotncal with respect to E as a eeniei, and 
closely resombles an ellipse in form. This change of form of tho 
orbit, and tho auxiliary changes in tho into at which tho radius 
vector sweeps over areas, givo rise to an inequality in longitude 
between the mean position and tho true position of tho moon 
which amounts at times to about 39' 30", and is called tho variation > 
The variation has an intei osting and important connection 
with the modem methods m tho Lunar Theory, which were 
founded by G W. IIilI in his celebrated memoirs in tho fust volume 
of the American Journal of Mathematics , and in tho Acta Mathe - 
matica , vol. vm. A complete account of this method is given in 
Brown’s Lunar Theory m the chapter entitled, Method with Rech 
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angular Codrdmatcs Hill neglected the solar paiallax, that is, ho 
assumed that the disturbing foice is equal m conospondmg points 
in conjunction with, and opposition to, the sun Instead of 
taking an ellipse as a first approximation, he took as an mtei- 
mediate oibit that vanahonal mbit which is closed with lcspcct to 
axes rotating with the mean angular velocity of the sun, with a 
synodic period equal to the synodic period of tho moon Tho 
conception is not only one of gieat value, but tho analysis was 
made by Hill with rare ingenuity and elegance. 

196. The Parallactic Inequality. Since the sun is only a finito 
distance from the eaith, its distuibmg effects will not bo exactly 
the same in points symmetrically situated with lespect to tho line 
nhmt, but will be greater on the side nnminh For example, if 
the expansion of p“ 3 in (17) is earned one order farther so as to 

include the terms of the second order, that is tho part of N 
which is independent of e is found to bo 

N m { “ s -s I 1 + 3cos 2(w— f7>] 

(22) o 2 

- g ™ [3 cos — U) + 6 cos 3(« — U)] ~~ * • • J . 

When u-U = 0 the term of the second order has the same sign 
as the first one, and when u — U = tt it has the opposito sign. 
The effect of this term is relatively small because r + R - .0025 
nearly The terms which are of the socond order mtroduco a 
distortion in the variational orbit, which loads to an inequality 
of about 2' 7" in the longitude of tho moon compared to the 
theoretical position in the variational oibit. Since it is due to 
the parallax of the sun it has been called the parallactic inequality. 
Laplace remarked that, when it has been determined with veiy 
great accuracy from a long series of observations, it will furnish a 
satisfactory method of obtaining the distance of the sun. Tho 
chief practical difficulty is that the troublesome pioblem of finding 
the relative masses of the earth and moon must bo solved before 
the method can be applied,* 

197. The Motion of the Line of Apsides. On account of the 
more complicated manner m which the different components 
affect the motion of the line of apsides, the perturbations of this 

* See Brown’s Lunar Thcoiy, p, 127. 
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element present gieater difficulties than those heietofoie con- 
sidered Suppose fust that the line of apsides coincides with the 
lino E&, and that the pongee is at 7^, The noimal component 
at m x is negative, and thciefoie (Table, Ait 182) produces a 
leliogiession of the line of apsides On the other hand, when 
the moon is at m 6 tho negative noimal component causes the 
line of apsides to advance It was shown in Ait 180 that the 
effectiveness of a normal component acting while the moon 
describes a short aio at apogee is to that of an equal no3 
component acting while an equal aic is described at perigee as 
a(l + e ) is to o(l — e). Moreover, the second equation of (18) 
shows that the normal component vanes dnectly as the distance 
of the moon from the eaith Therefore the normal component 
is gieatoi at apogee, and is moie effective in propoilion to its 
magnitude, than the coi responding accelciation at pongee The 


Noimal Componont 



normal component is positivo, though comparatively small, in the 
intervals mmnnu and mowing Thoso intervals are almost equally 
divided by K and L (Fig. 48) where the effect of the normal com- 
ponent on tho lino of apsides vanishes. Theiefoio it follows from 
tho Tabic that tho total offecl m these intervals is very small. 
Hence when the pengeo is at mi tho result in a whole i evolution is 
to rotate tho lme of apsides forward through a considerable angle. 
Similar reasoning loads to prociscly tho same results when the 
porigee is at m n . 

When the pozigeo is at mi the tangential component is equal in 
24 
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numerical value and opposite in sign on opposite sides of the major 
axis Hence it follows from the Table that the effects are m the 
same direction and equal in magnitude for points symmetrically 
situated on opposite sides of the major axis. But the effects m 


Tangential Component 
n>s 



Fig 58 

the second and third quadrants are opposite in sign to those in 
the first and fourth quadrants; moreover, they are a little greater 
in the second and third quadrants because then r is greatest and 
the tangential component, by ( 18 ), is pi oportional to r Ilonce 
when the perigee is at m,\ the total effect of the tangential compo- 
nent m a whole revolution is to lotate the apsides foiward. Now 
pair this with the case whole the pongee is at m &) a condition which 
will ariso because of the motion of the sun even if the apsides were 
stationaiy. Under these ciicumstanocs the* apsides are lotated 
backward, and the lotations in the two cases oflset each other. 

Suppose now that the line of apsides is peipendicular to the lmc 
JUS It is lmmalenal m this discussion at which end of the line 
the perigee is, but, to fix the ideas, it will bo taken at m 3 . Tho 
normal component is positive m the mteival mmami, and, ac- 
cording to the Table, rotates the lmc of apsides forward. It is 
also positive in tho inteival Wo nvim$ and there lotatcs the line of 
apsides backward In the latter case the disturbing acceleration 
is greater, and more effective for its magnitude, so that tho whole 
result is a retrogression The intervals mmim 2 and in 

which the normal components aie negative, are divided nearly 
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equally by L and K, hence it is seen from the Table that their 
results almost exactly balance each other in a whole revolution. 
Theieforo, when the pongee is at m a , the icsult of the normal com- 
ponent on the line of apsides for a whole revolution is a consider- 
able 1 otrogression. 

When the pongee is at the tangential component is positive 
m the interval m a m 5 and negative in mm 7 Fiom the Table it is 
seen that a positive T in the mteival inm^ni causes the line of 
apsides to rotate forwaid, and a negative, baekwaid Since tho 
sign of T is opposite m the two nearly equal paits of the mteival 
the whole lesult upon the lino of apsides is vciy small The icsult 
is the same m the half i evolution mmi»h Thus it is seen that 
the combined effects of the noimal and tangential components in a 
whole revolution is to lotate the line of apsides baclwaid when it 
is peipendieular to the line fiom the eaith to tho sun 

It was found that the line of apsides rotates forward when it 
coincides with the lino from tho caitli to the sun Tho next 
question to be answeied is whethci the advance or tho rotio- 
gicssion is the gi eater It is noticed that the total changes aiming 
from the action of tho tangential components aro tho differences 
of nearly equal tendencies, and thcrefoio small. The same may bo 
said of tho normal components which act m tho viemity of tho 
ends of tho minor axis of the ellipse. Moreover, m the two 
positions considered they act m opposite directions so that their 
whole lesult is still smaller. The most important changes arise 
from the noimal components which net in the vicinity of tho ends 
of tho major axis It follows from the second equation of (18) 
that in the first case, m which the lino of apsides advances, thoy 
are about twice as groat ns in the second, m which the line of apsides 
regresses. Therefoie, tho wholo change for the two positions of 
the lino of apsides is an advance. Tho i esults for tho positions 
near the two considoied will be similai, but less m amount up to 
some intermediate points, where tho rotation of the lino of apsides 
m a wholo revolution of tho moon will be zero Fiona tho way in 
which the tangential components change sign (Fig. 58) it is evident 
that these points will bo noaicr to in a and mj than to m>\ and mej 
theiofoie the avei age ? esults for all ‘possible positions of the perigee 
is an advance m the line of apsides 

198. Secondary Effects. Tho results thus far havo boon derived 
as though the sun wcio stationary. It moves, however, in the 
same direction as tho moon It 1ms been shown that when the 
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moon is near apogee and the sun near the line of apsides, the 
normal component makes the apsides advance This advaneo 
tends to piescive the 1 elation of the oibit with reference to the 
position of the sun, and the advance of the apsides is piolonged and 
increased. On the other hand, when the moon is at perigee and 
the sun near the line of apsides the line of apsides moves back- 
ward, the sun moving one way and the line of apsides the other, 
this paiticular relation of the sun and the moon’s oibit is quickly 
destroyed, and the ictrogiesston is less than it would have been if 
tho sun had lemamed stationaiy In a similar mannei, for cveiy 
lelative position of the line of apsides, tho advance is mei eased 
and tho ictiogiession is deci eased. 

Theie is anothei impoitant secondaiy effect which depends 
upon the tangential component and is independent of the motion 
of the sun As an example, take tho easo m which tho line of 
apsides passes thiough the sun with the pengeo at mi Tho 
tangential component m mm fi is positive, and, according to the 
Table, rotates the line of apsides foiwaid until the moon anives 
at apogee. But, as the line of apsides advances, the moon will 
arnve at apogee latei, and the effect of this component will bo 
increased When the motion of the sun is also included this 
secondary effect becomes of still gicatei importance. In this 
manner, perturbation exaggerates pcrtuibalion, and it is clear 
what astronomers mean when they say that neaily half the motion 
of the lunar perigee is due to the square of tho distutbmg foico, 
or that it is obtained in a second approximation 

The theoretical determination of the motion of tho moon’s lino 
of apsides has been one of the most tioublesome problems of 
Celestial Mechanics ; the secondary effects escaped Newton when 
ho wrote the Pnncipia ,* and were not explained until Clairaut 
developed his Lunar Theory in 1749. The most successful and 
masterful analysis of the subject yet mado is undoubtedly that of 
G. W. Hill, in the Acta Maihemahca , vol. vm , which, for tho 
terms tieatecl, leaves nothing to be deshod. The line of apsides 
of the moon’s orbit makes a complete revolution in about 9$ years. 

199. Perturbations of the Eccentricity. Suppose the line of 
apsides passes through the sun and that tho perigee is at Wi|. 

* In the manuscripts which Newton left, and which aro now known ns tho 
Portsmouth Collection, having been published but recently, ti coirccl explana- 
tion of the motion of the line of apsides is given, and nearly coriect numerical 
results are obtained. 




Fiom the Symmetry of this normal components with respect to 
the line ES and the results given in the Table, it follows tlmt the 
mcicasc and tho dm ease m the eocontueity in a complete 1 evolu- 
tion due to this component, me exactly equal imdei these cir- 
cumstances From the way m which tho tangential component 
changes sign, and fiom the insults given m the Table it follows 
that the changes in the ecccntiicity, due to this component, also 
exactly balance Theiefoic there is no change in the eccentricity 
m a complete levolution of the moon undei the conditions pos- 
tulated In a similar manner the same lesults aie reached when 
the pengeo is at ?» 6 


Suppose the line of apsides lias the direction m 3 m 7 , It can be 
shown as befoie that neither the noimal noi the tangential com- 
ponent makes any pcimanont change in the ecccntiicity 
Now consider the case in which the lme of apsides is in some 
intounediato position, foi simplicity suppose it is in the lme mm* 
with the pongee at m 2 . Consulei simultaneously with this case 
that m which the pongee is at m* First considei only the effects 
of the normal component It follows from Fig, 57 and the Table 
of Ait 182 that when the pongee is at and the moon is in the 
region m a m i, tho normal component deci eases the eccentricity; 
and when the pei igec is at m 0> increases tho ecccntiicity The two 
effects largely destroy each other. But it was shown m Art 181 
that a given noimal component is moro offectivo in changing 
the eccentricity when tho moon is neai apogee than it is when the 
moon is correspondingly near pongee. Besides this, since N is 
proportional to r, as follows fiom tho second equation of (18), the 
noimal component is linger the greater tho moon's distance For 
both of these reasons, while the moon is in the arc m 2 m 4 the 
increase of the eccentricity with tho perigee at m a is gi eater than 
tho dccrcaso with the pengeo at m 2 Tho two cases combined 
give a small second order residual increase m the eocontueity 
which may be represented by + Aic. Similarly, while the moon 
is in the region mma the effects of tho normal component on the 
eccentricity with the pougco at vii and m* are respectively an 
incroasc and a decrease. On paying heed to the rolativo positions 
of the apogee, it is seon that tho combined effect on the eccentricity 
is a second older residual moroaso A By analogous dis- 
cussions, tho combined effects for tho moon in the arcs mm& and 
tmm aie the positive second order residuals +A 3 c and +A 4 c 
The question arises whethor the second oidor residuals are not 
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in some way destroyed In order to show that they also vanish 
consider the case m which the line of apsides has a symmetrically 
opposite position with respect to the line ES, that is, the case in 
which the perigee is at m 8 or When the perigee is at m 4 and 
the moon m the region m^nu the eccentricity is increased by tho 
normal component, when the perigee is at ms, the eccentricity is 
decreased. The decrease in the latter case is gi eater than the 
increase in tho former because when the perigee is at wig the 
region mm\ is near the apogee Theiefoie the combined effect 
is a second order decrease in the eccentiicity; and, since tho aic 
mm\ is not only situated the same relatively with respect to the 
earth and sun but also with respect to the moon’s oibit as when 
the line of apsides was the line ??i2Wi8, it follows that tho second 
order decrease in the eccentricity is — A 4 e. It is found similarly 
that when the moon is m the arcs mmo, wi 0 m 8) and mm2 the sums 
of the changes of the eccentricity when the perigee is at wi 4 and wig 
are respectively — A 26, — A a e, and — A 4 e. When these second 
order residuals are added to those obtained when the lme of 
apsides was the lme mm « the result is zero. A coi responding 
discussion leads to the same results for any other position of the 
lme of apsides, viz,, it can be paired with another which is sym- 
metrically opposite with respect to the lme ES so that when the 
perigee is taken m both directions on each lme the total effect of 
the normal component on the eccentricity is zeio. Therefore the 
normal component in the long run makes no permanent change in the 
eccentricity of the moon's orbit , and a somewhat similar discussion 
establishes the same result for the tangential component. 

The sun does not, however, stand still whilo the moon makes 
its revolution, and the conditions which have been assumed arc 
never exactly fulfilled. Nevertheless, it is useful to show how tho 
different configurations, even though changing fiom instant to 
instant, may be paiied. In a very groat number of revolutions tho 
supplementary configurations will have oeeuircd an equal number 
of times, and the eccentricity will have returned to its original 
value The period loquired for this cycle of change depends in the 
first place upon the peuods of the sun and tho moon, in the second 
place, upon the eccentricity of the sun’s orbit (the earth’s orbit) ; 
and lastly, upon the manner m which the lines of apsides of the 
sun's and moon’s orbits rotate. 

The present system, with abundant geological and biological 
evidence of a very long existence for the earth m at least approxi- 
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in ate] y its present condition, shows with reasonable certainty that 
the system is neaily stable, if not quite It is an interesting fact, 
though, that those two elements, the line of nodes and the line of 
apsides, which may change continually m one direction without 
threatening the stability of the system do, on the average, le- 
speotivcly letiograde and advance foiever 

200. The Evection. It has just been shown that the eccentncity 
does not change in the long lun; yet it undeigoes pel iodic vana- 
tions of considerable magnitude which give liso to tho laigcst lunar 
peituibation, known as the evection At its maximum effect it 
displaces the moon in gcocentiic longitude through an anglo of 
about 1°15' compaied to its position m the undisturbed elliptic 
oibit This variation was discovered by Hipparchus and was 
caiefully observed by Ptolemy. 

The perturbations of the elements, and of the eccentricity in 
particular, depend upon two things, the position of the moon in 
its orbit, and tho position of the moon with lcspect to tho earth 
and sun. Suppose tho moon and sun start in conjunction with 
the perigee at wii Consider the motion throughout one synodic 
revolution. It follows from tho Table of Ait 182 and Figs 57 
and 58 that the eccentricity is not changing when tho moon, is at 
m t ; that it is doci easing, or zero, when the moon is at ra 2 , m 3 , 
and m 4 , that it is not changing when tho moon is at m 8 ; that it is 
increasing, or zero, when the moon is at m 6 , m?, and m 8 ; and that 
it ceases to change when tho moon has returned to mi again. 
This is tiue only under tho hypothesis that tho perigee has re- 
mained at mi throughout the whole revolution; or, in other words, 
that tho line of apsides advances as fast as tho sun moves in its 
orbit. Now, tho actual case is that the sun moves about 8 6 
times as fast as tho line of apsides rotates Since tho synodic 
period of the moon is about 29 5 days while tho sun moves about 
one degree daily, tho moon will bo about 20° past its perigee when 
it arrives at m i What modification in tho conclusions does this 
introduce? The normal component is negative and, m this part 
of the orbit, causes an incroaso in the eccentricity, while tho 
tangential makes no change, since it is zero. As the moon pro- 
ceeds past m% the normal component becomes less in numerical 
value, while the tangential component becomes negative and tends 
to decrease the eccentricity. The tendencies of the two com- 
ponents to change the eccentricity in opposito directions balance 
when the moon is at some point between and m 2 , instead of 
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at m h after which the eccentucity deci eases Theie is a cone- 
sponding advance of the point near w B at which the eecenli icily 
ceases to deciease and begins to increase Similar conclusions 
are reached staitmg from any other initial configuration. 

The results may be summanzed thus The perturbations of the 
sun decrease the eccentricity of the moon’s orbit somewhat more 
than half of a synodical 1 evolution, and then incieaso it for an 
equal time. These changes m the eccentucity cause deviations 
in the geocentric longitude from the ones given by the elliptic 
theory, which constitute the erection, The appzopriate methods 
show that the period of this inequality is about 31 8 days. 

201. Gauss’ Method of Computing Secular Variations. It has 
been shown in the piecedmg articles that some of the elements, 
such as the lme of nodes and the line of apsides, vaiy in one 
direction without limit. This change is not at a uniform rate, for 
in addition to the general variations, there aie many short period 
oscillations which aie of such magnitude that tho element fre- 
quently vanes in tho opposite direction, When the lesults are 
put into the symbols of analysis, the general average advance is 
represented by a term proportional to the time, called tho secular 
vernation, while tho deviations from this uniform cliango aie 
represented by a .sum of periodic terms having various periods and 
phases Thus it is seen that the secular vaiiations are caused by a 
sort of average of the distuibing forces when the disturbing and 
disturbed bodies oeeupy every possible position with respect to 
each other 

There are other elements, such as the inolination and tho 
eccentricity which, though periodic in the long iun, vaiy con- 
tinuously in one direction on tho average for many thousands 
of years These changes may be regarded as secular varia- 
tions also, and they likewise result from a sort of average of 
perturbations. 

In 1818 Gauss published a memoir upon tho theory of seoular 
variations based upon the conceptions just outlined. His method 
has been applied especially in the computation of tho secular 
vaiiations of the elements of the planetary orbits Instead of 
consideiing the motions of the bodies, Gauss supposed that the 
mass of each planet is spread out in an elliptical ling coinciding 
with its oi bit m such a manner that the density at each point is 
inversely as the velocity with which the body moves at that point 
He then showed how to compute tho attraction of ono ring upon 
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the other, and the rate at which tlioir positions and shapes change 
under the influence of these foiees 

The method of Gauss has been the subject of quite a number of 
memoirs Pi ob ably the most useful foi piactical purposes is by 
G W Hill m yoI i of the Asti Gnomical Pa/peis of tho American 
Epkemei is and Nautical Almanac IT ill’s foimulas have been 
applied by Professor Euc Doolittle with gioat success, the lesults 
which he obtained agreeing veiy closely with those found by 
Leveniei and Newcomb by entnely different methods. 

202. The Long Period Inequalities. In the theories of the 
mutual pei tui bations of the planets veiy laige teims of long 
periods occui They ause only when the periods of the two bodies 
considered aic neaily commonsuiable, and it is easy to discover 
then cause from geometrical considerations 

Since the most important variation occurs in the mutual per- 
tui bations of Jupiter and Saturn the explanation will be adapted 
to that case. Five times the period of Jupitei is a little more 
than twice tho period of Saturn Suppose that the two planets 
aie m conjunction at the ongm of time on tho lino Z 0 . After five 



revolutions of Jupiter and two of Saturn they will bo in conjunction 
again on a line li very near l o, but having a little gioator longitudo 
This continues mdofmiloly, each conjunction occuinng at a little 
gieatei longitudo than the preceding Conjunctions occurring 
frequently at about tho same points in the orbits cause very largo 
perturbations, and tho Long Period is tho tunc which it takes tho 
point of conjunction to mako a completo revolution. In tho case 
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of Jupiter and Saturn it is about 918 years. This inequality, which 
is the greatest m the longitudes of the planets, displacing Jupiter 
21' and Saturn 49', long baffled astronomers in then attempts to 
explain it as a necessary consequence of the law of giavitation. 
Laplace finally made one of his many impoitant eonlnbutions to 
Celestial Mechanics by pointing out its true cause, and showing 
that theory and observation agree 


XXIV PROBLEMS. 

1. Prove that the locus of the point at winch the attractions of the sun 

R ^lSE 

and earth are equal is a sphere whose radius is ^ ■ _ , and whoso centor is 

ER 

on the line joining the sun and earth, at the distance ■= is fiom the contci 

O ~ Vj 

of tlio earth opposite to the sun, where S and E repicscnl the mass of the sun 
and earth respectively, and R the distance fiom the sun to the eaith 

If R = 03,000,000 miles, and f - 330,000, then 

lu 

R^SE Kfn i 

~ miles, 


J?W 

■f, 1 = = 281 miles 

O Jif 

Since the moon’s orbit has a radius of about 240,000 miles, it is always at- 
ti acted more by the sun than by the oaith 

2 The moon may be regaided as revolving aiound the earth and disturbed 
by the sun, or as revolving around the sun and disturbed by the earth As- 
sume that the moon’s orbit is a euclo, and find the posilion at which tho 
disturbing effeots of the sun will bo a maximum, show that the disliuhmg 
effects due to the earth, legardmg the moon as revolving aiound the sun, are 
a minimum for tho samo position 

3 Find tho ratio of the gioatest distuibing effect of the sun to the least 
disturbing effect of tho earth 

Ans Let R equal the distance from tho sun to tho earth, p the dislnnco 
from the sun to the moon, and v the distance from the eaith to tho moon, 
then 

Es S R i ~ p a _ iS R p _ n 

De E p 1 R? — j 3 E p* R -J- r — ’ 


4 Find the ratio of the sun’s disturbing forco at its maximum value to 
the attraction of the sun, and to tho atti action of tho earth 


Ans 


Ea r(R H- p) 
As R? 


006, 


Ds _ S m+p) m1 

a b m /ey ,UA ’ 
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5 Provo in detail the conclusion of Art 199 that the tangential com- 
ponent produces no seailai changes in tho eccentucity of the moon’s orbit 

6 Suppose a planet disliubs the motion of anothc, planet which is neai to 
the sun hind the way in which all the elements of the mbit of the inner 
planet aro changed foi all iclativo positions of the bodies m their orbits 

7 Show that, if the rates of change of tho elements me known when the 
planet is in a paiUoulm position m its oibit, the intensity and direction of 
the diatuibmg force can he found Show that, ,f it is assumed that the 
distance of the dis u.bmg body horn the sun is known, its dnection and mass 
can be found (1 Ins is pait of the pioblcm solved by Adams and Leverner 
when they pietlu ted the appaiont position of Neptune fiom tho knowledge of 
its poituibations of the motion of Uianus Thcie aie troublesome practical 
difficulties which mtso on account of the minuteness of tho quantities involved 
which do not appeal in tho simple statement given heie ) 


HISTORICAL SKETCH AND BIBLIOGRAPHY 

Tho fust tieatmonl of tho Problem of Tlneo Bodies, as well as of Two 
Bodies, was duo to Newton It was given m Book I , Section XI , of the 
Pnncipia, and it was said by Airy to be “the most valuablo chapter that 
was over wnllcn on physical science " It contained a somewhat complete 
explanation of the vanation, tho patallactio inequality, tho annual equation, 
the motion of tho pongeo, tho pertui bations of tho eccentricity, the revolution 
of tho nodes, and tho pertui baf ions of tho inclination Tho value of the motion 
of the lunai pougoo found by Nowlon fiom thorny was only half that given 
by observations In 1872, m eeilnin of Nowton’s unpublished manuscripts, 
known as tho Portsmouth Collection, it was found that Newton had accounted 
foi tho on tn o motion of tho pougoo by including peituibations of the second 
order (Seo Ait 108 ) This woik boing unknown to nslionomcis, tho motion 
of tho lunar pongeo was not othoiwiso denvcd from theory until tho year 1749, 
whon Clauaut found (ho truo explanation, aflor being on tho point of sub- 
stituting for Newton’s law of attraction one of tho foim « = -f ~ Newton 

regai ded tho Lunai Thorny as being voiy diflTioult, and he is said to lmvo told 
his friend Halley m despair that it " mado Ins head ache and kopl him awake 
so often that he would think of it no moio ” 

Since the days of Newton tho methods of Analysis have succeeded those 
of Geometry, except m olomentaiy explanations of tho causes of diffoient 
sorts of pertui bations In tho eighteenth centmy tho development of tho 
Lunar Theory, and of Celestial Mechanics m goneial, was almost entnely the 
work of fivo mon • Euler (1707-1783), a Swiss, boin at Basle, living at St 
Potoisburg fiom 1727 to 1747, at Borlm fiom 1747 to 1700, and at St Peters- 
burg from 1700 to 1783, Clairaut (1713-1705), boin at Pans, and spending 
nearly all his life m his nativo city; D’Alembort (1717-1783), also a native 
and mi inhabitant of Paris; Lagrango (1730-1813), born at Tuun, Italy, 
but of French descent, Piofessoi of Mathematics in a military school in Turin 
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horn 1753 to 1700, succeeding Euloi fit Beilin, find spending twenty years 
there, going to Pans and spending the lemnindoi of lus life m the Fienoli 
capital, and Laplace (1740-1827), son of a Fiench peasant of Beaumont, in 
Normandy, Professoi in l’^lcolo Mihtano and m 1’Ecolo Noimalo m Pans, 
wheie he spent most of his hfo aftei he was eighteen yoais of age Tho only 
part of then woilc which will be mentioned hoio will bo that lolating to tho 
Lunar Theoiy The account of investigations m the goneial planetmy theoues 
comes moie piopoily in the next chaplei 

There was a genoial demand for accurato lunai tables in the eighteenth 
century foi the use of navigatois m deloi muling tlien positions at sea This, 
togethei with the fact that the motions of tho moon presented tho best test 
of the Newtonian Theory, induced the English Government and a number of 
scientific societies to offei very substantial pusses for lunai tables ngiecmg 
with observations within certain nanow limits Eulei published some zalher 
imperfect lunar tables m 1740 In 1747, Clairaut and d’Alomboil piesentcd 
to the Pans Academy on tho same day memoiis on tho Lunai Theoiy Each 
had trouble in explaining the motion of the pongee As has been stated, 
Clairaut found tho source of tho difficulty in 1749, and it was also discovered 
by both Eulor and d’Alombei t a little later Clanaul won tho prize offered 
by tho St Peteisbmg Acadomy m 1752 for lus Th6one de la Lunc, Both ho 
and d’Alembort published theoues and numencal tables m 1754 They weic 
lcvisetl and extended latei Eulei published a Lunai Theory in 1753, m tho 
appendix of which tho analytical method of the vanation of tho elements was 
partially worked out Tobias Mayor (1723-1702), of Gbttingen, eompaicd 
Eulei’ s tables with observations and collected thorn so successfully that lie 
and Eulei were each gianted a leward of £3000 by tho English Government. 
In 1772 Euler published a second Lunar Theoiy which possessed many now 
features of great lmpoi tanco 

Lagrauge did little in the Lunar Theoiy except to point out general methods 
On the other hand, Laplace gave much attention to this subject, and made 
one of lus important contnbutions to Celestial Mechanics m 1787, whon he 
explained the cause of the secular acceleiation of tho moon’s mean motion, 
lie also proposed to deteunme the distance of the sun fiom the pninllaotic 
inequality Laplace's theory is contained in the thud volume of his Mtcamme 
Cilesle 

Damoiseau (1708-1840) cairiod out Laplaco’s method to a high degree of 
approximation in 1824-28, and the tables which ho constructed wqio used 
quite generally until Hanson’s tables weio constiuctcd in 1857 Plana 
(1781-1869) published a theory in 1832, snnilai in most lespeels to that of 
Laplace An incomplete theoiy was worked out by Lubbock (1803-1865) m 
1830-4 A great advance along now linos was made by Ilansen (1795- 
1874) in 1838, and again in 1862-4 His tables published m 1S57 wore very 
geneialty adopted for Nautical Almanacs De Pontdcoulant (1796-1874) 
published Ins TMone Analyhquo du Systhme du Monde m 1840 Tho fomth 
volume contains Ins Lunar Theory worked out in detail It is in its essentials 
similar to that of Lubbock A now theory of gieat mathematical elegance, 
and earned out to a veiy high degiee of approximation, was publishod by 
Delaunay (1816-1872) in 1860 and 1867 

A most lemarkablo new theory based on new conceptions, and developed 
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by new mathematical methods, was published by G W Hill m 1878 in the 
American Journal of Mathematics The hist fundamental idea was to take 
the variational orbit ns an approximate solution instead of the ellipse E\- 
picssions fm the eooid.natos of the viuiadomtl orbit were developed with rare 
mnthenntieal skill, and me notewoifhy foi the rapidity of then eonvcigenee 
A second approximation giving part of the motion of the pongee was published 
in voluino vi ir of Alia Mathnnahca This memoii contained the hist solution 
of a linear dill men Util equation having pcnodie coelTieieiits, and mtioduoed 
mto mathematics the infinite dcleimmant Hill's rcseaiehts have been 
extended to higher approximations, and completed, by a senes of papms 
published by E W Biown in the American Journal of Mathematics , vols 
XIV , XV , and XVII , and m the Monthly Notices of the HAS , lii , liv and 
3.v As it now stands the work of Blown is mimeiieally tlie most peifect 
Lunftl theory in existence, and fiom tins point of view leaves little to be 
(leaned Tho motion of the moon’s nodes was found by Adams (1819-1892) 

by methods similar to those used by ITiU in detcimimng the motion of tire 
pongee 

Eoi the tieafmont of perlui ballons fiom geomotneal considerations con- 

Any ,’ S f (1801 ~ 1802) ««**»*. and Sir John Hcrschcl’a 
( 70-1871) Outlines of Astronomy Foi the analytical ticalmont, aside 
from the original memons quoted, one cannot do bottci than to consult 
Iissciand s Mhamque Cdlcstc , vol in, and Brown's Lunar Theory Both 
volumes aio most excellent ones m both their contents and clearness of expo- 
sition Bi own s Luna, Theory especially is complete m those points, suclr 
as tho meaning of the constants employed, which aio apt to bo somewhat 
obsouio to one just onlonng this hold. 



CHAPTER X. 

PERTURBATIONS— ANALYTICAL METHOD. 

203. Introductory Remarks. The subject of the mutual 
pertuibations of the motions of the heavenly bodies has been one 
to which many of the great mathematicians, from Newton’s time 
on, have devoted a great deal of attention. It is needless to say 
that the problem is very difficult and that many methods of 
attacking it have been devised. Since the general solutions of 
the problem have not been obtained it has been necessary to tieat 
special classes of perturbations by special methods It has been 
found convenient to divide the cases which arise in the solar system 
into three general classes, (a) the Lunar Theoiy and satellite 
theories, ( 6 ) the mutual peiturbations of the planets, and (c) the 
perturbations of comets by planets The method which will be 
given in this chapter is applicable to the planetary theories, and 
it will be shown in the proper places why it is not applicable to the 
other cases. References were given m the last chaptei to treatises 
on the Lunar Theory, especially to those of Tisserand and Brown, 
Some hints will be given m this chapter on the method of com- 
puting the pertuibations of comets. 

The chief difficulties which arise m getting an undei standing oi 
the theories of perturbations come from the laigo number of 
variables which it is necessary to use, and the very long trans- 
formations which must be made, in older to put the equations in a 
fonn suitable for numencal computations. It is not possible, 
because of the lack of space, to develop heie in detail tho explicit 
expressions adapted to computation 5 and, indeed, it is not desired 
to emphasize this part, foi it is much more important to get an 
accurate understanding of the nature of the pioblem, tho mathe- 
matical features of the methods employed, the limitations which 
aie necessary, the exact places wheie approximations aie intro- 
duced, if at all, and their character, the ongin of the vaiious sorts 
of terms, and the foundations upon which the eelebiated theoicms 
regarding the stability of the solai system rest 

There are two general methods of considering perturbations, 
(a) as the variations of the coordinates of tho various bodies, 
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and ( b ) as the variations of the elements of their mbits. These 
two conceptions wee oxplamed m the begmnmg of the preceding 
chapte> Their analytical development was begun by Eu ei and 
Clanaut and was earned to a high degiec of perfecLn by la- 
grange and Laplace Yet the.e we.e points It which pmo at 
sump ions were made, it having become possible to establiTh 
completely the legitimacy of the proceedings, undei the proper 

!“™> °. n % thl ™f «“ 1'alf of the nineteenth rentury 
by the aid of the woilc in pure Mathematics of Cauchy, Weier- 
strass, and Pomeaid J 

204. Illustrative Example. The mathematical basis for the 
tlieoiy of portuibations is often obscured by the large number 
of variables and tho complicated founulos which must be used 
Many of tho essential features of tho method of computing p C r- 
tuibationB can be illustintod by simpler examples which aie not 
subject to the complexities of many vmiablcs and involved 

formulas.^ One will bo selected in which the physical relations 
are also simplo 

Consider the solution of 


(!) dl% iH +v 008 U > 

wlicre /c 2 , Mi v, and l mo positive constants If M and were zero 
tho differential equation would be that which defines simple 
harmonic motion. It arises in many physical problems, such as 
that of the simple pendulum, and of all classes of musical instru- 
ments In oulcr to mako tho interpretation definite, suppose it 
bolongs to the problem of tho vibiations of a tuning fork. The 
fiist tcim in tho right mombei may bo interpreted a.s being clue 
to the resistance of the medium in which tho tuning fork vibrates 
It is not asseitcd, of eouisc, that tho icsistanco to tho vibrations 
of a tuning fork varies as tho third power of the velocity An 
odd power is taken so that tho differential equation will have the 
same foim whether the motion is in the positivo or negative direc- 
tion, and tho first power is not taken becauso then the differen- 
tial equation would bo linear and could bo completely intcgiated 
m finilo torms without any difficulty 
Uhc loft member of equation (1) will bo considered as defining 
the undisturbed motion of the tuning fork. Tho first term on the 
right introduces a perturbation which deponds upon tho velocity 
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of the tuning fork, the second teim on the light introduces a 
perturbation which is independent of the position and velocity 
of the tuning folk The first is analogous to the mutual per- 
turbations of the planets, which depend upon their relative posi- 
tions, the second is more of the natuie of the foices which produco 
the tides, for they are exterior to the earth, The tides are defined 
by equations analogous to (1) 

In order to have equation (1) in the form of the equations which 
arise in the theory of perturbations, let 

/o\ dx 

W % = Xi, => tea. 

Then (1) becomes 


(3) 


dx i 
dt 

dxi 

L dt 


~ Xi = 0 , 

4 k 2 Xi ~ — fix a 3 4 v cos It. 


The corresponding diffeiential equations for undisturbed motion 
are 

dx i 
dt 


(4) 


dx* 

dt 


= 0 , 
4- Wxi — 0. 


Equations (4) are easily integrated, and their general solution is 

/rS . Xi - 4 a cos kt -\r 1 3 sin U. 

(5) 

. %2 ~ — hot sin let 4 /c/3 cos kt, 

where a and /3 are the arbitrary constants of integration. In the 
terminology of Celestial Mechanics, a and /3 are the elements of 
the orbit of the tuning fork 

Now consider the problem of finding the solutions of equations 
(3). Physically speaking, the elements a and /3 must be so varied 
that the equations shall be satisfied for all values of t . Mathe- 
matically considered, equations (5) are relations between the 
original dependent variables Xi and xt } and the new dependent 
variables a and /3 which make it possible to transform the differ- 
ential equations (3) fiom one set of variables to the other. This 
would be true whether (5) were solutions of (4) or not, but since 
(5) are solutions of (4) and (4) are a part of (3), a number of terms 
drop out after the tiansformation has been mado. On regarding 
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It is observed that the solution (9) is m reality a power scries in 
the parameter n, and the coefficients involve t If it is desired 
equation (8) can be mtegiated directly as a powei series in p, 
The pi oeess is, in fact, a general one which can be used in solving 
(7), and equations (10), which follow, are the first terms of the 
solution The conditions of validity of this method of inlegiation 
aio given in Art. 207. 

The fact that when ju is very small a and /3 may be regarded 
as constants in the right membeis of (7) foi not too gicat values 
of t can be seen from a physical illustration Considoi the per- 
turbation theory. The changes in the elements of an oibit depend 
upon the elements of the orbits of the mutually disturbing bodies 
and upon the lelativo positions of the bodies in their oibits It is 
mtuitionally clear that only a slight enor m the computation of 
tho mutual disturbances of two planets would be committed if 
constant elements were used which differ a little, say a degieo in 
the case of angular elements, from the tiuo slowly changing ones. 

If equations (7) are integrated regarding a and @ as constants 
in the right members, it is found that 

a = ao — fih 2 1 (a 2 4* i3 2 )£ 4 gjj; (3a 2 4 /3 2 )[cos 2 kt — 1] 

- (3a 2 - ft) [cos 4 ht - X] 

— sin 2 kt + (“ 2 ~ 80 s ) fim 4M J 


( 10 ) 


(3 



+ 2KiTl) t008 (! + fc)< - 1! 

- mf=T) 1008 a “ m - 11 


ft + f - f (a 2 +ft)(- (« 2 +3ft)[cos 2M-1 


+ g|j. (“ s — 3ft)[cos ikt — 1] 


£ sin 2U + Jy, (3a ! - ft) sin 4 M ] 


2k{l + k) 


sin (l 4 k)t 


2 k{l - k) 


sin (l — k)t t 
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(5) as a sot of equations relating the variables *, and to a and B 
and making direct substitute ,n (3), ,t ,s found that 


(«) 


4- cos -|- sm 0) 


dt 


' Sm U dt + C0S U Tt “* » k *l a sin te-fl cos Jet] 3 + £ cos ft 

K 

These equations are linear in g and f and can be solved for these 
thodetamln “‘° f them coefficients ,s unity. 


( 7 ) 


da 

eft 

d0 

dt 


M/h 2 [a sm Jet - 0 cos 7<rt] 3 sm Jet - l cos ft sin Jet, 
+ txk*[a sm ki~0 cos to] 3 cos to + ~ oos ft cos It 


The problem of solving (7) is as difficult as that of solving (3) 
because their light members involve the unknown quantities a 
and 0 m as complicated manner as an and u enter the light mem- 
bers of (3) But suppose n and v are very small, then, since they 
enter as factors m the right membois of equations (7). the depen- 
dent variables a and 0 change very slowly. Consequently, for a 
considerable time they will bo given with sufficient approximation 
if equations (7) aro integrated regarding them as constants in the 
rights members. To assist in seeing this mathematically consider 
the simpler equation 

® ~ + to cos It), 


The solution of this equation is 

t x « Cc m(M 

wheie C is the constant of integration. If the right member of 
this equation is oxpanded, the expression for a becomes 

(9) a = C 1 + /x(7 + sin Jet) + £ (t + sin Jet) 3 -f- ..J 

If m is very small and if t is not too great the right member of this 
equation is nearly equal to its first two terms If it wore not for 
the term t which is not in tho trigonometric function no limitations 
on t would bo necessary. But in geneial such limitations are 
necessary , and m most cases, though not m tho present one, they 
arc necessary in order to socuio convergence of tho series. 

25 
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where «o and 0o are the values of a and 0 respectively at £ « 0. 
When these values of a and 0 are substituted in (6) the values of 
X\ and Xz arc determined approximately for all values of t which 
arc not too remote from the initial time. 

Consider equations (10). The right member of each of them 
has a term which contains t only os a simple factor, while elsewhere 
t appears only in the sine and cosine terms. The terms which 
are proportional to t seem to indicate that a and 0 increase or 
decrease indefinitely with the time; but it must be remembered 
that equations (10) are only approximate expressions for a and 0, 
which are useful only for a limited time. It might be that the 
rigorous expressions would contain higher powers of i, and that 
the sums would have bounded values, just as 


sin t ~ i 


£ 3 , 

31 ~ol 


is an expression whoso numerical value does not exceed unity, 
though a consideration of the first term alone would lead to the 
conclusion that it becomes indefinitely great with L On the 
other hand the prcsenco of terms which increase proportionally 
to the time may indicate an actual indefinite increase of the 
elements a and 0. For oxample, it was found in the preceding 
chapter that the lino of nodes and the apsides of the moon's orbit 
respectively regress and advance continually. The terms which 
change proportionally to t arc called secular terms, 

The right mombers of equations (10) also contain periodic terms 

having tho periods | , ^ » an ^ • These are known 

as periodic terms , If l and h are nearly equal the terms which in- 
volve sines or cosines of {l—k)t have very long periods, and are called 
long pmod terms, Sometimes terms arise which are the products 
of l and poriodic terms. These mixed terms are called Poisson 
terms bocauso they were encountered by Poisson in the discussion 
of tho variations of the major axes of the planetary orbits. If (10) 
are substituted in (5) tho resulting expressions for Xi and Xi contain 
Poisson terms but no secular terms. 

The physical interpretation of equations (10) is simple. The 
elements a and 0 continually decrease because of the secular terms; 
that is, tho amplitudes of the oscillations indicated in (5) con-' 
tinually diminish. This reduction is entirely due to the resistance 
to tho motion as is shown by tho fact that these terms contain the 
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205, KtpmlionH iu the Problem of Timm Hmllea. Comidi r 
Hu' motion of two planet i, »/ t mid m , with o ,pt « I hi I In* > im. N 
Take I lu* mihT of lln* him io migm m»d l» I the tooidnmh *» of h»i 
Ih» (j*,, //,, ?,|, mnl of h» 4 , (. , t/ J( Ui Hi" dhdmit i .< «*f »h 
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T!m right members of tHpmllmiH (11) im* multiplied l»> tlm 
factum mi and ms which are very mimll emnpnrcd h» S, tin refort* 
they will In* of alight import mire in fompitrUmt vwitli the M-mwi 
on llu* left, which come from tin* nt (.motion of th«* mm, nl h rod for 
a cnnaidenihlc linn*. If m t nut) wi 8 art* put npiid to turn* In the 
right membera, llm Hr«l three e<|UttUon« nml Urn wrrond three 
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foim two sets which aie independent of each other, and the 
piobloin for each set of, thiee equations reduces to that of two 
bodies, and can bo completely solved 

It will be advantageous to icducc the six equations (11) of the 
second ordoi to twelve of the first older Let 


dx 

3T 


/ _ dy 

dt ’ 


y - 


z — 


dz 
dt ’ 


ihon equations (11) become 


( 12 ) 


(lx i 
dt 


aV - 0, ~~ k*(S + mi)^ « 


rr 


ctei , 


C M _ „ / - n 
is Vi - °> 


+ + m,) 2 


dyi 

dt ' j ’ i 3 dyi 

dZ\ i _ dZ i . 7 o/ rf i \ ^1 2 

it** 1 °' dr +il,(s+mi) ^ = m! ^r' 


and similai equations in which the subscnpt is 2. 

If the motions of vii and viz were not distuibed by each other 
equations (12) would become 


(13) 


f (hi 

dt 

^V\ q. I A 

Iff Vl ~ °' 


dgi 


*>' = °, + /t J (S + mi) ^ = 0, 

-s,' = 0, ^-' + ; C >(S + m,)§ = 0, 


and an independent system of similar equations in which the 

subscript is 2. Let tii = f(aH /2 4- V\ <1 + zi*) ~ W- ~ , 

ihon equations (13) take the form 


n 



OQi 

dx i 


dt ” dxi n 

czz 

dl 

dxi* 

dy i = 
dt 


dyi_' = 
dt 

dQi 

“dyi’ 

dzi = 

- dfh 

dzi _ 

5 Qi 

dt 

= dZi” 

dt 

621 ’ 


( 14 ) 


This form of the differential equations is convenient m connection 
with the problem of transforming equations so that the elliptic 
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«<Ii<iih*ii1 m become the dependent vnunbten whose values m ternm 
of t me leipmed. 

206. Transformation of Variables. In eider to avoid confusion 
m the mmlv’HH, and (o bo able to nay where and bow I lit* appioxu 
millions me mtiodueed, tla* method of 1 hr violation of parion 
oioiH nniHt 1*0 jegurdod in the Inal instance as Minplv a Iuoih- 
foimalum of vnuahleH, which is perfectly legitimate foi all values 
of the hint' for who'll t he* equations of timisfoimatinn au» valid. 
From thin pond, of view tin* whole pron is nmllu maliealb simple 
and lucid, the only tumble mining fiom the numln r of vniinbles 
involved and the complicated lelutimm among them 

In chapter v. it was shown how to espies the romdumles m 
the Problem of Two bodies m Icima of the eleinentH and the 
time. bet. tx\, - •, <r fl leprcwcnt. the elements of the mbit m u 
and/b, •• , fk those of «i a Then the eipmtioiiH for the coordinates 
m Urn Piohlcm of Two Hedies may Im written 

,ii 1 /(a a * ", a#, /), aY 1 Q{h\, •••, a*, 0i 

II \ * 1 i, • • •, on, /), Hi » 1 • • , m, 0, 

Zi " /i(m, •••, ««, 0, z/ tK«n •••, out 0i 

*Ca"/(/bi " ' , Pit) Ot Hfiu *’*• fi*t Oi 

lli UJ! (l(fi n • • 'i fiti 0, 11* * ' “ ’t fin i 0i 

z* “hith, (h, Ot z#' - Mi. ** , fit, 0« 

A transformation of vanabtcH in equations (12) will now be 
made, bet it he forgotten for the moment that equations (15) 
are the moIuUouh of the Pioblem of Two bodies, and that the 
«< and arc the elements of the two mbits; but let (15) be con- 
sidered uh being the equations which transform equations (12) in 
the old vailnbh'M, //,, g i} //»', */, * 2 , // a , z*, x*\ y%, Zv, into an 
e<(uivulent system in the new variables, on, ", flu * . fit* 
The liaiiMfornmtionH are effected by computing the derivative 
occurring m (12) and making dneet substitutions, 'Die deriviu 
Uvea of eipmtionH (15) with lespeet to t are 
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The direct substitution of (16) in (12) gives 

+ — ' = o 

hida, dt U ' 
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(17) 


dt 

dyi 

dt 

dzi 

dt 


!// "I- = 0, 


fel 3a, dt 

*.' + trT 

fel C/Oij, di 


0, 


“ -I- W(S + mi) ~ -j- 


dt 


rf 


dzi' 
dt 

and similar equations m x 2 , 


l Tf + ns + m0^ + 


? 


A, dx\ da, _ 


3 fli, 2 

hi 3a, dt 

m 2 

3xi 

y> 3|// da, _ 

m2 

3 Bi , 2 

3a, d£ 

dyi 

y-, 3z/ da< __ 


dRi, 2 

3a, d£ 

m 2 

3zi 


,22', and ft, ,ft These equations 
da. 


are linear m the derivatives —7 and can be solved for them, ex- 

dt 

pressing them in terms of ai, ♦ , a 0 , ft, ♦, ft, and t, provided 

the determinant of their coefficients is distinct from zero 
But if equations (15) are the solution of the problem of un- 
disturbed elliptic motion equations (17) are greatly simplified, 
for it is seon from (13) that, when a 1, • • , a« are constant, 

— ~ — Xi a* 0 for all values of t. The partial derivative ~~ , 
dt 


when ai, •*•,«() are lcgarded as variables, is identical with ^ 

33/1 , 

aii 


dacj 

it 

0, 


when thoy aro regarded as constants. Therefore — 
and similarly — + W + mi) ~ 3 33 0, and similar equations in 

Oh * 1 

y and 2. As a consequence of these relations equations (17) 

3 lib, 2 


reduco to 


(18) 


3 oil da, a 

£*3^ It ~ ’ 

JU Soil' da, _ 
3a, dt 

y, di/i da, q 

hi 3a< di ’ 

V ^£1 — 

3a, d£ 

y% 32 i da, q 

^ <~i' da y dt * 

A 32/ da, _ 
/sf 3a< d4 


ma- 


Sal 


3j/i 


3iih 2 


and similar equations in the ft. These equations are linear m the 
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(•jam 


<lm iviit iv i s ami enu he aolved foi them mile v 1 )u* deteiuiiimnt 
(// 

of tlinr eoellii ii'iil'i in ’/ci o Hul (lie tlHiimmunl ol the Imeui 
iiV'ilcm ( IS) ih the .luiolimii of Hie hint set ol iquultoiis HM with 
umpeet to m, , oi, mill eaniiot vuunh it Ihe.e fiimlimn me 
independent ami gt\e a mmple ami unique deteumimhoii ol Hie 
elemcnta.* These film liomi aie mdrpi lah ill, ami lit ymi» nil 1 li« \ 
jgvu rumple ami unique value 1 foi the eh menN Mitee lla V ale I he 
expies main for the eoonhimlri in the I’lolihiu ot Tim lhidn h 
T he piohlem of deteiniming the eleuitnlH fmiu the Mihn • «»f the 
eomillimtes ami eoinponeiil'i of \eloeit\ mum i>o1miI hi ehap \ 
tf m< } ' 1 0 equal imw (1H) aie hneui ami hnmog« neuim, ami Miiei* 

titf 

Urn del el minimi m not /cm they eiui lie natmlnd onl\ h\ {}( ' 1 0, 

( ; | t 0) That m, the elemcnt-i aie numlunK uhuh, of 
com He, ih not hum; new 

On Halving equal ioiih (1H), it ih found that, 


(HO 


fit 1 i» • ,ra > /hi • /hi 0 '** I* * * H) i 

t/!* ' wl, W ,r ii ' * flu 1 » /hi 0 ’ li * i !!)■ 


tt will !)(' icmemlicied that, m dcteiimumg the eoonhuateM in 
the Piohlem of Two HodieN lla* Inal atop, via , the lompulation of 
the mean anomaly, involved the mean motion, defined hv the 
eipmUon 

«, . aVn i "»/, <j , , i,2). 

«i* 


Hinee the n, involve the masseM of the planet a the ilghl mcmherM of 
(Lf>), and ronneqiicnllY of (HO* involve in\ and unplieitly. 

Ill older to jualify nmtlienmlieally Hie pieeme method of inte- 
grating equaliomi (HI) whieh w employed l»y nMmiintiu rn, Home 
leinarlm me ueceN’inry upon a/i and m* in flume plueea wheie 
they oeeur impliedly m the fimelmim vn ami ^ they will he 
jegaidcd as livd mimhern, an lliev appear an factum of the 
and lewpeetively they will lie legmdul lei parametem m jatwera 
of whieh Hie nolufionn may lie expamhd. Kueh a geiiernh/ntlon 
of parameteiM in eleaily periimmihle heemme, if a fuuetnm involve* 
a parameter m two diffeienl waya, there m no mtmm why it may 

* Hcc HulUer'rt IhtrtnnmHkn, p UK 
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not bo expanded with lespeet to the parameter so far as it is 
involved in one way and not with respect to it as it is involved in 
the other If the function, instead of being given explicitly, is 
defined by a set of difieiential equations the same things regarding 
the expansions in teims of paiameters aie true If the atti actions 
of bodies depended on something besides then masses (measured 
by their meitias) and their distances, as for example, on their 
rates of lotation 01 tempeiatures, then m, and m 2 so fai as they 
enter m the <p< and \}/ x implicitly though nj and n 2 , where they 
would be defined numeiically by their individual mutual attrac- 
tions for the sun, would be different from their values where they 
occur as factors of the <p, and \j/ u for m the latter places they 
would be defined by their attractions for each other 

Hence, the values of the masses mi and m 2 entering implicitly 
in equations (15) and (19) are treated as fixed numbers, given m 
advance, and do not need to be retained explicitly; on the other 
hand, the mi and ??i 2 which are factors of the pertuibmg terms of 
the equations are retained explicitly, being supposed capable of 
taking any values not exceeding certain limits. 

207. Method of Solution. Equations (11) are the general 
differential equations of motion for the Problem of Three Bodies 
Equations (12) are equally general. No approximations were 
introduced in making the transfoimation of variables by (15), 
theieforo equations (19) aie general and rigorous The difference 
is that if (19) weie integrated the elements would be found instead 
of the coordinates as in (11), but as the latter can always be 
found fiom tho former this must be regarded as the solution of the 
problem. 

Instead of inteiruptmg the course of mathematical reasoning by 
working out the explicit foims of (19), it will be preferable to show 
fiist by what methods they aio solved Explicit mention will be 
made at tho appiopnate times of all points at which assumptions 
or appioximations aie made. 

When and m 2 are very small compared to S, as they are in 
tho solar system, the orbits are very nearly fixed ellipses, and 
therefore a and d* change very slowly Consequently if they 
weie legal ded as constants m the light members of (19) and the 
equations integrated, appioximate values of the a,. and the /3, 
would be obtained foi values of t not too l emote fiom the initial 
time This is the method adopted in the illustrative example 



mi. limit m Mti.uimw 


l/s 


1‘ W 


of the piemlmg mhele, ami hn> t ! m* point of mow often 
taken I »v aaf louoini’iM, i* .p< t mllv m the pmnet i duv* o! (‘eh ,im| 
Merit amts liut an\ tlieoiv wlurli is only uppmoumte, even 
though it is numeiiculU udotpmte, dot i not tin a .me up to tln< 
ideale of m lener 

Htpiuliohs (III) me of the type wlu» li ( ‘aurhv and I'onu ml* have 
allow n can he ml eclated ii*» powci hiiiim hi an and nij t ’auch\ 

| >tove< I that an, an, and I can at) lie tahen no mnall that the >11101 
eonvnge Mninrmrt pioved the moie |ii mini (In on in* that if 
the mints m wlncli the liodie'i ate innlantanemi' U moving at the 
initial lime do not mteinn I , then foi am hmle inline of valuta 
of /, Uie an and an can he taken nn 'itimll that the imlntinns 
eonveige lor evny value of I in I In* mteivnl However, the 
uuiHscH eaminl la* chteten mhihmily email lad me gm n hy 
Naim n. Hence tin* piactical mipoitain'e of the mlditnuial (lie 
orem I Iml, wliutcvci the \nlm n i of an anti an, then* exists a imige 
for l Ho 1 eat l let oil that the imlnlums of et|imtniua (lit) m pnwt r 
Htaics in the piumueieiH an ami wi# etmvrlge foi eveiv value of l in 
llto range In general, tin* huger Hit' valuta of the paiaiiietcm 
the more lestneted the imige Thin is, of ctmine a npeeial ease of 
a genera! Ihrniem lespeeting the expansion of enluluiun of dilTt 1 
enlial ctpudioim of the type to which (Ml) helong aa power cents 
m parameterH f 

11. follows fiom the last, tlicmom tpiolcd that, if tin* rangt* of t i« 
not. too gicat, the hoIuIioum of ei|UH(lnim (HI) can he expressed th 
convergent power Hcrica in an mul an, of the form 

• /* *n wi 

on 1 ' V Vaf/ J » A, wii6«B\ 

m 

(h 1 ' }] yjW l,k 'mthnt* , 

/ fi /-it 

where Die aupeilWea on (In* er, mid /h eimplv indicate the order of 
the eoeHioienf The ord*** 1 anti *’ are functions of tin* time 
which are to he determined. It- has hot it customary in fin* theory 
of per furl latnuiH to namimi* wllhtml proof that thin expansion ia 
valid for any dcslrtsl lengtli of tmn*. Ah linn been Hinted, it can he 
piovctl that it Ih valid for a Hiilliciently email interval of linn*; 
hut iih tin* mt'lhotl of dcmoiiHtiation givts only a limit wUhm 
which the Morion certainly converge, and not the longeal tiinn 

* Lt n MHhotU'n Nautrllm t/<> In iWtV/nifyw ( '/Unit, vul t , p, AH, 
t Hed lVttrtl'ii Trmlfi d'Annlynr, vul, it , chap xt , iirnl vul ill 
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diuing which they conveige, and as the limit is almost certainly far 
too small, it has never been computed It is to be understood, 
thciefoie, that the method which is 311 st to be explained, is valid 
for a ceitam mteival of time, which in the planetary theories is 
doubtless seveial hundreds of years 

On substituting (20) m (19) and developing with respect to 
m\ and m 2) it is found that 


(21) 


da» (0,0) . dct x ®' 15 . da/ 1 '® da/ 1,1 * 

— 1 -m 2- 1 — 1 


dt 


dt 


dt 


da, <0 - 2) dct.V> 0) 

+%-^+-^sr^+- 

= («,<«•«, •• , a,®'®, ft®.®, • , ft®.®, 0 

+ (/3> <0- n ™> + ft“' 0 ) »>i) 

4 “ higher powers in m 1 and m 2 , 

, d/3 t <°- l > , d/3/ 1 


df 


dt 

dp v {0 ' 2) 


m 2 


dt 


mi 


dt 


mimz 


di3< (2 ‘°> 

m 2 2 + ^r~mi 2 + 


dt 1 dt 
- Wi^(«i <0 ' 0) , *• , /3i (0 * 0) , •••, /3* (0 ‘ 0) , 0 


4* WH V ( a J ( °’ 1>m2 + a J (1 ’ ° >m i) 
c/a, 

+ WiE^ i (|3,< 0 < ,) W2 + /3/ l ' 0 >m 1 ) 
j=i op/ 

4 - higher powers in mi and m 2 , (i- 1, , 6) 

In the partial derivatives it is to be understood that on and fa are 
replaced by a* <0 - 0) and fa {0 ‘ 0> respectively If m : and m 2 were 
not regarded as fixed numbers m the left members of equations 

(11), 4> tt — -S etc., would have to be developed as power 
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Oil mli'nriiliiiK aqimliimK (22) itml hmI will til tug Ilia \tihn* of 
«» ,n,w mill limn nbliimi'ii in (2.1), tha liillor lira mint ml to 
(limilmliiii'H ami ami Ih» mfi’Kinfnt; on uitrjimthiK (23) mol #nil* 
HliluliiiK (In' axiirawuoim for «,<" in 121), 

Uia luUar ma luluaail fo nuiulnilnri*M ami ami ha mU’Kmtatl, 
mul iliiH prnaawi ami ha aouhmiail imlafmifaly, In Him mmmar 
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the coefficients of the senes (20) can be determined, and the 
values of a, and /3, can be found to any desued degree of precision 
for values of the tune foi winch the senes converge 

208. Determination of the Constants of Integration. A new 
constant of integration is mtioduced when equations (22), (23), 
an* integrated foi each These constants will now 

be deteumned 

Let the constant which is mtioduced with the K) be denoted 
by — A) and with the J3 V (? by — A) Since the fust set 
of difteiential equations have m 2 as a factoi in then right members, 
while the second set have mi as a factor, it follows that 
= a t 0.a) 3 Q = 0, »), 

0 t <o.« = J ) W,K) } (/, = 0, oo) 

Since the a x it>K) and /3, ( > K) aie defined by quadratures all the 
constants of mlegiation aic simply added to functions of t That 
is, the and have the foira 

«/,<*. «(fl - a.O.w, 

| ^(M) = ffl ti.»(i) - &,(!.« 

Theroforo equations (20) become 


(25) 


a, = + 

Px - + 


oo co 


<0 oo 
££ 


(/,<>•*> a, (, ‘ fc) )mi , r» 2 * ( 


Lot the values of a, and at l = / 0 be a,<°> and /3, (0) respectively 
Then, at £ = to, equations (25) become 




(0) 


*5 03 M 


/3 t (0 > - + 


(/»(*•« - 

(^0.*) — & l (n*->) 0 )ni , W2*'. 


Rinco these equations must be true for all values of mi and ma 
bolow certain limits, the coefficients of conespondmg powers of 
mi an d m in the right and left members are equal, whence 

f «/».«) = «t (0) , oix u ' 0) = 0, 0 = 1, • w )> 

0 t M = j8 t w>, |3<< C - A) » 0, (fc = 1, • 00 )> 

,W) 1 /,«■ »((») - a.'' 1 " - 0. (3-1. « ! & “ !- “)> 

. ff ,0.»(io) - ill'"* 1 = 0, (3 = 1. • ®. 1 — 1. ' “)• 
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dt 

= 0, 



dad 0 ’ i,o> 
dt 

- • 



dt 

= 0t(ai {o) , • 

,a 0 (0> , 7i (0) , 

, 78 (0 >, 0, 

dpd l ’°' 0) 

dt 

- ^.(«i {0) , 

, a<j {0) , Pd a \ 


^(0.1.0) 

dt 

= o, 

\ 



- Ufh™, • 

■ ■, Pi®, 7i«, 

, 76 (0) , t), 

dt 

dyd u0 ' 0) 

dt 

“ X»(«1 (0> > 

7i®, 

*,76<V), 

dyd°' l ‘ 0) 

dt 

- X>(/3i< 0) , 

•, Pi®, 71®, 

•* ,7 s®,0 

d 7i (°.°.i) 

Yi 

* = 0. 




If there were more planets more equations of the same type 
would 1)0 added. Consider the perturbations of the first order of 
the elements of the orbits wii, they are composed of two distinct 
parts given by the second and third equations of (28), one coming 
fiom the atti action of m a , and the other fiom the atti action of m 3 
Theroforo, tho statement of astronomers that the perturbing ef- 
fects of the various planets may be considered sepai ately, is tiue 
for tho perturbations of tho fust Older with respect to the masses 

210. The Terms of the Second Order, It has been shown that 
a< u.o) s= a/s.o) - /3,c°. » « /3, (0 » 2> - 0; therefoie it follows fiom 
(24) that the terms of the second order with respect to the masses 
are determined by tho equations 


[dad 1 '" 

^50,(o!! (O) , • • 

■,ai®’,Pl®, • 

,Pi®.t), 

dt 


3/3, 


da, (0,2) 

A 3</>,(ai (0) , * 

•,a.®,Ui®, 

,Pi®,t) 

dt 

fat 

3a/ 


" dpd 1 '" 

Ad^»(«i (0) , • 

• ft'V 

",/W) 

dl 

“ jk 

3a/ 


dpd*’ 0) 

dt 

d\J/{(oi i (0) , 


■■,Pi®;t) 

-s 

dp, 
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The peituibations of the fiist ordei are those which would result 
if the disturbing forces at evciy instant were the same as they 
would bo if the bodies weie moving in the original ellipses If tho 
bodies mi and m 2 move in curves differing from the original ellipses 
tho rates at which the elements change at eveiy instant are dif- 
fer ent fi om the values given by equations (27) The pertur bations 
of the elements of the mbit of mi due to the fact that ?n 2 departs 
fiom its original ellipse by peituibations of the first older are 
given by the equations of the type of the first of (29), for, if 
/V l,0) = o, it follows that a** 1 * 11 = 0 also The perturbations of 
the elements of the mbit of m\ due to the fact that m x depai ts fiom 
its original ellipse by perturbations of the first order are given by 
the equations of the type of the second of (29), foi, if a } (0,1) = 0, 
it follows that a, (0,2) — 0 also The terms and /3, (2,0> m 

the elements of the orbit of m% ai ise from similar causes Thus the 
pertuibations of the second older conect the enois m the terms of 
the first ordei, and those of the third older corroct the errors 
in the second, and so on 

As has been said, the solutions expressed as power senes in the 
masses converge if the interval of time is taken not too gieat 
In a general way, the smaller the masses of the planets the longer 
the time during which the series converge. In the Lunar Theoiy 
the sun plays the r61e of the distuibmg planet Since its mass is 
very gieat compared to that of the central body, the earth, the 
series m powers of the masses as given above would converge for 
only a veiy slioit time, probably only a few months instead of 
years. Such a Lunar Theoiy would be entirely unsatisfactoiy. 
On this account the perturbations m the Lunar Theory aro de- 
veloped in powois of the ratio of the distances of the moon and the 
sun from the eaith, and special artifices are employed to avoid 
secular terms in all the elements except the nodes and perigee. 

If there is a third planet the peiturbations of the second order 
aie consicleiably moie complicated Let the planets be mi, m 2 , 
and m 3 , and consider the perturbations of the second ordei of tho 
elements of the oibit of Mi From purely physical considerations 
it is seen that the following soits of terms will arise, (a) terms 
arising from the disturbing action of m 2 and m 3 , due respectively 
to the perturbations of the first order of tho elemonts of m 2 and m 3 
by mi, ( b ) terms arising from the disturbing action of m 2 and m a , 
due to the pertuibations of the first order of the elemonts of the 
orbit of mi by m 8 and Ms, (c) terms arising from the disturbing 
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action of M 2 , (hie to the pei turbations of the fiiat order of the 
elements of the mbit of vi\ by m3, (cl) teims ausing from the 
disturbing notion of wta, due to the perturbations of the fiist order 
of the elements of the orbit of m* by m 3 , ( e ) teims arising from tlio 
disturbing action of m i} clue to the peituibations of the fiist oicler 
of the elements of the 01 bit of nil by m 2 , and (/) terms arising 
from the distuibmg action of ??i 3 , clue to the perturbations of the 
fiist oiclci of the elements of m 3 by m 2 

Undei the supposition that there are tlnee planets, the terms of 
the second 01 (lei with lespect to the masses aie found from equa- 
tions (10) and (20) to be 


rcW>***«> , ,a 0 w t/ y Q), ,ff 0 <M) Cli0t0) 

dt fa 3/3, P} ’ 


(30) 


• ,a 0 «»,7i (0) > ,70 (0 M) {1 0 

dt ” fa 37, 7j ' ' 

da , 


dt fa 37, 

(W° ,ao (0) ; t3i (0) , , /3o <0) ; t) 

*. w Z—i ~~ *“ ^ 


di 


a/ 


o) 

1 

(0,1,0) 


61 ‘ ” a*, 

•,g« (0) ,<) _. ,0,0, ,, 

di pf 3a, 

ao (0 >;/3d 0 >,» -,/V 0) ;Q 


30 t (a d O) , 


L ^(0,0,1) 


F & 3/3, 

, ^30,(ai (c> , ,a 8 (0) ; 7i (0) > iT« < 0 > iO m.i.m 

+ §"“ ««, 


and similar equations for ^ and y/-’ . 

Tho first two equations give the portuibations of the class (a), 
for, (fuict, ()) and </><(«, 7) arG tlie portions of the perturbative 
function given by ?)i 2 ancl tnz respectively, while /V 1 1 0) and 
7; (i.o.o) , iro tho perturbations of the first Older of the elements of 
tho orbits of m% and ms by mi Similarly, tho thiicl and fourth 
aquations give tho portuibations of tho class (b ) , the first term 
of tho fifth equation, those of class (c), the second term, of class 
(d) ; tho third loim, of class ( c ) , and the fourth term, of the class (/) 

20 
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It appeals fiom this that the teims of the second older cannot be 
computed separately for each of the distuibmg planets 
The types of terms which will arise in the perturbations of the 
third order can bo similarly piedicted fiom physioal considera- 
tions, and the predictions can be venfied by a detailed discus- 
sion of the equations. 


XXV. PROBLEMS. 

1 In equations (3) take the term v cos It to tho left membor bofoio staitmg 
the integration, and include it m equations (4) Cany out tho whole process 
of mtegintion with this vauation in tho proceduie 

2 If equations (7) aio integiftted ns power sones in n and v, what typos of 
functions of t will anso in tho teims of tho second oidei? 

3 Wnte the equations defining tho toims of oidei zoio, ono, and two in 
the masses when equations (11) me integrated ns senes in mi and mi Show 
that the teims of oulor zero aio the cooidmatcs that ?»i and mi would have 
if they wete particles moving mound the sun m ellipses defined by then 
initial conditions Show that the equations dofming tho teims of tlio first 
and higher oiders are linear and non-homogeneous, instead of being i educed 
to quadratures as they me after tho method of tho variation of parameteis 
has been used 

4 Suppose there aio four planets, mi, ms, ms, m«, wnto all tho teims of 
tho second older with respect to tho masses accoidmg to (30) and Inteipret 
each 

6 Suppose theie are two planets mi and nii, write all of the teims of tho 
thud ordei with respect to tho masses and mteipiot each 

G Suppose mi = m t - m 3 and that tho planets aro ananged in the ordor 
m h mi, m 3 with respect to their distance from tho sun Show that of tho 
perturbations defined by equations (30) the most important aio thoso given 
by the first and thud equations and tho second toim of tho fifth, that tho 
peiturbfttions next in importance aio given by the first, thud, and fourtli 
teims of the fifth equation, and that tho least important aro given by the 
second and fourth equations. 
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211. Choice of Elements. In older to exhibit the maimer m 
which the vauous soits of teims entei m the pel turbations of the 
hist ot dei, it will bo ncccssaiy to develop equations (19) explicitly 
This was defened, on account of the length of the tiansformations 
whjch aie ncccssaiy, until a geneial view of the mathematical 
principles involved could be given 

If teims of the fust older alone aie consideied the functions 
ft) can be considered independently of \p x ( a> ft) Any inde- 
pendent functions of the elements may be used in place of the 
oulinaiy elements In fact, one of the elements alieady employed, 
7r = + Q>, is the sum of two geometiically simplei elements 

Now the foim of </>,(a, ft) will depend upon the elements chosen, 
with ceilam elements they aie lather simple, and with others very 
complicated They will bo taken in the fust example which 
follows so Unit those functions shall become as simple as possible 


212. Lagrange's Brackets, Lagrange has made the following 

transfoi mation which greatly facilitates the computation of (19) 

,, t /ion i dl/ dVi dz\ dxi diji dzi 
Multiply (18) by - - rcspec- 

ti voiy and add The 1 csult is 


da a | dxi dxd _ dv / dx i diji dyft _ dy / dyi 
dl 1 doii d<*2 dai da% dai da a dai da% 


^dzi_dzi \ 

dai da 2 dai da 2 J 


dm f daii 1 

dt j dai dag dai da 3 J 

(la o f dX\ OXi _ dXi' dXi j 1 

dt \ dai dao dai dao J 

dRuzdXi , dRi, 2 dyi dEi, 2 dZi 


dt \ dai dag dai da3 


Lagrqngo’s brackets [a„ a/] ai o defined by 

r 1 __ d£t <W __ dV d£i , dyi dy ri _ dyd d]/i 
ot)\ *** foq da, da, da/ da, da, 

^ dZi dZi' dZi' dZi 

da, da/ da, da, 
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Foim the equations conespontling to (31) in 0 : 2 , • , ae, the result- 

ing system of equations is 


(33) 


V'' r i 2 

gK a ,l- ¥ = m a -^ r , 

gK d 


r^r l da > m ^ 1 ' 2 

u k t ‘* , “ J dr 


These equations are equivalent to the system (18) and will be used 
in place of them 


213. Properties of Lagrange’s Brackets. It follows at once 
from the definitions of Lagrange’s biackets that 


(34) 


’fan or,] = 0, 

fa», «>] “ ~ fan «*] 


A moie important pioperty is that they do not contain the time 
explicitly, that is, 


(35) 


d[or») or?] _ 0 
dt 


(t - 1, , 6j j - 1, • , G), 


as will be pioved immediately. 

Many complicated expressions will arise in the following dis- 
cussion which aie symmetrical in x, y, and z, In order to abbrevi- 
ate the wilting let S, standing before a function of x, indicate that 
the same functions of y and z are to be added Thus, for example, 

Suits' - x&i) » - X 2 X 1 ) + {\ji\ji! - y 2 yi) 4- (W - za^i')* 

In stalling from the definitions of the brackets and omitting tho 
subscripts of x, • • , z' f which will not be of uso m what follows, 
it is found that 


3fa„ or/] „ « f d 2 T dx' , dx. d 2 x' _ 3V dx __ ch/ d 2 x \ 
dt 1 3a , dt da, 3a, da,dt 3a, 3£ da, 3a, dajdt J 

d a f dx dx' dx 1 dx 1 . a f dx d 2 x' . dx' d 2 x 1 
“ dai 6 [dt fa, ~ Hi fa,} ~r b {~ ~di'daMi~dl 3a, da, J 


f dx 3V dx f d 2 x 1 
[ 3a, da^dt 3a, da,dt J 


f dx dx' 

dx' d% 1 

_ d 0 
da, 

" dx dx' 

dx' dx 1 

t dt da, 

dt da, J 

. dt 3a, 

dt 3a, J * 
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ihc partial denvatives of the cooidmates with lespect to the time 
aio the same in distuibcd motion as the total denvatives in un- 
disturbed motion Theiefoic this equation becomes as a conse- 
quence of (14) 

di dent Ida doij di/ 3a, J da, \dt 3a, dx' 3a, J 

3a, \3ay/ da, \ 3a,/ da, da, da, da, ’ 

which proves the theorem that the brackets do not contain i 
explicitly. This would lmidly bo anticipated since each of the 
quantities which appeals in the biackets is an explicit function of t 
Since the brackets do not contain the time explicitly they may 
bo computed foi any epoch whatever, and m particular foi t = k 
The equations become veiy simple if the cooidmates at the time 
t ~ Iq are taken foi tho elements a\, , as This is permissible 

since tho oulnmiy dements aie defined by these quantities, and 
conversely. Tt must not be supposed that they are constants, 
they aie such quantities that if the elements aie computed from 
them, and then if tho coouhnatcs at any time t arc computed usmg 
these elements, the oonect lesuits will be obtained Since m 
disturbed motion tho elements vaiy with the time, the values of 
the coordinates at l = to also vary. Otherwise considered, if the 
osculating elements at t are used and if the coordinates at the 
time i “ la aie computed, it will bo found in the case of disturbed 
motion that the coordinates at t ~ ta vary, and these values of 
tho coduhnates are the ones in question 

Lot tho eothdmaies at tho time t = to be To, , Zq , then 

f dx 0 <W too' dxo \ 
l^o, ?/o] = aj/o dXo dlJa \> 

winch equals zero because To' is independent of i/o and a-o Simi- 
larly, 

J l*/o> *o] ~ [zo> To] = [W, i/o'] - so'] - [so', xtf] = [to, yo] — 0, 
(M) lla-o, VM»o, W] = to«, «o'] = l*o, ®o'l = [ao. Wl=». 

But 

(37) [to, To'] - [yo, yo'] « [So, So'l = 1. 

Theioforo equations (33) become m this ease 
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(38) 


/ 


dxo 

(It 


m2 


OR 1,2 

<W ’ 



dRi, 2 
dyd * 


dzo dR i, 2 

lit ~ m dzi } 


dx d 

dt 


~ - m2 


ORi, 2 


t 


dyd 

dt 


— mi 


dRi , 2 
dyo 9 




— — mi 


dRi, 2 

d£o 


Any system of differential equations of the form (38) is known 
as a canonical system , and they possess properties which make them 
particularly valuable m theoretical investigations Theie is a 
theorem that any dynamical pioblem in which the foices can be 
represented as pai tial derivatives of a potential function can be ex- 
pressed in tins form, and if it is possible to put a problem in the 
canonical form it is possible to do so in infinitely many systems of 
dependent variables 

If equations (38) were solved they would give the values of the 
coordinates at to which would have to be used to obtain the true 
coordinates at the time i, under the supposition that the planet 
moved in an undisturbed ellipse during t — to, If the variables 
were the elliptic elements the solutions of the equations would 
give the elements which would have to be used to compute tho 
cobrdinates at the time t, when they are supposed to have been 
constant duung the interval t — to Thus, when the elements 
have been found the remainder of the computation is that of 
undisturbed motion 


214, Transformation to the Ordinary Elements, The elements 
used in Astionomy are not the cotirdmates at t — to, but i, a, 
e, 7 r, and T (or e = ir — nT), which were expressed in terms of tho 
initial conditions m Arts 86 , 87, and 88 It will be necessary, 
theiefoie, to transform equations (38) to tho corresponding ones 
which involve only the elements which are actually in use by 
astronomers 

Let s represent any one of the elements Q> , i, a, e, ir, e. It may 
be expressed symbolically in terms of the initial conditions by 

(39) s - fix o, Vo, Zo, xd, yd, zd). 

Hence it follows that 

ds_ q dxo , j}f_dxd~ \ . 
dt 1 daio dt dxd dt j ' 
or, because of (38), 
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(40) 


m « f j?/ Qfil.a df dRi, 2 1 

2,1 1 dx Q 3aV dXo dxg J * 


The paitial derivatives of I{ i, 2 are expressed in terms of the 
partial deiivatives with respect to the new variables by the 
equations 


(41) 


dRi, 2 __ dR\, <tdQ> . dih, a 3 i , dRi, 2 da . dRi, 2 3 fl 

3 tq cho tH 3 a-o da <Ho de dXo 

. 3 Z?i, 2 dir . 32 ?,, 2 
dir chco de duo * 

dRj, 2 _ 3 -fli, gd&i 1 I d-fii, 2 da d Ri, a de 

d*</ d & rW dt <W da cteo' de dz 0 ' 

. dfih, 2 dr . dRi, 2 de 

dir dzo de dV ' 


On carrying out the complicated computations of ^ , , ^7 

by means of the equations given in Aits. 80, 87, and 88, and ex- 
pressing all the paitial derivatives in terms of the now variables, 


the partial derivatives 


d-Ri, 2 

3.1.0 1 


OR m 
’ cW 


are found in terms of 


the elements and , • • , „ On substituting in (40) and 

expressing Jj- , * •, m toims of the elements, ~ is found m 

terms of the elements and tho derivatives of the peiturbative 
function, Ri, 2, with respect to tho elements. 


21S. Method of Direct Computation of Lagrange’s Brackets. 
The transformations required in tho method of the preceding article 
are very laborious, and tho direct computation of the brackets, 
though considerably involved, is to be preferred from a practical 
point of view. All of the computation in the transformations of this 
sort might he avoided by using canonical variables; but, in order to 
employ them, a longlhy digression upon the properties of canonical 
systems would bo nocessaiy, and such a discussion is outside the 
limits of this work. Still, the labor may be notably reduced by 
first taking elements somewhat diffoiont fiom those defined in 
chapter v , and then transforming to those in more ordinary use. 
The following is based on Tissorand’s exposition of Lagrange's 
method * ^ 

* Tianemnd’a Micamque Ctlcsle, vol 1 , p. 179. 
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Let the xy-p\me be the plane of the ecliptic, Q>P the projection 
of the orbit upon the celestial sphere, n the projection of the peri- 
helion point, and P the piojection of the position of the planet at 
the time t In place of ir and e, adopt the new elements to and cr 
defined by the equations 


(42) 


r to = 7r — 
l <r = — nT 



The following equations are either given in Art. 98, or are ob- 
tained from Fig. 60 by the fundamental formulas of Trigonometry: 

k VS + mi 
n = — 

B — e sin E — nt + o, 
r — a(l — g cos B), 


v 1 1 
2 ” \ 1 


+ e , B 
tan 2 ’ 


1 — e cos B } 

•Vl — e 1 2 sm B 
v 1 — c cos B f 

x = rjeos {v + w) cos & — sm ( v 4- to) sin & cos ^} , 
y = rfcos (a 4* ») sm + sm (v 4* w) cos & cost}, 
z — r sm (v 4- «) sm % 
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From these equations and then derivatives with respect to the 
time the partial derivatives of the cooidmates with lespect to the 
elements can be computed The elements have been chosen 
m such a mannei that they aie divided into two groups having 
distinct piopei lies, ft, i, and co define the position of the plane of 
motion and the onentation of the orbit in the plane, and a, e, 
and (T define the dimensions and shape of the oibit and the position 
of the planet m its oibit. Therefoie the cooidmates m the orbit 
can be expressed in teims of the elements of the second group 
alone, and from them, the coordinates m space can be found by 
moans of tho first gioup alone 

Take a new system of axes with the ougin at the sun, the positive 
end of the £-axis dncctcd to tho ponhehon point, the ij-axis 90° 
forward in the plane of the oibit, and the f-axis peipendiculai to 
the plane of tho oilnt. Let the dncction cosines between the 
rc-axis and the £, y, and f-axes be a, a', a ", between the y-axis and 
the £, y, and f-axes be /3, ft, ft 1 ; and between the z-axis and the 
£, 77, and f-axes be 7, y' f 7"* Then follows from Fig 60 that 

a = cos co cos ft — sin co sin ft cos 

/3 — cos co sin ft + sin co cos ft cos %, 

7 = sm w sm 1 , 

a! ~ — sm co cos ft — cos co sm ft cos t, 

(44) - ft = - sin w sin ft 4* cos co cos ft cos i, 

y' = cos co sm i, 

oc” = sm ft sm i, 
ft f = — cos ft sin i, 
y" = cos % 

There exist among these nine direction cosines, as can easily be 
verified, the lelations 

.]_ ^32 -1- y - aa ' + $ 3 ' -f yy' = 0, 

a' 2 ft* 4. y 2 » 1, a ' a" + ftft' + y'v” “ 

a " 2 + ft (Z 4. y " 2 » 1, a" a -f + y"y = 0, 

(46) a - fty" - y'ft'> a' = ft'y - y'% <*" = fa* “ lft> 

j5 - 7 V' - aY', ft « ” «"y t ft’ ~ “ “V, 

7 - a ' ft' - ft a ", y' « <*"$ - 0"«> V' = a & “ 
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It follows fiom (43) and (44) and the definition of the new 
system of axes that 


■ 

k = 

= r cos v = 

a(cos j 

® — e), t? = 

= aVT 

- e 2 sin E, 


dE 


n 






dt = 

= 1 - 

- 6 COS 

~E* 





tf . 

— 

na sm 

E - 

- h VS + mi 

sm E 


(46) - 

? - 

= „ 

- e cos 

E 

Va(l — e cos £?) * 




_ na 

Vi — c 

! 2 cos E _ h VS 4- Mi Vl~ 

■ e 2 cos E 


?! - 


1 — e cos E 

Va(l 

— e cos E) 


x = 

= a$ 

+ 

2/ : 

- ft + /3 't?, 

z ~ 

y£ + y'*?, 


x' . 

- ai; 

' -j- a'l}' 

’» v' - 

= + Pv'i 

, z' = 

y£ # +yV» 

where the accents 

i on x, ; 

V, *, 

ij, and £ indicate first derivatives 

with respect to t 






The partial 

derivatives 

of a, • 

, y" with i 

•espcct 

to the elements 

may be computed 

once foi all, they are found fiom (44) to be 



’ da 


5a' 


da" _ 

n 



do> 

— a , 

dw 

~ — a, 

dw 

u > 

(47) 

. 

<£ 

dct) 

— P> 

dp 

dw 

- - A 

dp' _ 

dw 

o, 



dy 

t dw 

-y, 

dy' 

dw 

= “ 7, 

dy" _ 
dw 

o, 


da 

da " 

-A 

da' 

da 


da" _ 

da 

-0", 

(48) 

d/3 _ 
OQ, 

a, 

dp 

da 


dp' 

aa 



dy _ 

0, 

dy' 

“ o, 

dy" _ 

0, 


k da 


da 

da 

v J 


’ da 

_ -Jr 

da' _ 

- /lAa /.i 

da" 



di 

“ u; 


di = 


di = 

4* sin a cos i, 

(40) • 

w 

di 

» /3" sin w, 

d£ _ 
dl 

= |3" cos a>, 

d/3" 
dt — 

— cos a cos i , 


dy 

t 

7 

dy' 


dy" 



> 

= y 

' sm «, 

di C 

3 y cos w, 

IT ” 

— sin t. 
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Theie aie as many brackets to be computed as there are combi- 

6 1 

nations of the six elements taken two at a time, or ”16 

Three of them involve elements of only the first gioup, nine, one 
element of the first gioup and one of the second, and three, ele- 
ments of only the second gioup Let K and L lepiesent any of 
the elements of the fiist gioup, 0,, i, w, and P and Q any of the 
elements of the second gioup, a, e, a. Then the Lagiangian 
brackets to bo computed aie 


(50) 


[w Kfl-ias-saj. 

(6) [/C,P1 = S{H^- 

(0 IP, ® = *[%%- 


ao/aO 

QIC BP j ’ 

0Pd%\ 
dP OQ J ' 


It is found from (46) that 


(51) 


Ox uda , da' 
dK~ *dK + n 0K' 


dx 

OP 


oi 

OP 


OP- 


dx f _ da_ 
OK ” € OIC 

dx ( _ 6$-' 

OP ” “ OP 


(3 equations), 
(9 equations), 
(3 equations). 


+ n 


, 0a! 
OK ’ 



) 


and similar equations in y and z, 

216, Computation of [w, £i], [&, i], h, w]« Lot S indicate that 
the sum of the functions, symmctiical in a, p, and y, is to be 
taken. Then the first equation of (50) becomes as a consequence 


of (51) 


is, a-w-ieos] fife 


da! 3a 1 
OKOL J 


But the law of areas [Art. 89] gives 

dg 
dt 


- i) ~ «* k VOS + »h)a(l “ e 2 ) = na? VI - e*. 


Therefore 

trr il .. _.o Ff 15 O f 

OK Oh OK 

On computing the right member of this equation by means of (47), 


r _ f Oa Bet* Oa 1 da \ 

(82) Iff, 
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(48), and (49), and i educing by means of (45), the biackets in- 
volving elements of only the first gioup aic found to be 


(63) i 


[w, ft] = na 2 Vl — e 2 (— a/3 — a'i 3' 4~ a/3 4~ a'fi') — 0 , 
[ft, i] * na z ^ 1 -e 2 j(a/3" - /3a") eos a> 

4- (/3'a" - a'/3") sm co) 

= na 2 -Vl — e 2 ( — 7 ' cos w — 7 sin w) 

— — na z "Vl — e 2 sm i, 

[t, w] — — na 2 Vl — e 2 { (a'a" 4- /3 y /3" 4* 7 , T / 0 cos w 

4- (a"a + /3"/3 4* 7^7) sin w) ~ 0 


217. Computation of [K, P], The second equations of (50) 
become, as a consequence of (51), 


IK- PI ” S{[|||+ [*$r + 

-Nf+'a][ 


St , , 

°‘IF + a IF Jj 


“ + [“ 


§£L mqM. 

dIC + P dK ^ 7 dK 


w ]] 

M-'i] 


+ [“ Ik + l3 sK + y ok\ L’ap v apj 

r Sa' a d^' Ot'1 \sf ,an 
L“aZ + ^M + 7 e2j [ ri lP~ v aFj 

r • da _i. n* d & 1 ^ dy 1 r / d7]> !■* dv 1 

[ a dK^ ^ + 7 dKj [ k dP *0p]’ 


4* 

+ 


It follows from equations (45), (47), (48), and (49) that 


<3/3 , £7 n 

Ik + 7 Ik~ 0| 


d0i J. R 

a dK + ^ 

a > d jL± fi^+7 

01 dK + P die ^ 7 die 


,ay = 


o, 


<3a' . 3/3' dy 

a 5/C +/3 3X +7 aiC 




fS.+ fl'M+yiX 
aif r 1 sk r 7 sic 


]• 


Therefore 
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( 54 ) 


=■ fcVs+ + -gf- 


Let P " ft, e, cr in succession Then it is found that 


(55) 


, m — ; flVo(l - c 2 ) na ^ 3 

A. V*S + mi — 4 = y ’VI - c > 


A, Vs 


mi 


5 VflQ — c a ) _ __ na2& 
de ~ Vr^7 2 ’ 


tVaTiTi ^-^ -o 


(56) 


Let IC ~ co, fl,t m turn in (64), and make use of (55), then it 
is found that 

Kai = fvr^7”, k«i =:===. [<■>> *1 = 

[ft, a] = y Vl - e ! cos i, [<, a] = 0, [t, e] = 0, 

r , — na?e 


[A, <r] = 0, [l, ffl = 0 


218, Computation of [ft, el, [e, <r], [tr, a]. The jihird equation 
of (50) becomes, as a consequonco of (51), 

[p,Q] = s[ [«a| + “'a|] 

- [“tp + “'tp] + 

, r ot at' at at' 1 
- + («i* + 0* + Y)|aj5jg-- a Q&pJ 

t / ,2 , 0/8 A r 5,J ^ - -5.^1 

+ (a +/3 +7 )| Jpqq d Q d p\ 

, A f dt-dy 1 dtdn'dji<hL_d!Li O 
+ (aa' + ffl + 77 ) | gpjQ dQdP^dQSP 3PdQ J* 
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As a consequence of equations (45), the right member of this equa- 
tion reduces to 


(67) 


M , W - d p d Q QQdP^dPdQ dQdP 


Since the brackets do not contain the time explicitly t may be 
given, any value after the partial derivatives have been foimed 
The partial deuvatives become the simplest when t — T, the time 
of perihelion passage. Foi this value of t } E ~ 0, r ~ a(l — e ), 
and it is found from equations (46) that* 



'at 

5a 

= 1 — e, f 

' 5a 


Sr/ _ 
5a 

n /T+ e 

2 \ 1 - fl* 

(68) ■ 

at 

de 

df\ 

~ ~ a > d e 

= 0 - IH 0 ' 

5t)' _ 

' 5e 

1 na 

i - e vr-"? ’ 


at 

^dcr 

= o 21- 

’ dff 

ll ~b c 
a \—e' 

§£ - 
5ff (1 

na dri 1 _ q 

— e) 2> 5<r 

Then equation (57) gives 




(89) 


[a, e] = 0, 

[e, <r] = 0, 

[<r, a] 

na 
“ 2 


On making use of the fact that [«„ a/] = — [a/, a»] and equations 
(53), (66), and (59), equations (33) become 


(00) 


na n — 72 da dR h. 

— y 1 — e 2 -r, — n 5 -r, - Wl 2 


,dt ^1 ~ e 2 dt 


5w ' 


mf -VT^ sin i | + ™ A^cos if 


r ; . < d&l 

naNl — e 2 sin ^ 


Vi— 
5I2i, 2 
W2 “aT> 


dt 

na?e ,de dRi t 
cos t 


dt 


* it should bo lememberccl that a and e enter explicitly and also implicitly 
through JE and n, for E is defined by the equation 


E - esmE = n(t - T) - (l - T). 

Then, o g,|| - cos® - * -a S ln®|j = 1 - owhoni = 3>, eto 
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J18] 


(60) 


na rr- 

- T c 

zdio 1 

G dt 


na 2 e 

do 

. na 2 e 

cos idQ, 

Vi — e 2 

dt 

vr 

_ e 2 dt 

nada _ 


dR\, 2 


2 dt " 


da 



- m2 


dQ, nada 
dt 2 dt 

dRi , 2 


de 




OR 1, 2 
da * 


These equations are easily solved for the dei lvatives, and give 


' d& _ m 2 BRj, 2 

dt na 2 Vl — e 2 sm t ^ 

dt __ m 2 eos t dfii, 2 Wz 2 

dt ~ na 2 Vl -e 2 sm i na 2 Vl - e 2 sin 1 

d« __ — m 2 cos 1 OR 1, 2 ~ g 2 di?i, 2 

/ai . IdT -ntfi/T^BUit * na 2 e de * 

(61) i 

da __ 2m dR i, 2 
di na dtr * 

de ?» 8 (1 - e 2 ) 9fli,g __ wa Vl dgug 
dt na?e da na?e dw * 

flcr m2(l — c 2 ) ORi, 2 _ 2m dfti, a ^ 

jdi ~ na 2 c de m da 

The perturbative function R h 2 involves the element a explicitly, 
and also implicitly thi'ough n which enteis only in the combi- 
nation nt + a. Consequently the last equation of (61) becomes 

da mg(l — e 2 ) dRi, 2 2 ?m .2 / d-^i, 2 \ 2ma dR^zBn 

( 62 ' dt = «o*T de na\ da ) na d n da ’ 

where the partial doiivative m parenthesis indicates the derivative 
is taken only so far ns the paiametoi appears explicitly. 

It follows from the combination nl + a that 

2mp dR\, 2 _ 2m2 1 dR\, 2 __ ^ da 
~na dn na da dt 

It will bo shown [Arts. 226-227] that is a sum of periodic 

terms) therefore a, as defined by (62), contains terms which are 
the products of t and trigonometi ic terms It is obvious that such 
an element is inconvenient when large values of t are to be used. 
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In ordei to avoid this difficulty Leverrier used* m place of a the 
mean longitude from the perihelion as an element It is defined by 

(64) l — J' ndt H - c t 

whence 

/„r\ dZ . tdn , dff 

^ d‘ = n + l 7t + di- 

Since n = ^ ^ j* m ‘ , it follows that 
a* 

, . _ __ 3 dn __ __ 3n da 

W 0a" 2 a’ dt~ 2a df 

Therefore equation (65) becomes, on making use of (62), 

~ ~~ diih ( 2 _ 2wa / 0.Ri, 2 \ 

' dt n na?e de na \ da / ' 

Since 2 , the fourth and fifth equations, where alone 

d<rdl 

the paitial derivative of Ri,z with lespect to <r occurs, will not be 
changed in form Hence, if l is used in place of <r throughout (61), 
the equations will be unchanged in form, and the partial deriva- 
tive of J2i, 2 with respect to a is to be taken only so far as a occuis 
explicitly. 


219. Change from ft, w, and a to ft, ir, and e. The trans- 
formation from the elements ft, w, and <r to ft, ir, and e is 
readily made because the relations between the w and <r and tho 
t and € are very simple It follows from the definitions of Arts. 
214 and 215 that 

f ft = ft , 


( 68 ) 


w — ir —ft, 


whence 


[ £7 = 6 — 7Tj 

fdft _ d& 

dt dt 1 


(69) 


dco __ d?r __ dft 

dt dt dt ’ 

da _ de dir 

dt dt dt ' 


On solving (68) for ft, i r, and e in terms of ft, «, and «r, it is found 
that 

* Annates de I’Observataire de Pane, vol i , p 255 
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Q> Q>, 

7T — £0 + Q>, 

[ e «=£T-]-7r=0’ _ l - wH- Q>* 

Hence the tiansfoimationb m the partiaL denvatives aie given by 
the equations 

dRi t 2 / dR^\djr ( ^ 

dQ, \ da / dQ \ dir / dQ \ c)e / c) < 0 . 


(71) 


OR 

do; 


dR 


( 6/61, 2 \ . / ^Ri,i\ , / c>rSi, 2 \ 

= {-lQr) + \~^r) + \ * )' 

1,2 ( dR h i\OQ, ( 

7 = llFj3 W + \ 67T )d^\ dt ) 

m+m- 

12 / dR h i\dQ , { dRjjj) §£_l { 

6* + v ^ /** \ d * / 

-(tW 

On substituting (69) and (71) m (61) and omitting the parentheses 
aiound the partial denvatives, and on solving for the derivatives 
ot the elements with inspect to t, it is found that 
f dQ »»2_ _ 57 i!i ,2 

di ’ 


6e 

dco 


£l 

d<r 


dt 


,2 -yj) __ <l2 f, m l 


(72) 


dr 

- 

6/^.2 

mi tan 

2 [67*1,2 , 

67ii,2l 

It 

?m 2r >/l — e 2 sm r 

na 2 a/I - 

' C 2 L 

6 e J* 

dir 

niz tan ^ 

67*1,2 , »*« 

Vl - e 8 

672i, 2 


(It 

no 2 ■yjl — c 1 

6 r + “~ 

?ia 2 c 

6 e ’ 


da 

__ 2 w 2 67* i, 2 





dt 

na 6 e } 





da 


- 2 1 ~ 

G 2 57*1,2 

, m 2 VT= 

g 2 672i, 2 

dl 

= — m* VI — 

e 2 5 — 

na l e 

3e 

na 2 e 

5tt J 

de 

»? 2 tan^ 

dRui . „ 

, Ji __ , 

sLdEE 

7 2 67*i,2 

dt 

naMl — d 

- — r if !' 2 vi ' 

2 di 

na 2 e 

de 


2ffla 57*i, 2 

na da 


27 
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These equations, + together with the eoi responding ones foi the 
elements of the planet m 2 , constitute a ngoious system of diffei- 
ential equations for the deteimination of the motion oi the planets 
nil and m 2 with lespoct to the sun when theie aie no othei forces 
than the mutual atti actions of the thiee bodies 

If Ri, 2 is expiessed in toims of the time and the osculating 
elements at the epoch to, equations (72) become the explicit 
expressions foi the hist half of the system (27), and define the 
perturbations of the elements which are of the first ordei with 
respect to the masses 

220. Introduction of Rectangular Components of the Disturbing 
Acceleration. Equations (72) lequiio foi their application that. 
Ei, 2 shall be expressed fiist m teims of the elements, after which 
the partial deuvatives must be foimed In some coses, especially 
in the mbits of comets, it is advantageous to have the rates of 
vanation of the elements expiessed m terms of three lectangulai 
components of the disturbing acceleiation 

The distuibing acceleiation will lie resolved into three lect- 
angulai components W, S, R, wheie IF is the component of 
acceleration peipendicular to the plane of the oibit with the 
positive dueetion toward the noith polo, S is the component m 
the plane of the orbit which acts at right angles to the radius 
vector with the positive dn ection making an angle less than 90° 
with the dn ection of motion, R is the component acting along the 
ladius vcetoi with the positive dn ection away from the sun. 
The components used in the preceding chapter evidently might be 
employed heie instead of these, but the lesulting equations would 
be less simple 

In older to obtain the desired equations it is only necessary to 
expiess the paitial deuvatives of fib, 2 with respect to the ele- 
ments in terms of IF, S, and R, and to substitute them in (Cl) 
or (72), depending upon the set of elements used The tians- 
formation will bo made foi the elements used m equations (61) 

m, , j dRu 2 dR\ 2 dRi, 2 ,1 

The quantities mi - , m,i~ , ?ni - , jz ~ are the com- 

ponents of the disturbing acceleiation parallel to the fixed axes of 
reference. It follows from the elementary properties of the 

* The subscript 1, which was omitted from the coordinates and elements in 
Art 213, should be replaced when the equations for more than one planet are 
written 
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dR 

resolution and composition of accelerations that is equal 

to the sum of the piojections of W, S, and R upon the T-axis, and 
smulaily foi the othois 

Let u icpicsent the aigumont of the latitude, or the distance 
fiom the ascending, node to the planet P, Fig 61 Then it follows 



fiom the fundamental formulas of Trigonometry that 

dlil > 2 - + R( cos u cos A — sin u sin A cos ^) 
- S { sin u cos A -f- cos u sin A cos i) 
4 - W sm A sin i , 


(73) i 


in. 2 - 


d% 


m2 = 4 - p(cos u sin A + sm u cos & coa 
— $(sin u sin A — cos u cos A cos i) 




- W cos A sm i , 

= 4 -R sin u sm i + S cos u sm i + W cos i 
32 


Let s repiesent any of the elements A, > a > ^ en 

afl lt8 _ 3Pi, 2 eta , 3R 1,8 §y , Mhi 2* . 
3,s St 3s dy 3s 32 3s 


(74) 


The denvatrves^,-^,^*™ 8 iv <T Ul ( 73 > and whon 

- and - have boon found, the transformation can bo com- 
ds’ ds ’ 3s 
pleted at once. 
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It follows fiom equations (51) that 


(75) 


dx 

dK 


da 

OK 


* v “ £ a rr V A ir > 


da ' 
dK 


dx dij . , 07) 

ep “ “ap + “ aF 


ii = + 

3/c 

52 . 37 . 37 ' 

ox ={ ax + ,, aK’ 


§3L _ ^ 3g , 3g 
3P ^ 3P ^ 3P 7 

3 « 3 £ , dr) 

dP “ 7 3P + 7 3P ' 


where IC is any of the elements <fi, i, w, and P any of the ele- 
ments a, e, a The quantities a, , y' aie defined in (44), and 
their deuvatives aie given 111 (47), (48), and (49), the derivatives 


3£ 3*7 

J 

It is found after some lather long but simple 1 eductions that 


~ and ~ are to be computed from (46). 
dr Or 


(78) 


dR 

m 2 ~ = Sr eos % - Wr cos u sin i, 
dbi 

3jf 2 tt t 

m 2 . 1 ■ = Wr sill u, 

0i 


m2 




3Pi, 2 

3w 


- <S», 


^ = B r 


m% 


da 

OR 


— = — Pa eos w + S 1 4- - a sm v, 

e L v\ 


m2 


de 

dRu 2 Rae , c a 2 _ 

- * = — sm v + o — -vi — e 2 

3cr VT^- e 2 r 

Therefore equations (61) become 

r sm u 


(77) 


~dt 

di 

dt 


na 2 Vl — e 2 sin 'i 
r cos u 


W } 


■w, 


na* Vl ~ e 2 

— — ~~ Vi ~ oos 0 

?iae 


R + 


nae 


[■♦;] 


sm vS 
r sm u cot 1 


na 2 ■Vl 
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(da__ 2e sm v „ , 2a Vl -~e 2 g 

dt'njrzrj 


(77) 4 


ill 


de _ -Vl - g 2 sm v R + a/1 - e 1 — j 


da 

di 


na na*e 

1 f 2t 1 - fi 2 


?ia 


f2t 1 - fi 2 I 7? 

cosy 11 

Lae J 


(1 - e») 

nae 


hi] 


I* 


sm vS 


XXVI PROBLEMS 

1 Find tho components S and R of this chaptei m terms of T and N t 


which were used in chaploi ix , Ait 174 


>1 ns 


e sm v 


S = 


( l + o cob t>) _ ^ 

TTTcM^ecoslj * ' r ^ -I- + 2e cos v 


R - 


c sm v 


r — 


l -|- e cos v 


N 


■^1 o 5 + '2c cos v di + c 2 + 2c cos » 

9 iiv means of the equations of problem 1 cvpiess tho vauations of the 
elements £2, , <r m terms of T and AT, and venfy all the moults contamed m 

the Table of Ait 182 

i Explain why contains a train depending upon W 

4 Suppoxo tho dialiubod body move, in a resisting medium, find the 
equations foi the vauations of tho elements 

r 


A ns 


dt 


" 0, 


dl n 

5i"°' 


do) 

dt 

da 

dl 


2 Vi 


sm v 


nae 


iJX + c° + 2c cos v 




2 VTd- c\ 4- 2ocovu ,p 

JTvi-c 1 


(h __ 2d_ 1 -jJ (co3jH--i) T, 
dt ” na d 1 4-<> 1 4-~2c cos v 
(la . 9 tn - c 3 m 4- c* + g 7 1 

w 5T““Mfl(i+ooMoVi +^+a»c«ir 

B Discuss tho way in whieh the elements vn, y in ^ 10 h' nis ' irf'ehnnse 

the values ot a loi which the maxima and muiima m U t l t ®, 
occur, when T is a col.stcnt, and when it vane, ns tho squnic ot tho 
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6. Derive the equations corresponding to (77) for the elements Q>, t, i r, 
a, e, and c 


dt «a V 1 — e 2 sin i 

(h _ i cos ?.( w 
dt “ na 2 ^ T”^~c 2 ’ 


= 2 sm 2 ^ ~ + -f - 12 cos v -f S ( 1 -f- M sin v ]• , 

dt 2 dl nac ^ \ V I J 

(to ~ — - - [ Re sm v + S 1 - , 

dt n-y/l - c 2 \ 2 / 

jsJ 1 ~J-Sr smiH- « (fir?^7> + c0Bt ')}' 

rff jia 1 \ 1 + c cos v / J 

_gr« + f— - §: + 2 

eft na 2 i •>/ 1 — e 2 dt 2 dt 


221 Development of the Perturbative Function. In order 
lo apply equations (72) the perturbative function R h 2 must be 
developed explicitly in terms of the elements and the time Fiom 
this point on only perturbations of the first order will be con- 
sidered, therefore, m accordance with the results of Art. 208, 
the elements which appear in R\, 2 are the osculating elements at 
the time U 

In the notation of Art 205 the perturbative function is 
, „ T 1 + Vll/2 + 21*2 1 

R ''^ k [Kl 53 j’ 

1*1,2 8=1 •\/('t '2 — v\Y 4 (yi — 1/O 2 4 - (22 — 2 i) 2 > 

?*2 = -V& 2 2 4 " l/e 2 4 22 z . 

The perturbing forces evidently depend upon the mutual 
inclinations of the orbits, rathci than upon their inclinations 
independently to the fixed plane of reference. It will be con- 
venient, therefore, to develop Ri, 2 m terms of the mutual inclina- 
tion Since this angle is expressible in terms of ii, ^ 2 , On, an ^ 
the partial derivatives of Ri, 2 with respect to these elements will 
depend m part on their occurring implicitly m this angle. 

The development of the perturbative function consists of three 
stops* * 

* There are many more or less important variations of the method outlined 
here, which is based on the work of Levcrrier m tho Annales dc I’Ob&eruatciro 
de Pam, vol 1 
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(a) Development of Bi,. as a power series in the square of the 
sine of half the mutual inclination of the orbits. 

“ ol " of the scnes 0 

^ rlfficioute of the preceding series into 
Fourier series in the mean longitudes of the two planets and the 

t ^ ^ ^ 

more than a general outline of the operations tvhmh «o 
to effect the complete development A detailed t0 

given in Tisserand’s M&camqua Celeste, vol. i., chapteis xi 

xvm. inclusive. 

222. (a) Development of R ht in the Mutual Inclination. 

Let S represent the angle between the radn n and r „ the 

^ JL = (n* +f 2 2 - 2rii’ 2 eos S)" 4 . 



Let the angles between n and Urn * ^ 

respectively, and in the case of r 2> «», fa, ancl ^ 

Ul (80) Xi = rt cos on, = ct °" 

and »*. + vm + w -.«*(“• « 008 + 009 P ' 008 „ 

(81) 4 - cos 71 cos 7«) = rtf* cos fo. 

Let I represent the angle between the two orbits, and « and « 
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the distances from their ascending nodes to then point of mtei- 
section From the sphoncal tnangle P 1 P 2 C the value of cos S is 
found to be 


(82) 


cos 8 — cos {ui — ri) COS (ih ~~ T 2 ) 

-{- sm (wi — ri) sm (u 2 — t 2 ) cos 7, 01 
cos S = cos ( Mi — u 2 + r 2 — t 1 ) 

7 

- 2 sin (wi — ri) sm (u 2 - r 2 ) sin 2 g , 

Wl — T 1 — t»i + 7Tl ~ (0.1 — Ti, 

« 2 — r 2 — W 2 + 7 t 2 “ (O 2 “ r 2 


The quantities 7, ri, and r 2 aie detci mined by the formulas of 
Gauss applied to the tnangle £ii 0> 2 C 


(83) 


f sm 7 sm n = sm % 2 sm (On — O 2 ), 

sm 7 sin r 2 — sm ii sin (Oi " O 2 )) 

sm 7 cos n = sm h cos i 2 — cos h sin i 2 cos (Oi — O 2 ), 

sin 7 cos t 2 — — cos h sm i 2 -j- sm ii cos ^ 2 cos (0 1 ~ O 2 ), 

cos 7 = cos cos ^ 2 + sin ii sin i 2 cos (Oi — Oa) 


For simplicity 7, n, and t 2 will be retained, but it must be lemem- 
beicd when the partial donvatives of Ri, 2 aie taken that they tue 
functions of i\, i 2} Oi, and Oa* 

As a consequence of (79), (81), and (82), the peiturbativo 
function can be wiitten in the fomi 


(84) 


f Ri, 2 = in 2 + f 2 2 ~ 2?’ir 2 COS (ui - u 2 4* r 2 — ri)] 1 

7 

4ri?’ 2 sm (ui — n) sin (u 2 — r 2 ) sin 2 ^ 

X ^ ? i 2 + » 2 2 — 2rir 2 cos (u 1 — w 2 + r 2 — r t ) J 

- ~ cos (ill — U2 -f r 2 — n) 

— 2 sm («i — ri) sin (w 2 — r 2 ) sm 2 ~ j 


The ladn f\ and ? 2 aie independent of 7 The second factor of 
the first term of the light mombei of this equation can be expanded 
by the binomial theorem into an absolutely converging power 
7 

senes in sin 2 ^ so long as the numerical value of 

Ji 
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4rira sm (wi — ti) sin (uz — n) sin 2 ^ 
ri 2 ^ r2 s ~ 2nn cos (ui — Uz 4 r 2 — ti) 
is less than unity. This fraction is less than, or at most equal to, 

y . 4rjr 2 sin 2 £ 

(so) ?. 

(r i - r i ) 2 


If this expression is less than unity for all the values which n 
and j *2 can take in the given ellipses the expansion of (84) is va i 
for all values of the time In the case of the major planets it is 

always very small, the greatest value of sm 2 \ being for Mercury 

and Mars, 0 0118 In the perturbations of the planetoids by 
Jupiter it often fails, for 1 is sometimes of considerable magnitude 
while r 2 - n may become very small In the case of Mars and 
Bros r 2 - n may actually vanish and this mode of development 
consequently fails. It is needless to say that it is not generally 

applicable in the cometary orbits . , 

In those cases in which the expansion of (84) does not fail, the 

expression for Ri, a becomes 


Bi, 2 = + [n 2 4 r 3 2 - 2rir 2 cos («i - uz 4 r 2 - ri)]' 1 

— rir 2 [fi 2 4- r 2 2 — 2? ir 2 cos (ui — uz 4 n — n)]'* 
X 2 sin (wi — ri) sin (m 2 ~ r 2 ) sin 2 
4 riWfri 2 4 r 2 2 — 2rir 2 cos (u\ — u% 4 t 2 — ri)] 
X 6 sin 2 («i - ri) sm 2 (u 2 - n) sm 4 

4 • * ‘ 

— COS (Ml — Uz 4 T 2 — Ti) 


-f. ^—sin (Ml — ri) sm (Ma - tz) sm 2 = 
rz 


223. (Jb) Development of the Coefficients m powers of ei and e 2 . 
The radu n and r 2 vary from a x ( 1 — ei) and a a (l - e a ) to oi(l 4 ei) 
and a a (l 4 e t ) respectively. Let 


fri — ai(l 4 pi)> 
\rz — na(l 4 Pi)' 


(88) 


MIN tOl 
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The angles wi and Ut aie expiessed m teims of the tiuo anomalies, 
Vi and Vi, and the elements by (82) The true anomalies are equal 
to the mean anomalies plus the equations of the center, which 
may be denoted by w x and w 2 Let h and U lepiosent the mean 
longitudes counted fiom the a-axis [Fig (02)], then 

f Ul — Ti — h “ fill “ Tl + Wl t 

(89) 1 7 0 , 

1^2 — T2 ” i2 ~ fi>2 ”• T 2 + Wi 


It follows from (81) that R h 2 can be written m the form 
Ri t 2 — F[aj(l + pi), n 2 (l + Pa)]> 


where F is a homogeneous function of eti and of degiee — 1. 
Theiefore 

(9°) ®>.« - rr^^L 01 + °* °* J ■ 

The right membei of this equation can bo developed by Tayloi’s 
formula, giving 


(91) 


R 


i. 


1 

1 + P2 


| F(a i, a 2 ) 4* 

, f pi — P2 

+ VT T7* 


Pi - p a oi dF(a u 02 ) 
1 “H p2 1 Octi 

\ 2 O1 2 fl 2 F(q 1, a 2 ) 1 
/ 1 2 3oi 2 



The expressions ^ y y — ^ can be developed as power series in 

pi and p 2 But m Ait 100, equation (62), p is given as a power senes 
m e whose coefficients aie cosines of multiples of the mean anomaly 
On making these expansions and substitutions m (91), Ri, 2 can 
be arranged as a power senes in ei and e 2 These operations aro 
to be actually peifoimed upon the sepaiate teims of the senes 

(87), so the lesultmg senes is anangod according to poweis of 
r 

Ci, e 2 , and sin 2 ~ The angles w 1 and v)i also depend upon G\ 


and e 2 lespectively, but their developments will not be introduced 
until after the next step 


224. (c) Developments in Fourier Series. The first term 
within the biacket of (91) is obtained by lcplacmg n and ? 2 by a, 
and a 2 lespectively in (87) The higher terms involve the deriva- 
tives of the fust with respect to fli On lefernng to the explicit 
senes m (87), it is seen that the development of the expiessions of 
the type 
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y 

{am) 2 [a x 8 + a 2 2 — 2aia 2 cos (ri — w 2 4- r 2 ~ ri)]~ 2 , 

where v is an odd mtegex, must be considexed 
Let wi — ij 2 4* t 2 — r\ = \p It is known from the theoiy of 
Fouuer senes when a\ and a 2 aie unequal, as is assumed, that 

[«i 2 4* ct2 2 — 2aia 2 cos 2 can be developed into a series of cosines 
of multiples of which is eonveigent foi all values of ^ That is, 

v — 1 __v_ ^ +w 

(02) (ai« 2 ) 2 [a! 2 4- a 2 2 — 2aia 2 cos \p] 2 = ^ V B v w cos ity, 

whero B v «> - B v (“0 

The cooflicients are of course given by Fourier’s integral 

1 » — 1 _V 

- - I (aia 2 ) 8 [aj 2 4- «2 2 — 2aia 2 cos $ 8 cos 

7T ,/0 

but the difficulty of finding the integral makes it advisable in this 
particular pioblein to piocoed otheiwiso 

Let z — wheio e represents the Napierian base. Then 

2 cos ^ = z 4- 3~ l , 2 cos *= jb* 4" 


Suppose a 2 > «i and let ~ — a, then (92) becomes 


V-I 

(03) — (1 4- a 2 
Lot 

(1 4“ a® 2a cos i^) 2 
thoroforo 

(04) 


__v 1 +<* 

2a cos \p) 2 « s £ B/ 0 cos 

p V 1 -f» 

. (i - oz)-> a - «*-*) 5 = 1 

a 2 


Since the absolute values of a2 ancl a#" 1 are less than umty for 

v £, 

all real values of h tho factors (1 - az) 2 and (1 ~ a* l ) 2 can 
bo expanded by tho binomial theorem into convergent power 
senes in a* and a*" 1 . Tho coefficient of ** in the pioduct of these 
series is W'\ after which ZL (,) is obtained fiom (94) The 
general term of the product of the expansions is easily found to be 
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j(j +i ) • (s + r_ i i g ,[ 1+ j 111 , 

5(i + 1 ) . (l + t )(l + t+1 ) a 

+ 12 (»+l)(j + 2) 


In this manner the coefficients of 


Pi^W 8 



K 


aie de- 


veloped in Fourier series m cos i(ui — it* 4 ~ r 2 — ti) But these 
functions are multiplied by the factois sm (ui — n) sin (tta — 7-2) 


raised to diffeient powers [equation ( 87 )] These powers of 


smes aie to be reduced to sines and cosines of multiples of tho 


arguments, and the products formed with cost(wi — w 2 + r 2 — ti), 
and the reduction again made to sines and cosmos of multiples 


of arcs. The finfyl trigonometrical terms will have the foun 


cos (ji«i 4" D2U2 4~ Zt'iTi 4" k%Ti), wlieic 3 1, 32, hi, and /c 2 aie integers. 
As a consequence of ( 89 ) this expression can be developed into 


'COS (idl + ^2^2 — 3lO>l — J2&2 4~ h\T 1 + k^Ti -{• JlWi JiWi) 

~ cos Oil! + 32U — 3 1&1 ” J2&2 4 - hin H- /02T2) 

( 96 )- X {cos O1W1) cos (32W2) - sm (jnoi) sm (^2)} 

— sin O1Z1 4 " 3^2 — ji&i — J2&2 4 * hiTi + &2T2) 

[ X {sin (jiWi) cos (jiws) 4 - cos (31W1) sin (32W2 )} . 

Since / 

f h — 4 * 4 " ni(to ~~ Ti) 4 ^i(£ to) 8=5 Hit 4 " £ i» 

\ lz = ft 2 4 ^2 4 ^2(^0 — Ta) 4 ~ ns(£ ” fo) ~ Wit 4 ~ £ 2 , 


the first factors of tho terms in the right member of this equation 
are independent of ei and 62. Cos etc., are to be expanded 

into power senes in Wi and by the usual methods Now 
wi - vi — Mi, W2 « V2 — Mi, and those quantities weie developed 
into power series m ei and e 2 [Art. 100 , eq ( 64 )] whoso coefficients 
were Fourier series with multiples of the moan anomaly as argu- 
ments. On substituting these series for wi and in the expansions 
of the second factors of the terms of the right member of ( 96 ), and 
reducing the powers of sines and cosines of the mean anomaly to 
sines and cosines of multiples of the mean anomaly, and multi- 
plying by the factors 


cos (jih 4 - jzh — J1&1 — J2&2 4 * kin 4 “ &2T2) 


and 
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sm (jih 4 32k - J 1&1 - J2&2 H- tin 4 Ur 2 ) } 

and again reducing to sines and cosines of multiples of the aigu- 
ments, the expiession (90) is developed as a powei 3enes m &i 
and ei whose coefficients aie senes in sines and cosmos of sums of 
multiples of h, h, £ii> fii 2 , ti, 72, M 2 But Mi — h — 

Mz = k ~ 7 t 2) thoieforc the aiguments will be U, k } Q> 1 , On, 
Tl) TZ) 7 r 1( 7 r 2 , wheic ri and n aie functions of &i, Aa, ti, and u 
defined by (83) 

When the several expansions and 1 eductions which, have been 
described have all been made, Ri, 2 will be developed in a powei 

T 

senes m d, * s , and sm 2 ^ , the coefficients of which aie senes of 

sines and cosines of multiples of h, 1 2 , £3 2 , ri, t®, hi, H 2 , the 

coefficient of each tugonomotnc teim depending upon the iatio 
of the major semi-axes If the signs of £ii, 0>2, hi, H 2 , ri, T 2 , 
e 1( £ 2 , and t are changed the value of Ri, 2 , as defined in (84), 
obviously is unchanged, thorcfoie the expansion m question 
contains only cosmos of the aigument. lienee 


(97) 


'R lt 2 « SO cos D, 

D = j t (m t 4 «i) 4 3 And 4 < 2 ) “ *** Jz £^2 

■ 4 & 1 T 1 4 A- 2 T 2 4 hiTi 4 hz TTjs, 

C « / (ai, « 2 > ci, e a , sm 2 , 


in which j„ • , W tako all integral values, positive, negativo, and 
zeio, the summation being exlondcd ovci all of these terms, 

It is clear fiom the foiogoing that tho series for Ri, 2 is very 
complicated and that much labor is roqunod to expand it m any 
particular case. Lovcmer has carried out the liteial development 

of all terms up to tho seventh ordor inclusive in &i, c 2 , sm ^ 1 

and tho length of the work is such that fifty-three quarto pages of 
the first volume of the Annalea de VObsei vatoire de Pans are 
required m ordor to write out tho result. 

225. Periodic Variations. It follows from equations (72) and 
(97) that tho rates of change of tho elements of m 1 are given by 
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(98) 


dQ, i 
dt 


dii 

dt 


m 2 v - ' f 3(7 n 

— Tjr=1 £ flTT cos D 

RiRi 2 Vl — 0i 3 sin l dl i 


k '°£ +k ^] CsmD }’ 


— m 2 


?iiai 2 Vl — ei 2 sin 


3r! 


3ft 


:} 


3ft: 

X C sin D 


. „ ii 
m 2 tan ^ 


Ul«i 2 Vl — 6i 2 


X C sin D, 


dir i 

dt 


m 2 tan 




ma i 2 Vl - ei 2 ^ 1 3l i 


^ f dC n 
2J < -r- cos D 


[‘■£+‘•£1 


X C sin D | + 


OTa vr 


ei‘ 


?iiai 2 ei 


^3(7 n 


dei 


— maV 1 — fii 2 


l — Vi — ei 2 

RiaM 


sin - 0 


m 2 


VTT 


G i 


n iai*ei 


'^{h' + h^ + k^CsmD, 


, 1l 

mi tan jr 


dc i 

dt mai 2 VI 


=?S{|cos D -[/^ + ^] 

E 


XCsinD j 4-^2 VT— ei 2 — 


Vl — ei 2 ^ 3(7 


?hai 2 ci 


' 3ei 


co aD 


COB D. 

nidi dai 


The peiturbations of the elements of the orbit of mi of the first 
order with respect to the mass m 2 are the integrals of these equa- 
tions regarding the elements as constants in the light members. 
Similar terms must be added for each disturbing planet. 

There are terms m R h 2 of thiee classes (a) those in which 
jitii 4* J 2 R 2 is distinct from zero and not small; (b) those in which 
jini 4- is ??2 is very small, but distinct from zero, and (c) those in 
which jini 4- j 2 n 2 equals zero Denote the fact that R h 2 contains 
these three sorts of terms by writing 
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Ri, a — SCo cos Do -{- SCi cos Di -f- SC 2 cos D a , 

whoro tho Unco sums in the light member include these three 
classes of terms lcspectively Hence the pertuibations of the 
elements of Wi by of the hist ordoi and of the fust class are 


(09) 


(a i (0 ' l) ) - (^i<°' 1 ^ 0 = 


nh 


nitti 2 -Vr"— et 2 am ii 


w p f dCo Sill Do , f , dri , j Aral Co 

* ^ 1 + [ h 1 oTi + u sir I rn 


3iiii “b 


_ cos Dp 1 

dii J 3iUi + j*»a J’ 


nit 


m 2 tan 

ftlUi 2 


niai 2 Vl — ei 2 sm it 

7 Ati , dr 2 1 Co cos D 0 

x M Jl S&i + 

1,1111 2 XT' f 7 / _L_ „ _L b 9ri _L 5T2 l ^0 0QS -Do 


*1 


m 2 tan 


ii 


~b 


f , c)ri , 7 3r 2 1 Co cos Do ] 

L* ,1 dir +At an Jjsr+Jrfi«] 


"b 




Vl — Ci 2 dCo sm D 0 


/ /n «\ / /n ,w 2m 2 cos 1^0 

( a * ^ ^ ai “ niai^ Jl j\ni + jtnt 1 

^ .w ii jl — Vl * — Ci 2 Co cos Do 

»),„= - m •h-c^ nia ^--T,n hni+ — 


ni«i 2 ei ^ dei 3 i%\ + j 2 n 2 1 

C 0 cos Do 


7712 


Vj-~ 

R|(ll 2 Ci 


Ci 2 va f , , > 7 dr 1 , 7 c)T2 1 Co cos Do 

r s r‘ +ki tei +kt to l ij l n l +wt* 


m 2 tan 


ii 


«) - (<U (0 * f) )<o 


nidi 1 


’Vi 


~b 


K + O; 


Co cos Do 1 
jitti + Jan 2 J 


dC 0 sin D 0 


37i Jitii -\-32ft2 


R i ~ Vl ~ er 5 ^ dCo s m D 0 

+ we -VI - ci 2 — ■— t: Zy 


?iiai 2 ci ^ dei J1W1 -b J2W2 

2wi 2 ■yA dCo sm Dq_ 


nidi ^ dai jiUi -}- ^ 2^2 
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These terms aie purely periodic with periods ^ 3 1 an< ^ 

constitute the pe) iodic variations Every element is subject to 
them, depending upon an infinity of such terms whose periods 
are chffeient The laigei jin L + 3 * n * is, the shoitcr is the period 
of the term and in geneial the smaller is its coefficient 

The method of repiescnting the motion of the planets by a senes 
of periodic terms is somewhat analogous to the epicycloid theory 
of Ptolemy, for each term alone is equivalent to the adding of a 
small cncular motion to that pieviously existing. This theoiy is 
moie complex than that of Ptolemy in that it adds epicycloid 
upon, epicycloid without limit, it is simpler than that of Ptolemy 
m that it flows fiom one simple principle, the law of giavitation. 


226 . Long Period Variations. The letters 31 and 3% represent 
all positive and negative integeis and zero Therefore, unless 
n 1 and n 2 are incommensurable j 1 and 31 exist such that jifti + 
= 0, where ji and 3% aic not zero But then D is a constant 
and the mtegi al is not foi med this way However, whether Wi and 
Tin are incommensurable or not, such a pair of numbers can be found 
that 3\n x + j 2 n 2 is veiy small The corresponding term will bo 
large unless its C is very small It is shown in a complete dis- 
cussion of the development of R\, 2 that the order of C in Ci, 02, 

sin 2 ~ is at the least equal to the numerical value of Ji 32 ( see 

At 

Tisserand’s M6c, C6L, vol 1 , p. 308 ) Since m and n 2 are both 
positive, one of the numbers ji, j a must be positive and the other 
negative m order that the sum j t ni -f j/ 2 n 2 shall be small. Tho 
more nearly equal 31 and j 2 are numerically the smaller the numeri- 
cal value of 3 1 + 32 is, and consequently, the larger C will be. 
When the mean motions of the two planets are such that they are 
nearly commensurable with the ratio of fti to n 2 expressible in 
small integers, then large terms m the perturbations will arise 
from the presence of these small divisois The period of such a 

term is —r — , which is very great, whence the appellation 

3 lWi + 

long period, These terms are givqn by equations of the same 
form as ( 99 ), but with the restriction that jtfh + j 2 n 2 shall bo 
very small 

Geometrically considered, the condition that the periods shall 
be nearly commensurable with the ratio expressible in small 
integers means that the points of conjunction occur at nearly tho 
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sumo part of tho mbits with only a few other conjunctions inter- 
vening. The extieme cose is that in which there aie no con- 
junctions intei voning, 1 . e , when ji and j 2 differ in numerical value 
by unity 

Tho mean motions of Jupitei and Saturn aie nearly in the ratio 
of five to two Consequently Ji - 2, ~ - 5 gives a long 

period teim, and the oulei of the coefficient C is the absolute 
value of 2 — 5, oi 3 The cause of the long period inequality of 
Jupiter and Saturn was discovered by Laplace in 1784 in com- 
puting tho pci tui bations of the* thud order in ei and e 2 The 
longlh of the poiiocl in the cose of these two planets is about 850 
years 

227. Secular Variations. The expression D is independent 
of tho time for all of those teims in which ji = ji = 0 The 
partial derivatives of P with respect to the elements are also 
indopondont of the time , hence, on taking these terms of (98) and 
integrating, it is found that 


(100) 




w 2 


nm 




ef sm ii 






[</«•■>] 


m 2 




fci 


Sn 


Riai 2 VI — Ci 2 sm h 1“ ‘ ~d&i 

| Ci sin Di • {t - <o) 


4“ 


mi tan^ 


nidi 


vr 


ei- 




+ fci 


3ri 

dm 


•f fc 2 | Ci sin Di • (« - U), 


[tt i (0 * b] = 


m% tan ^ 


f dCj, 


cos Di 


nidi 2 ^l — ex 2 l dii 

,«jVr^ E ac, ooaB!i _ (o) 

n\a\ 2 C\ doi 
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( 100 ) 


[ai<°’»] « 0, 

J thafei 




cbrj 


H" A-a^jE | C 2 Sin Dz • (t — to)f 


m 2 tan - 


[,.<»■ .)] » —4= E f ^ cos D, 

RiQi 2 Vl — Ci a l ttoi 


~ [ 4i si + Cj am } (f ~ io) 

+ Wl2 Vl — 6i 2 


1 - Vf - Cl 2 

Riai 2 ei 

X E^°os ^ * (< - W 


2^2 v-\ c)(j2 ^ /, , \ 

)v, T COS D 2 • (t — to). 

ill 0,1 dai 


It follows that there are no secular terms of this type of the first 
older with respect to the masses in the pertuibations of a This 
constitutes the first theoiem on the stability of the solar system. 
It was pioved up to the second powers of the cceentncities by 
Laplace in 1773,* when he was but twenty-foui yeais of age, in 
a memoir upon the mutual pci turbations of Jupitei and Saturn, 
it was shown by Lagrange in 1776 that it is true for all powers of 
the eccentricities,! It was proved by Poisson in 1809 that thcio 
are no seculai teims in a in the pei turbations of the second older 
with respect to the masses, but that there aie teims of the typo 
t cos D, where D contains the timo.J * Teims of this typo aro 
commonly called Poisson terms 

All of the elements except a have secular teims. It appears 
to have been supposed that the secular terms, which apparently 
cause the elements to change without limit, alone prevent* the use 
of equations (72) foi computing the pci turbations for any tune 
howevei gieat Many methods of computing perturbations have 
been devised in ordei to avoid the appearance of secular terms; 
yet it is clear that, whether or not terms propoitional to the time 

* Memoir presented to the Pans Academy of Sciences, 
t Memoirs of the Berlin Academy, 177Q 
$ Journal de I'Ecole Poly technique, vol xv 
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appear, the method is stnctly valid foi only those values of the 
time for which the series (20) of Art 207 aie convergent 
Secular terms may entoi in anothei way, usually not considered. 
If + H n 2 = 0 with ji 4= 0, 4= 0, D is independent of the 

time and the coi responding teims aie seculai In this case D is 
not independent of €i and theie will be seculai terms in the per- 
turbations of a. As has been lemaiked, this condition will always 
be fulfilled by an infinity of values of ji and if m and n 2 are not 
incommensurable But it is impossible to determine from obser- 
vations whether oi not ?ii and n 2 aie incommensurable, for there 
is always a limit to the accuracy with which observations can be 
made, and within this limit there exist infinitely many com- 
mensuiable and mcommensuiable numbeis There is as much 
reason, therefore, to say that secular teims in a of this type exist 
as that they do not. However, they are of no practical im- 
portance becauso the latio of iti to n 2 cannot be expressed m small 
intogors, and the coefficients of these teims, if they do exist, are 
so small that they are not sensible for such values of the time as are 
ordinarily used 

228. Terms of the Second Order with Respect to the Masses. 
The teims of tho second oidei aio defined by equations (29), 
Art. 210. Tho right membeis of these equations are the products 
of tho partial derivatives, with respect to tho elements, of the light 
members which occm in the terms of the first order, and the 
perturbations of the fust order of the corresponding elements 
Thus, the second ordor poifcurbations of the node are determined 
by the equations 



m 2 v* 2 i 

dt 

Vl - Ci 2 sin V 3n3si 

’ da !«■» 

m 2 C^Kl, 2 

dt 

niai 2 Vl - ci 2 sm i\ V foids 2 


where Si and s 2 ropresonb tho elements of the orbits of mi and m 2 
respectively. Tho partial deiivalivo 13 a aura of P eriocil ° 

and constant terms; s,<°'» and *,«•» aie sums of periodic terms 
and terms containing tho time to the first degree as a factor The 

products £§£ st®' “ and **“'»> therefore contain terras of 
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four types (a) D, wheie D contains the time: Cb) t mn D\ 
COS is/ cos ’ 

(c) D h where Z> 9 is independent of the time, and (d) t ^ D 2 . 

The mtogials of these foiu types arc lespectivcly. 


(a) 


(fi) 


cos 

sm 


D 


3 Ml H- * 


#s in n 
\os D ‘< 


(b) t 


sin 


D 




cos 


D 


3 Mi -h 3Mi {3 Mi + 3MiY 7 




Therefore, the perturbations of the second order with respect to 
the masses have purely periodic terms, Poisson terms, or terms 
in which the tngonometnc teims are multiplied by the time; 
secular terms wheie the time occuis to the first degiee, and secular 
•terms where the time oeouis to the second degiee This is true 
for all of the elements except the major semi-axis, in the case of 
which the coefficients of the teims of the third and fourth types 
aie zero, as Poisson first proved. 

In the terms of the third order with respect to the masses thero 
are secular terms in the perturbations of all the elements except 
dif which are proportional to the third powor of the time, and so on. 

22©. Lagrange’s Treatment of the Secular Variations. The 
presence of the secular terms in the expressions for the elements 
seems to indicate that, if it is assumed that the series represent 
"the elements for all values of the time, then the elements change 
without limit with the time. But this conclusion is by no means 
necessarily true. For example, consider the function i 


(102) sm ( emt ) — emt — ~~ — -f- • , 

ill 

where c 1 ^ a constant and m a very small factor whiqh may take the 
place of a mass The series in the right member converges for 
all values of t. This function is never greater than unity for any 
value of the time, yet if its expansion m powers of in were given, 
and if the first few terms were considered without the law of tho 
coefficients being known, it might seem that the series represents 
a function which increases indefinitely in numerical value with 
the time. 

On following out the idea that the secular terms may be ex- 
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pansions of functions which aie always finite, Lagiange has shown 
(s,ce Collected Walks, vols v and vi), unclei ceitam assumptions 
which have not been logically justified, that the secular teims am 
m leality the expansions of penochc teims of veiy long period 
These teims dilfei fiom the long pcuod vauations (Art 226) in 
that they come fiom the small uncompensated paits of the pel iodic 
variations, liibtoad of dncctly from special conditions of con- 
junctions As a lulc these teims aie very small, and then periods 
aio much longei than those of the sensible long penod teims It 
will not be possible to give here moic than a veiy geneial idea of 
the method of Lagiange 

The fiist step m the method of Lagiange is a transfoimation of 
vauables by the equations 


(103) 
and 

(104) 


hj — sin 7 r* 
_ 2 , = e, cos 7 T^, 


j)j = tan i, sin foj, 
,q } ~ tan i / cos 


where ej, irj, etc., are the elements of the orbit of and 2/ is a 
new vaiiablo not to bo confused with the mean longitude. These 
tiansfoimations are to bo made simultaneously in tho elements of 
the oilnts of all of tho planets. The elements a, and e, lemam 
without transformation. On omitting tho subscripts, it is found 
from (103) and (104) that 


’ dh 
dt 

OX 

dt 


. dir , . de 

+ K08>r s +!inr I , 

. dir . de 

- esin7r W + COS7r 3t ' 


( 105 ) \ 


OR ^ dRdh 
de dh de 


ORdl . OR. nna dU 

__ » Bin 7T -rp i- COS 7T -TT , 

dl de dh dl 


dR^dR0h,dHdl 
dir dh dr dl dir 


OR 

ccos *w 


OR 

g sm it , 


“ = tan i cos Q> + sec 3 i sin Q, ^ , 

™ «* — tan i sm Cb -jr 4* sec 2 i cos kb , 
[ dt dl ett 
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(105) 


r OR __ dR Op . OR Og 
d&> dp 0Q> dq d&> 

„0R . - dR 

~ tan i cos Q> -r tan % sm -r- , 

op oq 

dR _ OR dp , OR dq 
dl dp di dq di 

= socHsm ~~ + sec 2 i cos & . 

Then it follows from (72) that 


dh 

dt 


mi Vl — h 2 — l 2 

no? dl 

mi Vl — h 2 — l 2 h dR 

~ na 2 1 + Vl ~ h 2 - P <)* 

l WaUan ^ ^ 

wa 2 Vl — /i 2 “ i 2 ^ 


dl 

dt 


( 106 ) 1 


— ??i2 Vl — h 2 — ft OR 
na 2 dh 

mi Vl — h 2 ~~n ? £ dR 

~ 7ia 2 1 -j- Vl - 7i 2 - T 2 de 

mih tan g 
na 2 Vl /i 2 — l 2 


dp = wg gg 

dt na 2 Vl — h 2 — l 2 cos 3 1 $q 


I 


,mp ra® , 3®1 

7 de r 

2?ia 2 Vl — h 2 - l z cos % cos 2 ^ 

dq _ — mg OR 

dt na 2 Vl — h z — l 2 cos 3 i &P 

mig F OR | dR 1 

• 2na 2 Vl - h 2 ~P cos % cos 2 ^ 3?r 3e 

V 

On developing the right membeis of these equations and neglecting 
all terms of degice higher than the fust* in h, l , p , and q } these 
* The terms of order higher than the first are neglected throughout in a 
later step m the method 



229] iagrange's treatment op secular variations. 423 


equations reduce to 


(107) 


dh a 

_L 

mzdR 

dt ^ 

~r 

na z dl ’ 

dl_ 


m% OR 

dt 


na z dh * 

dp _ 

4- 

viz dR 

dt 

T 

na z dq ’ 

dq __ 


viz dR 

- dt ~ 


na z dp ' 


Tho terms which involve the donvativc of R with respect to e, 
and 7T do not appeal in these equations because they involve h, l, 
p, oi q as a factor This fact follows fiom the properties of C 
given in Ai t 226 and the form of equations (103) and (104) 

lOacli pci tin bin g planet conti ibutes terms m the light membeis 
of equations (107) similar to tho ones wntten which come from viz 
Those differential equations aie not stnetly collect, since the 
hist appioxnnation has aheady been made in neglecting the higher 
powers of the variables 

Tho second step is in the method of treating the differential 
equations. The expansions of the R h , contain certain terms 
which are independent of tho tunc, which m the oidmary method 
give rise tothesoculai teims Let R^K, ? repiesent these teims 
Lagiaugo then treated tho diffoiential equations by neglecting the 
periodic teims in Rt, „ and wilting 


(108) 


dhi , 

' dt “ + 


vi 


drt (Q) „ , 

dU 


dU 

dl 


£ mi ~nr 


» 


dpt „ , 
dt - 4 





I lit 



dpi 


(4 « 1, • •, n; 3 =1= i), 


Tho values of K p„ and ?, determined from equations 
(108) are used instead of tho secular teims obtained by tie 
method of Ait 227, The process of breaking up a differential 
equation in this mannor is not permissible except as a first approxi- 
mation, and any conclusions based on it are open to suspicion. 
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In spile of the logical defects of the method and the fact that it 
cannot be geneially applied, theie is little doubt that m the 
piescnt case it gives an accurate idea of the actual mannei in which 
the elements vaiy 

The light mcmbeis of equations (108) arc expanded in poweis of 
K h, Vm and <7«> and all of tho terms except those of the fiist dogicc 
aio neglected, consequently the terms omitted m (107) would 
have disappeared here if they had been retained up to this point. 
The system becomes lmeai. and the detailed discussion of tho 
j shows that it is homogeneous, giving equations of the form 


<109) 


dhi _ V' c 7 =n 
dt § l,li ’ 

t -£*<•- °- 

3f + = °’ 


-and a similar system of equations in the Vi and tho qj. 

The coefficients c„ depend only on the major axes (tho not 
appearing m the secular terms) which aie considered as being 
constants, since the major axes have no secular terms in tho 
peiturbations of the fiist and second ordois with lespeot to tho 
masses. It is to be noted here that the assumption that the c,* 
are constants is not strictly true because the major axes have 
periodic perturbations which may be of considerable magnitude 
When these linear equations are Solved by tho method used in 
Art. 160, the values of the variables are found in the form 


lh - gHt/'S 


n 



li = V , 
<ii - 


< 110 ) 
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whole the Ltj, P„, and Q,„ aio constants depending upon the 
initial eomliUonH A detailed discussion shows that the X 3 and Hi 
aio all pure nnaginaues with veiy small absolute values, there- 
to! o the hit ?h» and 5* oscillate around mean values with very 
long periods. Or, since the e, and tan 1 , aie expressible as the 
Hums of squat ch of the h„ l u V}} and q v it follows that they also 
porfoim small oscillations with long penods, for example, the 
ecconliieily of tho earth’s 01 bit is how decreasing and will continue 
to doorcase for about 24,000 years 
Equations (100) admit intcgials first found by Laplace in 1784, 
which lead pi Helically to tho same theorem They are 


(HO 


^'«?/?i^a/ 2 (/q 2 -f If) ~ Constant = C, 



vwifiy? -j- qf) = C"; 


or, because of (103) and (104), 


( 112 ) 


Tl 

= C, 

y'm/Rja/ 2 tan 2 ij ~ C' } 


where nj is the mean motion of w/. The constants C and C' as 
determined by tho initial conditions are very small, and since the 
left members of (112) aio made up of positive terms alone, no e, 
or if oah over become vory great. There might be an exception 
if the corresponding mf woio vory small compared to tho others, 

Equations (112) givo tho eelobrated theoiems of Laplace that 
the eccentricities and inclinations cannot vary except within very 
narrow limits. Although tho demonstration lacks complete rigor, , 
yet the results must bo consideied as romaikable and significant, j 
Equations (112) do not givo tho penods and amplitudes of the 
oscillations as do equations (110). 

230. Computation of Perturbations by Mechanical Quadratures, 

If tho second term of the second factor of (84) in absolute value is 
greater than unity, the series (87) does not converge and cannot 
bo used in computing pci turbations. The expansions may fail 
becausn r» and n are vory nearly equal; or, sometimes when they 
are not nearly equal, because I is large. In the latter case 
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another mode of expansion sometimes can be employed, but there 
are cases m which neither method leads to valid results. Trey 
both fail if the two orbits placed m the same plane would intersect, 

for in this case 


r\ 2 


ri 2 — 2? i r 2 cos (ui — u* + t* -- n), 


would vanish when the two bodies arrive at a point of inter- 
section of their Dibits at the same time Unless the periods are 
commensurable in a special way this would always happen. Of 
course, it is not necessary that ri, j should actually vanish m 
ordci that the expansion of (84) should fail to converge. _ 

Perturbations can be computed by the method of mechanical 
quadratics without expanding the perturbative function explicitly 
in terms of the time Consequently, this method can be used in 
computing the distuibing cflects of planets on comets and m other 
cases whom the expansion of B,., fails altogether or converges 
slowly Let s lepiesent an element of the orbit of mi, then 
equations (77) can be written m the form 


ds 

dt 


- /»(0i 


arc 


and the perturbations of the first ordei in the interval t n U 

n n 

(113) 5 = So 4- J eo /.(0 di > 

where So is the value of s at t = k t , , . 

The only difficulty in computing pertui ballons is m forming the 
mtegials indicated in (113). When the peitmbativo function can- 
not be expanded explicitly in terms of t the primitive of the 
function /.CO cannot be found. But in any case the values i of 
f (t) can be found foi any values of l, and fiom the values ol MO 
for special values of t an approximation to tho integral can be 
obtained. Geometrically considered, the integral (113) is the 
area comprised between the i-axis and tho curve / « /.(0 and the 
ordinates to and t n An approximate value of the integral is 

s * So + /.(4o)(«i “ k) 2 - ii) + * • + 

The intervals h - h> k - k, * , *« “ k-i can be taken so small 
that the approximation will be as close as may lie dc&iiocl. 

Another method of obtaining an approximate value of the mtc- 
* TiBserand, Mtcamque Cilcsle, vol. i , chap xxyixi. 
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gml is to replace the omvo/XO, whose explicit value in convenient 
foim may not bo obtainable, by a polynomial cuive of the nth 
degree which agiees m value with /,(*) at t = k, h, • • , t n The 
‘ipiation of this polynomial is 

/• _ | (f t\)(t ~ tv) • * (t — t n ) . , . 

^ (io“~ tl)(f. - k) {k - O 

. . (f r Jo)(Lr W (* - <0 , (f \ 

(£l “ io)(h ~ ^ 2 ) * * (b ~ tn) ‘ 1 


j (t-k)(i-u )" ( t ~t n - 0 f(n 
^ (k~k)iu~k) •(t n ~t n . i y ,Kln} 

Rmco thoro is no trouble m foimmg the integral of a polynomial 
thou* is no trouble m computing the poiturbation of s for the m- 
teival l n — k If the value of the function /,(£) is not changing 
very rapidly or nrogulaily, its lopresentation by a polynomial is 
very exact piovided the intervals k — k, * *, t n tn~i are not 
too gieat. 

Ilowevei, the area between the polynomial, the £-axis, and the 
limiting ordinates is not the best approximation to the value of 
the integral that can bo obtained fiom the values of /»(£) at k, 

. . . t t n . The values of the function give mfoimation respecting 
the imtu i« of the muvaturo of the cuive between the ordinates 
(this being true, of course, only because the function /,(£) is a 
regular function of t), and corrections of the area due to these 
cut vatuies can easily be made. Oidinanly they would involve the 
derivatives of /.(«) at k, • • , k, which would lequne a vast amount 
of labor to compute*; but the derivatives can be expressed with 
Hulheient approximation m terms of the successive diflciences of 
the function, and tho differences are obtained dnectly from the 
tabular values by simple subtraction. The deuvation of the 
most convenient explicit formulas is a lengthy matter and must 

bo omitted * . it . , 

Suppose tho computation of the integrals from the values or 
tn\ at t « £ 0 , • • *i k has not given results which are sufficiently 
exact. More exact ones can be obtained by dividing the interval 
k — k into a greater numbor of sub-intei vals. A little experience 
usually makes it unnecessary to subdivide the intervals first chosen. 

* Hco TiBsmuul'fl Mtcamqm Ctlcalo, vol. iv , chaps x and xi ; and Char, 
llor'fl Mechamk dcs Hnnvids, vol n,, chap. 1 



428 PERTURBATIONS BY MECHANICAL QUADRATURES [230 

Theie is a second i cason why the results obtained by mechanical 
quadiatuies may not be sufficiently exact It has so far been 
assumed that J a (t) is a function of t alone, 01 , m othei woids, that 
the elements of the oibits on which it depends aie constants 
This is the assumption in computing peituibations of the fiist 
Older If it is not exact enough, new values of f e (U), , fM 
can be computed, on using m them the lespectivo vAlues of 
the elements s which weie found by the fust mtegiation From 
the new values of / s (£i), , /»(0 a moie approximate value of 

the integral can be obtained. Unless the interval t n — to is too 
great this process conveiges and the intcginl can be found with 
any desired degiec of appi oxunation, because this method is 
simply Picaicl’s method of successive approximations whoso 
validity has been established In practice it is always advisable 
to choose the interval t n — to so short that no repetition of the 
computation with impioved values of the function at the ends of 
the sub-intervals will be required At each new stage of the inte- 
gration the values of the elements at the end of the pieeeding 
step aie employed It follows that the method, as just explained, 
enables one to compute not only the pei turbations of the first ordoi, 
but peituibations of all oideis except for the limitations that 
the intervals cannot be taken indefinitely small and the compu- 
lation cannot be made with indefinitely many places 

The pioccss of computing peituibations by the method of 
mechanical quadiatuies, as compared with that of using the 
expanded form of the peituibativo function, has its advantages 
and its disadvantages. It is an advantage that in employing 
mechanical quadiatuies it is not necessaiy to expicss the pei- 
turbmg forces explicitly in teims of the elements and the time 
This is sometimes of great importance, for, m cases wlieio the 
eccentricities and inclinations aie laigo, as in some of tho asteroid 
orbits, these oxpiessions, winch arc senes, aie very slowly con- 
vergent; and in the ease of orbits whose eccentricities exceed 
0 6627, or of orbits which have any radius of one equal to any 
radius of the other the senes aie divcigcnt and cannot lie used. 
The method of mechanical quadiatuies is equally applicable to 
all kinds of orbits, the only lestuction being that the intervals 
shall be taken sufficiently shoit It is the method actually em- 
ployed, in one of its many foims, in computing the peituibations 
of the orbits of comets 

* Picard’s Traiti d 1 Analyse, vol n , chap, xi , section 2 
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The disadvantages aie that, in oidei to find by mechanical 
quadintuies the values of the elements at any paiticular time, 
it is neeessaiy to compute them at all of the mtei mediate epochs, 
Being puicly numencal, it tluows no light whatever on the general 
clnuaotei of peituibalions, and leads to no geneial theorems 
legauling the stability of a system These aie questions of 
gicab mtoiest, and some of the most bulliant discoveries m Ce- 
lestial Mechanics have been made lespectmg them 


231. General Reflections. Astionomy is the oldest science 
and in a cci tain sense the paient of all the others The relatively 
simple and icgulaily lecumng celestial phenomena fiist taught 
men, m the days of llio ancient Gi celts, that Nature is systematic 
and ordeily The importance of this lesson can be inferred from 
the fact that it is the foundation on which all science is based 


Tor a long time progiess was painfully slow Centuries of obser- 
vations and attempts at theories foi explaining them were neces- 
saiy bcfoie it was finally possible for Kepler to derive the laws 
which aio a (list appioximation to the description of the way in 
which the planets move. The wonder is that, m spite of the 
distractions of tho constant smuggles incident to an unstable 


social ordci, there should have been so many men who found their 
greatest pleasure in pationtly making the labonous observations 
which weio neeessaiy to establish the laws of the celestial motions 
Tho vvoik of Kepler closed the pieliminaiy epoch of two thousand 
years, or more, and the bulliant discoveries of Newton opened 
another. Tho invention of the Calculus by Newton and Leibnitz 
furnished for the first time mathematical machineiy which was 
at all suitable for grappling with such difficult problems as the 
disturbing offocts of the sun on tho motion of the moon, or the 
mutual perturbations of the planets. It was fortunate that the 
telescope was invented about the same time, for, without its use, 
it would not liavo been possible to have made the accurate obser- 
vations which furnished tho numerical data for the mathematical 
theories and by which they were tested The history of Celestial 
Mechanics during the eighteenth century iB one of a continuous 
series of triumphs Tho analytical foundations laid by Clairaut, 
d'Alcmboit, and Euler foimed the basis for the splendid achieve- 
ments of Lagrange W Laplace. Their successors in the nme- 
toonth conlmy pushed forward, by the same methods on the 
whole, the theoiies of the motions of the moon and planete to 
lnghor oiders of approximation and compared them with 
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and better observations. In this connection the names of Lever- 
ner Delaunay, Hansen, and Newcomb will be especially icmem- 
bered Near the close of the nineteenth century a thud epoch 
was entered. It is distinguished by new points of view and new 
methods which, in powei and mathematical rigor 
surpass all those used before It was inaugurated by IIill m h.s 
Researches on the Lunar Theory, but owes most to the bnllinnt con- 
tributions of Poincard to the Problem of Thieo Bodies 

At the present time Celestial Mechanics is entitled to bo icgauled > 
as the most peifoot science and one of the most splendid achieve- 
ments of the human mind. No other science is based on so many 
observations extending over so long a time. In no othoi seionco 
is it possible to test so critically its conclusions, and m no othc 
are theory and experience in so perfect accord There aic thou- 
sands of small deviations from conic section motion in the Dibits 
of the planets, satellites, and comets where theoiy and the obser- 
vations exactly agieo, while the only unexplained irregularities 
(probably due to unknown foices) are a veiy few small ones m 
the motion of the moon and the motion of the perihelion of the 
orbit of Mercury. Over and over again theory has outrun practise 
and indicated the existence of peculiarities of motion which had 
pot yet been donved from observations. Its perfection dui mg 
the time covered by experience inspiies confidence m following it 
back into the past to a time befoie observations began, and into 
the future to a time when perhaps they shall have ceased As 
the telescope has brought within the range of the eye of man tho 
wonders of an enormous space, so Celestial Mechanics has lnougi 
within reach of his reason the no lesser wonders of a conesponc - 
ingly enormous time. It is not to be marveled at that lie finds 
profound satisfaction in a domain where he is largely fiecd from 
the restrictions of both spaco and time. 


XXVII. PROBLEMS. 

1 Supposo (a) that tfi.i is largo and nearly constant, (b) that Bi.* to 
largo and changing rapidly, (c) that Bi, , is small and nearly constant If ho 
perturbations are computed by mechanical quadratics how should tho 
_ to bo chosen relatively in the three coses, and how should tho numbers of 
subdivisions of f n — *o compare? 

2, The perturbative function involves tho reciprocal of tho distance from 
tho disturbing to the disturbed planets This is called tho principal pm l and 
gives the most difficulty m the development. How many soparato reciprocal 
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distances must ho developed in ordei to compute, in a system of one sun and 
n planets, («) tho pcituibations of the first order of one planet, (b) the per- 
turhalions of tho fust oulci of two planets, (c) the perturbations of the second 
Older of one planet, and (d) tho peitiubations of the third older of one planet? 

3 What minplil nations would theie bo m the development of the per- 
tuilmtive fum turn if the mutual inclinations of the orbits weie zero, and if 
the 01 bits were circles? 

4 What soils of tin ms will in geneial appeal m perturbations of the third 
oi del with Mttpect to tho masses? 


HISTORICAL SKETCH AND BIBLIOGRAPHY 

Tho Ihooiy of peL tui ballons, as applied to the Lunar Theory, was developed 
fiom tho geoinotuenl standpoint by Newton The memoirs of Clftuaut and 
IVAlembeil in 1747 contained nnpoitant advances, making, the solutions 
depend upon the integration of tho difToionlia! equations in eones Clairaut 
soon bail occasion to apply ins pioeessos of mtogiution to the pertuibations 
of Halley's comet by the planets Jupitei and Saturn This comet had been 
obseived m 1531, 1007, and 1082 If Us poi lod were constant it would pass 
tho peuhehon again about tho middle of 1750 Clauaut computed the 
pel tui bat ions duo to tho attraetions of Jupiter and Saturn, and piedieted that 
tho pmihehon passage would bo Apnl 13, 1759 Ho lenmiked that the time 
was uni ci Lam to tho extent of a month because of the uncei tainties in tho 
masses of Jupiloi and Saluin and tho possibility of pcituibations from un- 
known planets beyond those two Tho comet passed the peuhehon March 13, 
giving a st liking pi oof of tho vaiuo of Clnirmit’s methods 

Tim Ihooiy of tho pertuibations of tho planets was begun by Euler, whose 
mnmotiH on the mutual poilui ballons of Jupiloi and Saturn gamed tho prizes 
of tho Eieneli Amdomy m 1748 and 1752 In these momona was given the 
liisl aiudylKul development of tho method of tho vanation of parameters 
Tim equations wmo not entnoly geneial as ho had not considered the elements 
as being all simultaneously vauablcs Tho fit si stops in the development of 
tho pin tui ball ve function woio also given by Eulei 

Lsgtango, whoso eonti ibutions to Celestial Mechanics were of tho most 
bnlliant ehaiuetei, wiotc his first meinon m 1700 on tho pcituibations of 
Jupiter and Kalian In this wmk la developed still furthei the method of 
tho viuialion of paiamoloiH, leaving Ins final equations, however, still incorrect 
|>y ipgaidlng tho niajni axes and the epochs of tho peuhehon passages as 
eoimlanlH in donving tho equations for the variations The equations for 
tho inclination, node, and longitude of tho perihelion fiom tho node were 
ncifeetly concct In the expulsions foi tho mean longitudes of the planets 
theio woto tctniH piopoitional to the first and second powers of the time 
These worn ontuely duo to tho unpoifoetions of the method, their trim t form 
being that of the long penod lotms, as was shown by Laplace m 1784 by 
considering Hums of tho thud oidoi in tho eccentricities The method of tlio 
variation of pummel tus was completely dcvoloped foi the fust time m 17M 
by Lugiange m a piuco meinon on tho perturbations of comets moving m 
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elliptical orbits By far the most extensive use of the method of variation o\ 
parameter is due to Delaunay, whoso Lunai Theory is essentially a long 
succession of the applications of the process, each stop of it removing a term 

from the perturbative function * 

In 1773 Laplace picsented his first memoir to tho Fionch Academy of 
Sciences In it ho proved his celebrated theoiom that, up to tho second 
powers of tho cccentucitiea, tho major axes, and consequently tho mean 
motions of tho planets, have no secular teims This theorem was extended 
by Lagrange in 1774 and 1776 to all powers of tho eccentricities and of tho sine 
of the angle of the mutual inclination, foi pcrtuibations of tho first order with 
respect to tho masses Poisson proved in 1809 that the major axes have no 
purely secular terms in the perfcuibations of the second order with aspect to 
the masses Haretu pioved in his Disseitation at Sorbonne m 1878 that 
there arc secular vanations m the expicSsions foi the major axes m tho teims 
Of the third order with icspeet to the mtisses In vol xix of Annalca do 
VObservaloire de Pans, Egimtis consulted teims of Btill higher ordor with 

respect to tho masses , t 

Lagrange began tho study of tho secular torms m 1774, introducing the 

variables h, l, p, and q Tho investigations were earned on by Lagrange 
and Laplace, each supplementing and extending tho work of tho oilier, until 
1784 when their work became complete by Lnplaco’B discovery of his eolobrated 


equations 


= C, 

n 

ton’ ij ~ 


C\ 


These equations were derived by using only tho linear terms m the differential 
equations. Leverner, Hill, and others have extended tho work by methods of 
successive approximations to terms of higher degree Newcomb (. Smithsonian 
Contributions to Science, vol xxi , 1876} has established the more fai-roaohlng 
results that It is possible, in tho case of tho planetary pcrtuibations, to repre- 
sent the elements by purely periodic functions of the lime which formally 
satisfy the differential equations of motion If these series wore convergent 
the stability of the solar system would be oesuied; but Pomcard has shown 
that they are in general divergent (Lea Mtthodea Nouvelloa do la M6camquo 
Cdicstc, olmp. ix ) Lmdstcdt and Gylddn have alBO succeeded in integrating 
tho equations of tho motion of n bodies m periodic series, which, however, 
arc in general divergent 

Gauss, Airy, Adams, Leverner, Ilanson, and many others havo made 
important contributions to tho planetary theory in some of its many aspects. 
Adams and Leverner are noteworthy foi having predicted the existence and 
apparent position of Neptune from tho unexplained iriogulniltics in tho motion 
of Uranus More recently Poincnrd turned his attention to Celestial Mechanics, 
publishing a prize memoir in tho Acta Malhemahca , vol xni This momoir 
was enlarged and published in book foim with tho title Les M&lhodca Nouvelloa 
de la Mtcamquo C6lc<ste Pomeard applied to tlio problem all tho resources 
of modern mathematics with unrivaled genius, ho brought into the investiga- 
tion such a wealth of ideas, and ho devised methods of such imraonso power 
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that the subjeot in its thcoietical aspects has been entuely revolutionized in 
his hands It cannot he doubted that much of the work of the next fifty 
years will bo in amplifying and applying the processes which he explained 
The following woiks should be consulted 

Laplace’s Mtcamquc CClestc, containing practically all that was known of 
Celestial Mechanics at the timo it was written (1709-1805) 

On the variation of paranioteis — A males de VObservaloire de Pans, vol I , 
Tisserand's MCcanujuc Cilcstc, vol i , Brown’s Lunar Theory, Dziobek’a 
Planelen-Be wegungen 

On the development of the perturbative function— Annales de VObservaloire 
do Pans, vol i , Tissenuul’s MCcamquc Cdleste, vol i , Hansen’s Enimckelung 
dea Pioduch cine) Potenz des Radius-Vectors mit deni Sinus oder Cosinus ernes 
Viclfachcn der wahien Anomahe, elo , Abh d K Sdchs Oes zu Leipzig, vol n , 
Newcomb’s memoir on the Gonoial Integrals of Planetaiy Motion, Pomcar4, 
Les Mdthodcs Nouvellcs, vol I , chap vi 

On the stability of tlio solar system — Tissoiand's M6camque CReste, vol I , 
chaps xi , xxv , xxvi , and vol iv , chap xxvi , Gylden, TraitS Analyhque 
des Oilnlea absolues , vol 1 , Newcomb, Smithsonian Coni , vol xxi , Poincard, 
Lcs Milhodcs Nouvellcs de la M6camque C6lcste, vol H , chap x 

On tho subject of Colestial Mechanics as a whole there is no bettor work 
available than that of Tisserand, which should bo in the possession of every 
ono giving special attention to tins subject. Another noteworthy work is 
Chaihor’s Mcchaml des II mmols, which, besides maintaining a high order of 
gcneial excellence, is unequalcd by other treatises m its discussion of periodic 
solutions of tho Problem of Three Bodies. 
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